POINTWISE ESTIMATES OF THE SIZE OF CHARACTERS
OF COMPACT LIE GROUPS
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ABSTRACT. Pointwise bounds for characters of representations of the
classical, compact, connected, simple Lie groups are obtained which
allow us to study the singularity of central measures. For example,
we find the minimal integer k£ such that any continuous orbital mea-
sure convolved with itself k& times belongs to L?. We also prove that if
k = rankG then p** € L' for all central, continuous measures p. This
improves upon the known classical result which required the exponent
to be the dimension of the group G.

1. INTRODUCTION

In this paper sharp, pointwise bounds for characters of representations
of the classical, compact, connected, simple Lie groups are obtained. Our
prime motivation is to use these estimates to study the singularity of central,
continuous measures.

In [8] Ragozin proved the striking fact that if G was such a group and p
was a central, continuous measure on G then u4™m¢ € L1(G). (The product
here is convolution.) This implies, in particular, that if g is not in the centre
of G then TrA(g)/deg A — 0 as the degree of the representation A tends to
infinity ([11]). Ragozin’s result was improved by one of the authors in [2]
where it was shown that if g does not belong to the centre of G then

TrA ;
’ deg(i) < C(g) (deg )\)72/(d1mG7rank Q) )
A consequence of this bound on the trace function is that if £ > dim G/2
and p is a continuous orbital measure then p* € L?(G), while if p is any
central, continuous measure then p* € L1(G).

In this paper we improve these results, obtaining the following theorem
for classical Lie groups of rank n:

Theorem: Let GG be a compact, connected, simple Lie group of type
Ay, B, Cy or D,. For every g not in the centre of G there is a
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constant ¢(g) such that

‘ Tri(9)

< —S
| < clg) (g

for all representations A if and only if

ﬁ if G is type A,_1 or D,

< 2n1_1 if G is type B,
22 if G is type C,, n # 3
% if G is type Cs

(In contrast, dim G — rank G = O(n?).)

JFrom this theorem we are able to show that if G is type A,_1, Cp
for n # 3 or D,,, and p is any continuous, orbital measure, then p* belongs
to L?(G) if and only if k¥ > rank G = n. Furthermore, if ;1 is any continuous,
central measure then " belongs to L!'(G). For type B, the condition is
k> 2n.

Key to proving this theorem is to understand the structural properties
of maximal subroot systems. These are discussed in section 2. In section
3 we use these properties and computational arguments based on the Weyl
character formula to establish the specified pointwise upper bounds on the
trace function. Examples are found in section 4 which prove these upper
bounds are best possible. Applications to the study of the singularity of
central measures can be found in section 5.

2. NOTATION AND STRUCTURAL PROPERTIES OF SUBROOT SYSTEMS

2.1. Notation. Let G be a compact, connected, simple, non-exceptional
Lie group of rank n. Let Z(G) denote its centre and W be its Weyl group.
Denote by ey, ..., e, the usual unit vectors in R™ where m = n + 1 in type
A, and m = n otherwise. We take a maximal torus T" with ® the set of
roots for (G,T') described below.

Type Root system ® Base A ={oj:j=1,..,n}

A, {ei—ej:lgi;éjgn—i—l} Qaj = €5 — €541

B, {*ei,£(e;te;):1<i#j<n} «aj=ej—ejforj#n
an = ey

C, {£2e;, £(e;te;):1<i#j<n} «a;j=ej—ejforj#n
oy = 2ep,

D, {£(eixej):1<i#j<n} aj=ej—ejp for j#n

Qp =€n_1+ ey

The positive roots associated with the base of simple roots A will be denoted
by ®*, the fundamental dominant weights relative to A will be denoted by
A, -, An, and AT will be the set of all dominant weights. The set AT is in a
1-1 correspondence with @; o) € G is indexed by its highest weight A € A™.
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The degree of o) will be denoted by dy. The weights of A € A" are given
by
IO ={peA:w(p) <Xforal we W}

where ;1 < A means A — p is a non-negative integral sum of positive roots.
We set p = > %) Aj. According to the Weyl dimension formula ([13]) the
degree of A is given by

(2.1) I 0+ 2 a)/(p,a).

aedt

For general facts about root systems we refer the reader to [5].

Given g € T we let ®(g) = {a € ® : a(g) € 2rZ} and let T (g) =
D(g)@T. It is easily seen that ®(g) is a subroot system of ® and that
®7(g) is a complete set of positive roots of this subroot system. It is known
that ®(g) = ® if and only if g € Z(G) ([1], p. 189). When ®(g) is empty g
is called a regular element of G .

For g in the torus, the Weyl character formula ([13]) states

P9 3w detwexpi(p+ A\ w(g))
HaedH- (em(g) -1) '
This determines Tr\ on G as characters are class functions.

When g € Z(G) an application of Schur’s lemma shows that [TrA(g)| =
dy, hence the interest is when g ¢ Z(G). It was shown in [2] how one can
evaluate the Weyl character formula (by considering suitable directional
derivatives if ®*(g) is not empty) to obtain

Tr\(g) =

(2.2)
TrA(g) . |2owew detw [Taepr(g) (P + A wla)) expi(p + A, w(g)))
dy (9) [Tocor(p+ A ) '
Consequently,
TrAg)] S wew [Hacos (oo + A w(a))|
23 N | S R

Thus in order to find pointwise bounds on the trace functions off the cen-
tre of GG it is useful to understand the structures of the subroot systems
properly contained in ®. It clearly suffices to analyze those subroot systems
which are maximal in the sense that there is no other proper subroot system
containing it. These subroot systems are always associated with regular sub-
algebras, (although not always of maximal rank) and hence their diagrams
are subdiagrams of the extended diagram of the original root system. (See
figure 1). Note that the additional vertex, labelled 0, is identified with the
highest root ag.) Once all these subdiagrams have been identified we can
determine all possible sets of positive roots associated with maximal subroot
systems by considering Weyl conjugates of the bases corresponding to the
subdiagrams.
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We will illustrate how to do this to find the positive roots of all maximal
subroot systems for type B,. The other types will simply be summarized
below.

2.2. Maximal subroot systems of type B,. Consider the extended di-
agram of figure 2. Notice that if vertex 0 or 1 is removed the remaining
subgraph is still type B,, and thus is not proper. If vertex 2 is removed we
are left with type A; X A; X B,_s. Because the highest root is e; 4 es, the
two roots making up A; X A; (in the base we have chosen) are {e; + es},
which for simplicity we will refer to as Ds. If any of vertices 3 through n — 2
are removed, say vertex k, we have type Dy x B,,_; where k >3, n—k > 2
and Ds is understood to be the obvious root system. It has base

{O[O, alv seey ak‘fl} U{ak+17 seey an}

which in terms of A may be expressed as
{61:|:€2, €; — €i+1 :2§2‘§k—l}U{ei—ei+1,en:k+1 §i§n—1}.

The Weyl group acts as the group of permutations and sign changes of the
set {e1,...,en}. Thus any set of positive roots associated with the subroot
systems of type Dy X B,_; will be of the form

{eite;i<jiije | Jeneite i<ysigle}

where J; and Jy are disjoint subsets of {1,...,n} of sizes k and n — k respec-
tively.

If vertex n — 1 is removed the subroot system is type Ay x D, _1 and the
root in Aj is short. The sets of positive roots associated with this type of
maximal subroot system are of the form

{etlatei 1< s Lj #1).
When vertex n is removed we are left with type D,, and positive roots
{eite;:1<i<j<n}

If vertices 0 and 1 are both removed we are left with the maximal system
B,,_1 and the sets of positive roots are Weyl conjugates of

{eeitej1<i<j<nl#1}
and thus are of the form
{6luei:|:€j 1 <]7 i)j)l 7577’0}

If any other two (or more) vertices are removed from the extended graph we
clearly do not have a maximal subroot system.

Notice that of all these maximal subroot systems only types Dy X B,_g
and A; x D,,_1 are also of maximal rank.
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2.3. Summary of maximal subroot systems. In the charts which follow
J1 and Jy will denote disjoint subsets of {1,...,n} in types B,,, C), and Dy;
and disjoint subsets of {1,...,n + 1} in type A,.

Maximal subroot Positive roots of the maximal
Type
systems subroot systems
A, An_q {ei—e;j:1<i<j<n+1;i,j#no}
A A {ei —ej i <jgyije it U{ei—ej:i<yjii,je Jo}
k2 nmkol where |Ji|=k+1>2,|Js]=n—k>2
B, B, {elveiiej:i<j; iajal#nO}
D, {eite;j:1<i<j<n}
Do x B {eiiej:i<j; i,jEJl}U{el,ei:l:CjZi<j; i,j,lEJQ}
k> Pk where |J1] =k >2,|Jal =n—k>2
A1 XDn_l {ei}U{eliej:l<j; l,j#l}
C, A, {siei —sjej : 1 <i < j<n} where s; = £1
Co x C {26[,62':&6]':i<j;i,j,l€J1}U{2€l,ei:|:6j:i<j;’i,j,l€<]2}
k2 nok where |Ji| =k >1,|Jo]=n—k>1
D, Dy {eiiej:i<j; 7".77&”0}
A {siei —sjej : 1 < i< j<n} where s; = £1
n—l and an even number of s; = —1
{esteji<jyijeifU{eitei<j;i,je o}
Dk X Dyt where |J1| =k >2,|Jol =n—k>2

Here D5 is understood to mean {e; £ ea}, C1 = {2¢;}. Co and D3 are the
obvious root systems.

3. UPPER BOUNDS FOR THE TRACE FUNCTION

In this section we will establish the sufficiency of the choice of s in Theo-
rem 1. Each Lie group type must be handled separately, taking into account
the possible choices for ®*(g).

Theorem 3.1. Let G be a compact, connected, simple Lie group of type
Ay, By, Cy, or Dy,. For every g ¢ Z(G) there is a constant c(g) such that
TrX(g)

— << —$
TR < o) (aee
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for all X € G provided

if G is type Ap—1 or D,
if G is type By,

5 if G is type Cp, n # 3
% if G is type C3

Proof. Inequality (2.3) together with the Weyl dimension formula (2.1) show
that it is sufficient to prove that there is some constant ¢ such that for all
w € W and representations A,

[Lacotg(p+ A w(a))
Ha€¢>+ (IO + )‘7 a)l—s

Indeed, as o € ®(g) if and only if w(a) € ®(w™(g)), it suffices to prove

there is a constant c such that
Haé@*’ <p A 04) =

Hae<1>+ (10 + )‘7 a)l—s

(3.1) I1o+xar I (+ra)t<e

ace acdH\ e+

whenever @1/ is the set of positive roots of some maximal subroot system,
and this is what we will show in each case.

Throughout this proof we will assume p + A can be expressed in terms
of the fundamental dominant weights as » ;" ; m;\;. We will also assume
my = max;—1,..,M;. LThe letter ¢ will denote a constant which may vary
from one line to another.

One common technique we use is an induction argument. We often par-
tition @1 (and @) into two sets, one of which is a positive root system
(subroot system) of smaller type. The product we need to study correspond-
ing to these roots of smaller type are handled by the induction assumption.
Another common technique is to count the number of positive roots «, from
some appropriate set, such that (p + A, «) is (essentially) maximal and see
that there are enough of these terms occuring in the product with a negative
exponent to make the product suitably small. Both these ideas are used in
Case 1.1 below (when the maximal subroot system is type A,,_1 in type A,).
In other cases, the arguments are slightly more delicate, but always they are
of an elementary, combinatorial nature.

Type A,

Case 1.1 Maximal subroot system is type A4, :

We proceed by induction on n. If n = 1 then ®* is empty and conse-
quently s = 1 suffices. So assume inductively that (3.1) is satisfied with
s =1/(n—1) whenever ® is the set of positive roots of type A,_1 and &+’
is the set of positive roots of a subroot system of type A, _s.

Let ®* be the set of positive roots of type A,, and let ®*' be the set of
positive roots of a subroot system of type A,_1; ® will be a set of the
form {e; —e;: 1 <i<j<n+1;1i7j#no}.
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First assume k& < ng — 1 (which implies, in particular, that ng # 1).

Partition ®T as ®] |J ®5 with
P ={e;—e;:2<i<j<n+1}
and
@;:{el—ej:2§j§n+1}.
Similarly partition ®*" as &' |J®;" where
O ={e;—e;:2<i<j<n+1;i,7+#no}
and
o) ={er—ej:2<j<n+1;j#no}.

The set @f may be viewed as the positive roots of type A,_1 and <I>1H as
the positive roots of a subroot system of type A,,_o (considering the vectors
to be in R” by omitting the first (zero) coordinate). When o € ®, then
(p+ A ) is equal to (31, m;A;, ), thus the induction hypothesis may be
applied to conclude that if s < 1/(n — 1) then

H (p+ A\ a) H (p+Xa)t<ec
acd !’ acd\@ '
Since the cardinality of ®]’ is n — 1 we clearly have
H (p+ X\ a) < cmz(n_l).
aeégl

Recall that e; — ey, = A1 + ... + Apg—1. As & < ng — 1 this means that
(p+ A, e1—eny) > my, and since e1 — e,, € &5\ P’ we obtain the inequality

H (p+ A a)t <mi

acdf\ o7’
Therefore,
H (p+ M\ a) H (p+ N a) < cmz(nfl)ﬂfl.
aE@?l aeég\ég'

This is bounded if s(n —1)+s—1 < 0, i.e. when s < 1/n, giving the desired
result.

Otherwise k > ng (and ng # n+ 1). In this case we partition &t into
&' |J P35’ where & is the subset of ' consisting of all the words e; — e;
with 4,7 #n + 1, and

3 ={ej —enp1:1<j<n;j+#no}

Similarly partition ®* so that ®5\®;’ = {e,, — ens1}. Again the induction
hypothesis can be applied to the factors of the product corresponding to
o€ <I>;r and @f’, and this observation reduces the problem to proving

[T e+ra I (o+ra)r'<c

acd]’ agd \ o]’
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for s <1/n. As
(P+ N eng —ent1) = (P+ XN Ang + oo + An) > My

the required inequality can be established in the same manner as the first
part.

Case 1.2 Maximal subroot system is type A, x A, _r_1, where k,
n—k—1>1:

We again proceed by induction on n. Notice that a maximal subroot
system of this type is not found in type A; or Az, and consequently the
initial step of the induction hypothesis is with n = 3 and ®* the set of
positive roots of type Ay x A;. We will leave it to the reader to verify the
hypothesis for this initial condition.

We assume inductively that (3.1) holds with s = 1/(n — 1) whenever ®*
is the set of positive roots of type A,_1 and &' is type Ay x A,_j_o for
some k and n — k —2 > 1, and proceed to verify the induction step for type
Ap.

JFrom section 2.3 we know that any set of positive roots of type Ax X
Ay _j_1 in A, is of the form @' = &}’ J &5’ where

O ={e;—eji<j;i,je i},

O ={e;—e;:i<j;i,j€ Ja}
and Ji, Jo are disjoint sets whose union is {1,...,n + 1}, of sizes k + 1 and
n — k respectively. Without loss of generality we may assume 1 € Jj.
Let
f={ei—ej:1<i<j;i,j€ i}

(U] is taken to be empty if the cardinality of J; is two) and W) = &\ ¥].
Let ¥y be the set of words e; — ej, @ < j, on the letters {2,...,n 4+ 1}, and
Uy = {e1 —ej : j #1}. Then ¥y may be viewed as the set of positive roots
of type A,,_1, with ¥} | <I>§H a subroot system of type Ag_1 X Ap_g_1. Thus
the induction hypothesis may be applied to yield

H (p+ A\ a) H (p+Na)Pt<c

acl) Joy’ acl\ ¥, o]’

when s < 1/(n—1). (If ¥} is empty then this is actually case 1.1 which has
already been done.)
It remains to prove that for W) = {e; —¢; : j € J1\{1}} and s < 1/n,

H(p+)\,a)s H (p+X\a)yt<ec

ael) a€W\T)
If there exists some j € Jo such that j > k + 1, then for some o € Wo\ W)

(PtAa)=(p+Aer—e)=(p+ A+ ...+ A1) > my.
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Combining this with the fact that the cardinality of J; is at most n — 1 we
obtain the inequalities

H (p+ A\ ) H (p+ )\,04)871 < cmz(l‘hl*l)mz_l <c
ael) o€V \V)

when s < 1/n.
Otherwise, n + 1 € J; and there is some j < k which belongs to Js.
(Indeed, all j € Jy must satisfy j < k.) Redefine

\Illlz{ei—ej:lgi<j§n; i,j € Ji},
Uy ={e;—e;j:1<i<j<n}

and Wy, W), correspondingly. The argument now follows from the fact that
(p+ A a)>my for a=ej —epq1 € Ua\ U5,

Type B,

Case 2.1 Maximal subroot system is type B,_1 :

The maximal subroot system ' = {e;,e; e; : 4 < j;i,5,1 # no}. We
consider the cases ng = 1 and ng # 1 separately and assume s < 1/(2n —1).

no = 1 : Notice (p+ A, a) = O(my,) for all @ = eq, €1 +e; and these roots
all belong to ®T \ ®*'. Also, |®1| = (n — 1)2, and thus

s S— s(n—1)2 s—1)n
(32) ITe+rrar TI (o+rap ™ <m™mim
acdt’ acdt\ot+/
Since
1 n

2n—1"n2-—n+1
it follows that (3.2) is bounded whenever s < 1/(2n — 1).
ng # 1 : Here we proceed by induction, leaving the initial step with n = 3
to the reader. The words from ®* in ®* with letters from {2,...,n} are
the positive roots of a subroot system of type B,,_s in type B,,—_1. Thus the
induction hypothesis reduces the problem to consideration of

I[TGe+Xa® I] (e+ra)
acl’ AN

where ¥’ and ¥ are the remaining roots in ® and ®* respectively.

Set a; = max{my : [ < j}. Notice that {a;} is an increasing sequence and
that (p+ A, e1 —ej) = O(a;). Also, both (p+ A e1) and (p+ A, e +¢;) are
O(my). As U ={ej,e; £ ej:j # 1,np}, this implies

[Te+rar = +re)r [ (+ra [ (o+ray

aew’ a=e1+e;,j#L,ng a=e1—e;,j#1,ng
no—1 n
s(n—1) s s s(n—=1) s(ng—2), ,s(n—no)
< cmy, H a; H a; < cmy, Ay m,

Jj=2 j=no+1

s(2n—no—1) s(ng—2)
cmy, apy .

IN
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Moreover W\ U' = {e; + ey, }, therefore

H (p+ A a) ' =emitad !,

YSVANL
Hence
[Te+xar T (p+ra)y <em gy,
acWw’ AU\ W

and noting that both exponents are negative completes the argument.

Case 2.2 Maximal subroot system is type D, :

In this case @' = {e; £ ¢; : 1 < i < j < n} and therefore @ \ &1 is
the set of all words of length one in ®*. Let b; = max{m; : [ > i}. Then
(p+A, ) = O(b;) if a = e; or e;+¢; for any j > i. Also, (p+X, e;—e;j) < O(b;)
whenever j > i. Thus

IT e+xer JI G+rae!
acdt’ aced+\ ot/
= H (p+ N\ o) H(p-i—)\, ;) !
a=e;te;,i<j i=1
n—1 n n
< ¢ H b?s(n—z) H bf_l _ CH bf(2n—2z+1)—1’
=1 =1 =1

and this is clearly bounded for s < 1/(2n — 1).

Case 2.3 Maximal subroot system is type A; x D, 1 :

The argument is essentially the same as case 2.2.

Case 2.4 Maximal subroot system is type D,, X B,,_,,;m,n—m >
2:

The positive roots of type Dy, in type B,, were already treated in Case
2.2, so it suffices to show

P = H(p+)\,a)s H(/H—)\,a)sfl

acy’ aeVy
is bounded when
U ={ee; tej:i<jyijg,l € o}
and
U={ete;:iec,je o}

We consider the cases 1 € J; and 1 € J; separately. The argument is much
easier when 1 € J; and hinges on the fact that in this case ¥ D {e; £ ej
j € Ja}. Thus

P< H (p+ \e)’ H (p+Aeitey) H (p+Ner£e)h
1€J2 1<jeJ2 Jj€J2
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Let b; = max{m; : | > i} and a; = max{m; : [ < i}. With this notation, for
1 < j we have

(p+Aeite) = Obi), (p+Ae)=0()
(p+Aei—e) < Oag), (p+Aer—ej) =0(ay).

Hence we can further bound P by

P o< e T b0 T a0 0pl 01 T as?

i€J2 jEJ2 j€J2
Jo|2+|Ja])—|J Ja|—1
< cb‘;q 2| *+[J2])— 2| H aj-‘ 2|-1
JjE€J2

The final product is bounded over all A since |Jo| < n—2and s <1/ (2n —1).
Now assume 1 € Jo. Here a further induction argument is useful. Parti-
tion ¥’ as X7 |J X2 and W as Y1 J Y2 where

Xi={epeiteji<jl#i,j5,le o}, Xo={er,e1 Lej:1#j€ o}

and
le{ei:bej2i€J1,17éj€J2},Y2={61iei:iEJl},

and assume inductively that

[T e+xa [](e+ra) "t <c

aceXy a€cYy

for s < 1/(2n —1). (The initial case is left for the reader). We need to
check that

[T (e+xra) [](o+ra) | <e

aeXs acYs

to complete the induction step. Since (p+ A, e1 +e;) = O(my,) for all i € Jy,
and (p+\, e1 —e;)*~ ! < 1, the product above is bounded by mZ‘XQ‘m,gsfl)ul‘.
As | Xa| = 2|J2] — 1 and J; has at least two elements the desired result is
obtained.

This completes type B,,.

Type Cp,

Case 3.1 Maximal subroot system is type A,_1 :

When k = n then (p + A, 2¢;) = O(my) for all i = 1,...,n and as these
roots belong to ®T\®* it follows that for s < 2/(2n — 1),

P= H (p+ A\ a) H (p+ N a) < mZ(Z)mE:_l)n <ec
agd+ agd+\ o+

When k # n we proceed inductively. The words from & and &1 built
on the letters {2,...,n} form a subroot system of type A,_2 in C,,—; and
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thus our standard induction argument reduces the problem to showing that

P= H + A )’ H (p+X\a)yt<e

acw’ AN

where ¥’ and ¥ are the remaining words of ® and ®T respectively.

As U’ contains only one of e1 + e, it follows that (p + A, «) = O(my,) for
at least two o € W\W’', namely, o = 2e; and the one of e; + e,, which is not
in W', Furthermore, |¥'| = n — 1, hence

P< mi(n_l)mz(s_l),
and this is certainly bounded for s < 2/(2n —1).

Case 3.2 Maximal subroot system is type C x C,,_1 :

This case is much more delicate than any of the others. When n = 3 it
can be done by explicit calculation and we leave this for the reader. So we
begin with n > 4 and take s > 2/(2n — 1).

As the maximal subroot system is

= {2ei,} ({261, 6i £ej i < i g1 # o},

(3.1) can be written as

=

P=1]1(p+\2¢)° H (p+ A eitej)’ H (p+ Aei, £e)°

1 i<j#io J#io

Let b; = max{m; : [ > i}. When i < j then (p+ X\, e; +¢;) = O(b;) =
(p+ A, 2¢;). Thus

@ pel[r I T T

1<ig >0 7<io

~

where
Q=TI (b+rei—e)* [T 1o+ ei—epl™™
i<j#io J#io0

Notice that @) is the product we considered for the problem of the maximal
subroot system of type A,,_5 in type A,—1 (Case 1.1), and thus is bounded
provided s < 1/(n —1). This is true in our situation since we have the
stronger inequality s < 2/(2n — 1).

Simplifying, and using the fact that when ¢ > i then b; < b;,, we obtain

P< bs+" io)(s— 1)Hb n—i+1)— Hbs(n H—l
'l<7/[) Z>7,0
and hence
(3.4) P< be(fn*io+1+("*10+1)(n*i0)/2)*(7171'0) H bf(nfiJrl)—lQ'

1<10



SIZE OF CHARACTERS 13

To continue, we split the problem into two cases. First, suppose k > ig.
Then b; = my, whenever ¢ < iy. Recall also that Q) is bounded, thus

P< cmZ(n—io-i-l-i-(n—io-i-l)(n—io)/2)—(n—io) H my St
<10
Routine calculations reduce this to the inequality

s(n?+4n)/2—n+1
P <m,

which one can check is bounded for our choices of n and s.

Now, suppose k < ig. A standard argument with inequalities shows that
the exponent of b;, in (3.4) is negative (for s <2/(2n — 1)) if ip # n. Also,
s(n—i+1)—1<0ifi> 1. Consequently,

p< { b3 b0 Q  if g =n
= " @ if ig #n
We factor @ as

Q = H (P =+ )‘7 €1 — ej)s(p +Ae1 — eio)S_IQl
J#1,i0

where

Q1= H (p+Aei— ej)s H [(p + A ej — eio)‘s_l .
i<j#1,io §#Lio
()1 is bounded being the product we consider for the problem of a maximal
subroot system of type A,_3 in type A,_o (on the letters {2,...,n}; note
that the assumption k < 7o implies ig # 1). Also, as k < ig, (p+\, e1—e;,) =
O(my), thus

p< cbflb‘i”_lbis__llmi(n_Q)mz_lQl ifip=n
= . —2) o— o
cbi" 1mz(n )mz oy ifig #n

But b, < b,_1 and by = my, hence

cbi’f’:llmz(%_l)_2 ifip=n
P< s(2n—1)—2 £
m), if ig #n

As n > 4 we have s <1/3, and thus P is bounded in either case.
Case 3.3 Maximal subroot system is type Cy x C,,_p; k,n—k > 2:
This is similar to Case 1.2 (but easier because of the fact that (p+ X, e; +
e;) = O(my,) for all j).
Type D,
Case 4.1 Maximal subroot system is type D,,_; :
Assume s < 1(n — 1) and

Ot ={e; te;:1<i<j<mi,j+#no}

The case when k£ > ng can be done directly by counting, but is slightly
different from the earlier cases because of the fact that (e; + ep, Ap—1) = 0.
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Observe that ®T\®" = {e; £ e,, : i # no} (where e; — ey, should be
understood to mean e,, — e; when i > ng). Because k > nyg,

ei +en, Vi # ng, provided k #n —1
(p+Xa)>mpfora=<X e +e, ViEnporn,ifk=n-—1
eng —€n if k=n—1 (so that nyg # n)

Thus for all k > ng, (p+ \,a) > my, for at least n — 1 elements in &\,
and so

H (p+ )\,a)s_l < m’(cnfl)(sfl).
acd+t\ ot/

Combined with the fact that |®%/| = 2(", "), this yields

IT e+ra T (o+rae !t <emyn Vom2HeDE=D,
acdt! acdt\ ot/

which is clearly bounded when s < 1/(n —1).

If k =n—1and ng = nthen (p+X, e;—en,) = O(my) foralli =1,....,.n—1
and so the argument is similar.

Otherwise we proceed inductively. The words from & and ®*' based on
the letters {2,...,n} are a subroot system of type D,,_2 in D,,_; and so are
handled by the induction hypothesis, leaving us to show that

H (p+ A el e’ H (p+ X\ a)!

Jj#1,mo a=ey1ten

is bounded. But this is quite routine because the assumptions k& < ng — 1
and k # n — 1 ensure that (p+ X\, e1 £ ey,) > my.

Case 4.2 Maximal subroot system is type A,_; :

It is convenient for the induction argument used in this case to assume
Ot = {sie; — sjej : i < j}, taking no consideration for the parity of the
signs, s;. We leave the initial case of n = 4 for the reader, so assume n > 4
and proceed inductively.

Suppose first that k¥ < n — 2. Applying the induction argument one can
see that it suffices to establish the boundedness of

(3.5) [TGe+xa T] (e+Xa),

acw’ RN

where U = {e1+e;: 1 < j<n}and ¥ = U ®". Because (p+ A\, a) > my
for « = e; £ e,-1 and a = €1 + e, at least two of which belong to W\¥’,
and |¥'| = n — 1, the product above is at most cmi(nfl)ﬂ(s*l)
bounded when s < 1/(n —1).

If £ = n then let J denote the number of s; = +1. Notice that if s; and

s;j are the same sign, then |[(p + A, s;e; + sje;)| > m,,. A counting argument

and hence is



SIZE OF CHARACTERS 15

shows that

H (p+A ) H (p+X\a)y! Scmqgg)smgzs_l)((@Jr(n;]))

acdt’ aedt\ot+/

and one can readily verify that this exponent is negative for our choices of
s and n.

The case k =n — 1 is similar letting J denote the number of elements of
{81,y Sn—1, —Sn} equal to +1.

Case 4.3 Maximal subroot system is type Dy X D,,_i; k,n—k > 2:

Here it is convenient for the induction argument to allow k or n — k to
equal 1, understanding that D; is the empty set. When n = 3 we can only
have Dj x Ds, which is actually just Do, and this was done in case 4.1 of
this section. (Indeed, case 4.1 does Dy x D, for general n.) This begins
the induction argument.

From the previous remarks one can see there is no loss of generality in
assuming k£ and n — k > 2. Moreover, we may assume

O ={e;teji<y; i,jEJl}U{ei:I:ej:i<j; i,j € Ja}

where J; and Jy are disjoint subsets of {1,...,n} of sizes k and n — k, and
1eJj.

The induction argument applies to the factors with oo = e; *¢;, %,j # 1,
thus we need only consider the product over the remaining words:

(3.6) 11 (p+ A ) IT G+rar

ac{erte;:1#£jedr} ac{erte;j:jea}

If k #n—1, then (p+ X e1+ej) >myforall jeJo. f k=n—1,itis
still true that (p + X, e1 + ej) > my, for all j € Jy except j = n, but then
also (p+ A\,e1 — e,) > my. In either case there are at least |Jo| positive
roots o € {e1 £ e;j : j € Jo} such that (p + A\, &) > my. As |Jo| > 2 and
|J1| < n—2, this implies (3.6) is bounded when s < 1/(n—1) and completes
the proof for type D,. I

Remark 3.1. The expressions obtained for the mazximal subroot systems
of the exceptional Lie groups, Eg, E7, and Eg, are too cumbersome for the
application of this method.

4. OPTIMALITY OF THE UPPER BOUNDS

In this section we will demonstrate the optimality of the choice of s in
the main theorem, in the sense that there exist g € G and infinitely many
representations A such that TrA(g) = O(d}\_s). The elements ¢ in the torus
T which we will work with, and the corresponding sets ®*(g), are listed
below. Notice that the sets ®*(g) are the positive roots of maximal subroot
subsystems of type A,_1, Dn, C1 X C,,—1 and D,_1 in A,, By, C, and D,
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respectively.

Type Element g of T Positive subroot system ®*(g)
(—nz,z,..,x) € R*H!

An where z = 7/(n+ 1) les—ej25i<j<n+l}

B, (7, .y ) {eixe;j:1<i<j<n}

Ch (7,0,...,0) {2e1}U{ei £ ej,2e, 10 < 4,k #1}
D, (m,0,...,0) {eite;j:1<i<j<n}

Theorem 4.1. Suppose G is a compact, connected, simple Lie group of type
Ay, By, C, or D,. Let g be the element in T listed in the chart above and
let A\ =mA1 with m an even integer (A = mMs in type C3). Then
TrX(g)
deg A

for some constant ¢(g) independent of X if

‘ > &(g)(deg A)~*

% if G is type Ap—1 or D,
if G is type By,

3 if G is type Cp, n # 3
% if G is type C3

The strategy of the proof will be to first establish that

det w sgn H (p+ N w(a)) | expi(p+ A\ w(g))
acdt(g)

is constant over w € W. This fact, together with (2.2), show that

TrA(g)  [Hacor g0+ Aw(@)
———==| > max ¢(g)
dy weWw Ha€<I>+ (p + Oé)
and we shall see that it is a straightforward matter to prove that the latter
ratio is O(d®).
First, some preliminary results.

Lemma 4.2. Let A\ be any representation, let ®T(g) be as above and let
w = wiwy € W where wy is a product of sign changes and wa a permutation.
(w1 =1 in type A,.) Then

son | TT (o Awia)) | =

{ det wo mn type By,
agdt(g)

(—1)”‘”2(1)_1 detw in type Ay, C, or Dy,

Proof. Obviously sgn ((p + A\, w2(«))) = 1 when a = e; + €5, e; or 2e;. If
i < 7 and wsy(i) < we(j) then sgn ((p+ A\, wa(a))) = 1, while if wy reverses
their order the sign is negative. Thus if we let

X ={(i,)) : ei —ej € ®T(g), i < j and wa(i) > wa(j)},
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then

sgn H (p+ M w(a) | = (-1
aedt(g)
In type B,,

X ={(i,j): 1 < i< j<nand wy(i) >wj)},
hence (—1)X| = detw,. For the other types the pairs (1,;) are never in-
cluded in X and therefore
det wy = (—1)XIFH>1 and we()>w2 ()} — (1) X Fwa(1)=1,

Hence,
(=D = (=1)22M=1 det w,

in types A,, C,, or D,. This completes the proof for type A,, as ws = w.
Next, assume w; is a simple sign change, say wi(e;) = —e; if i = ip and
w1 (e;) = e; otherwise. Then

(P + A, wy (eio + ek’))(p + A, wl(eio - ek‘)) = (p + A, €ip ek)(p + A, €ip — ek)a

while of course (p + A\, wi(e;,)) = —(p + A, e5,). Since @1 (g) only contains
words of the form e; £ e; in types B, and D,,

I p+rwi(e) = { ~Ilaco+((p+ A ) intype Cy

wcdt (o) + Hae<1>+(g) (p+ A\, ) in type B, or D,

We can determine the effect of an arbitary sign change by repeating this
argument the appropriate number of times:

sgn | [ (p+Awi(@) | =

acdt(g)

(_1)#sign changes _ det wy in type Cn
+1 in type B, or D,

This is also the determinant of w; in type D,, since only an even number of
sign changes are allowed in the Weyl group.
Combining these observations completes the proof. §

Lemma 4.3. Let g € G be as above and let X =" m;\; with m; even (and
My = mp—1 = 0mod 4 in type D, ). Let w € W, w = wywy where wy is a
product of sign changes (w1 =1 in type A, ) and we a permutation. Then

. —1)w2(M=19 in type A,,Cy or D,
expilp + dulg) ={ (o0 e A

for some complex numbers 8 of modulus one which do not depend on w.

Proof. Type B,: Here wsy is clearly irrelevant. Expressed in terms of the
standard basis vectors the j'th entry of p 4+ > m;\; is

St mg+ma/24n—j+1/2 ifj#£n
(my, +1)/2 ifj=n
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The reader can easily check from this that if wq changes k signs then
expi(p+ A\ w(g)) = (—1)%0 = det w0

for an appropriate choice of 6.
Type Cy: In terms of the standard basis vectors

n n
p+2mi)\i = (Zmi+n,2mi+n— 1,...,my +1).
i=1 i=2

Suppose ws(1) = j. Then,

(p+ A\ wa(g)) = Zmi+n—j+1 .
i=j

As all m; are assumed even,
expi(p+ N\ wa(g)) = (—1)7 L expinm.

Because g = —g, the sign changes have no effect on ¢ and thus the argument
is complete.
Type D,: One can verify that if wy(1) = j then

:l:(Z?:_]?mi"’%(mnfl‘kmn)'{'n_j)ﬂ- if j <n-—2
(p+Aw(g) = :I:(l—}—%(mn,l—}—mn))w ifj=n-1

+(my — mp—1)m7/2 ifj=n
with the choice of + depending on w;. As these are all integer multiples
of 7 the choice of + does not affect the parity of (p + A\, w(g)), and since

M1,y ey My and %(mn_l + my,) are even integers, it follows that for all
choices of j we have

expi(p+ N\ w(g)) = (=1) expinm.
Type Ay,: The j'th entry of p+ > myA; is

1
n+1

(=(mi1+1)=2(ma+1)..+(mj+1)(n—j+1)+ ...+ (m, +1)).

The same kinds of calculations as used for the other types show that if
wa(1l) = j then

expi(p+ A w(g)) = expi(p+ A, g)(=1)7 .

Proof of Theorem: Combining these lemmas we clearly obtain

det w sgn H (p+ N w(a)) | expi(p+ A\ w(g)) =06
acdt(g)
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and this is independent of w. Thus

ITrA(9)] > & )maxwew Haeqﬁ-(g)(p-i—)\,w(a))
C
o = oo (7 X a)

For type B, notice that ®(g) D {e1 £e; : j #1}. As A =m)\
we have (p + X, e1 £ ej) > m, thus

2(n—1)
max H (p+ A w(a))| >cm .
acdt(g)

Since also (p+ A, e1) = O(m) and (p+ A, ) is bounded independently
of m for all other o € ®7, it follows that dy = em?*~! and hence

TrA(g) —1/(2n-1)
T > cd,y "
as claimed.
The other cases are similar.

5. SINGULARITY OF CENTRAL, CONTINUOUS MEASURES

A measure p on G is called central if g commutes with all other measures
on G under the action of convolution. Central measures are characterized
by the fact that their Fourier transforms are scalar multiples of identity
matrices:

Tr
(X)) = axly, where ay = / rA(z) dpu.

¢ dr
We will simply write fi(A) in place of ay.

An interesting class of singular, central measures are the orbital measures.
The orbital measure p,, supported on the conjugacy class C (g9) containing
g € G, is defined by

/G fdp, = /G f(tgt Hdmeg(t) for f € C(Q).

Orbital measures are continuous if and only if g ¢ Z(G), the centre of G.
In [8] Ragozin proved that if g ¢ Z(G) then pJ™¢ € L'(G). One can

easily see that ji,(\) = %A(g), and using this fact it was shown in [2] that

if £ > dim G/2 then ulg € L?. By appealing to the sharper results of this
paper we can now prove:

Proposition 5.1. The measures ulg“ belong to L*(G) for all g ¢ Z(G) if and
only if k > ko where

n if Gis type Ap—1; Cp , n#3 ; or Dy
ko=1< 2n if G is type By
4 if G is type Cs
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Proof. jFrom the Peter-Weyl theorem we know ,u’; € L? if and only if

. Tr)\
3 O el = [0 <
re@G
It was shown in Corollary 9 of [2] that ZAE& di < ocowhent < —rank G/ |®T]|.
This fact, combined with Theorem 3.1, proves the sufficiency of the choice
of k.
Necessity is a consequence of Theorem 4.1. For example, when G is type
A, and g = (—n:c z,...,x) for x = n/(n+ 1) we know

Z d2 T?")\ Z Z dm}\l

m even

— ¢ Z mn(2—2k/n),

m even
which is finite only if 2n — 2k < —1. Thus we require k > n + 1/2, but as
k € N this means k > n + 1 is a necessary condition. The other types are
similar. g

d Ay mAl m>\1

Tr mAi(g) ‘ Z 2. g2

m even

Remark 5.1. Of course, if u]g“ € L? then ugk s a continuous function.

The same result can be proved for central, continuous measures compactly
supported on the conjugates of a set of the form {x € T : &+ (z) = &'} for
some fixed set T/ as such measures p also have the property that [f(\)| <
O(d,®) for s as in the main theorem. (see [2]) We should point out, in
contrast, that for any a < 1 there are central, continuous measures p such
that p(\) > di_l for infinitely many A. This is shown in [3] and is a
consequence of the fact that although compact Lie groups do not admit
infinite central Sidon sets (an application of Ragozin’s original work) they
do admit central (a, 1)-Sidon sets for all a < 1.

Finally, we are ready to improve upon Ragozin’s result on convolutions
of arbitrary central, continuous measures.

Proposition 5.2. Suppose iy, ..., u are central continuous measures and
k > ko. Then py * ---* uy, € LY(G).

Proof. The proof is essentially the same as Theorem 11 of [2] but uses the
stronger results obtained in Proposition 5.1. §

Remark 5.2. Ragozin observed that u’g“ s singular to Haar measure on
G for all k < dimG/dim C(g). As dimC(g) = 2(|®T| — |®T(g)|) ([7]) this
means, for instance, that if G is type A,, then ,u’gc 1s singular to Haar measure
when k < n/2 4+ 1. It remains open as to whether or not ,u’g“ € L' for all
g € G\Z(G), when k is between n/2+1 and n+1 (other than for the trivial
case Ay where clearly k = 2 is the best possible result).

A measure p is called LP-improving if there is some p < 2 such that
puxLP C L%, Young’s inequality implies that all functions in L4, for some ¢ >
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1, are examples of LP-improving measures. A question of current interest is
to understand which singular measures on compact groups are LP-improving.
For example, surface measures on analytic manifolds which generate G were
shown to be LP-improving in [9]. In [10] it was shown that if g was a regular
element, then p, x LP C L? if and only if p > 1 +7/(2dimG — r). For
arbitrary continuous, orbital measures we can prove:

Proposition 5.3. If g ¢ Z(G) then p, is LP-improving. Indeed, for any
9 ¢ Z(G), py* LP C L? for p>2—2/(n+1) when G is type Ap_1, Dy, or
Cpn,n#3;p>2-2/(2n+1) in type By; and p > 8/5 for Cs.

Proof. Proposition 5.1 tells us that the operator T, (f) = MI;O x f maps
LY(G) into L?(G) whenever g ¢ Z(G). Since the identity map obviously
maps L?(G) into L?(G) an application of Stein’s interpolation theorem [12]
(see also [4]) gives that p, * LP C L? for the choices of p listed. B
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