University of Windsor Mathematics Practice Problems Solutions

1. The function f has the property that for each real number z,
fl@) + fla—1) =2

If £(19) = 94 what is the remainder when f(94) is divided by 10007

Solution:

fla) = 2= fla—1)
F94) = 94— f(93)
= 942 - 932 + £(92)
= 942 - 932 + 922 —91% 4 ... 4222 — 217 +20% — f(19)
We can pair up consecutive squares and write each pair as a difference of squares,
f(94) = (944 93)(94 — 93) + (92 +91)(92 — 91) + ... + (22 + 21)(22 — 21) + 20% — f(19)
= 94+93+92+...4+22+21+20% — f(19)
= (14+243+...+74) + 74(20) + 20 — f(19)

Recall,
2": B n(n+1)
a2
=1
So,
74(75
f(94) = (2 ) + 74(20) + 20% — 94
= 4561
Thus the remainder when f(94) = 4561 is divided by 1000 is 561.
2. Let f(x) = %. Evaluate the sum
1 2 3 2006
f(2007) + f(2007) + f(2007) ot f(2007)'
Solution:
Notice that Vk,
k 2007 — k 97007 95007
f(2007) + 1 2007 ) = 93057 + 3 - 925507 + 3
9z007 x 973007 4+ 9007 X 3 + 9097 x 9 3007 4+ 3 X 9 007

(977 + 3)(97%07 + 3)
9+3 x 97 +9 43 x 9%
(977 + 3)(9°%007 + 3)
(9757 + 3)(9°%5" + 3)

2007—k

(97007 + 3)(97 2007 + 3)
=1




Thus, the sum,

1 2 3 2006
f(2007) + f(2007) + f<2007) et f(2007)'
Rewritten as,
2006 1003
k k 2007 — k
Zf(2007) N Z[f(2007)+f( 2007 )
k=1 k=1
1003
= Z 1
k=1
= 1003

Notice that % = &206 = 1003.

. Let a, b and ¢ be positive real numbers. Prove that

a®b’c® > (abc) e

Solution:

We can equivalently prove that,
a3ab3b630 > (abc)a+b+c

Or,
a3ab3b63c
—>1
(abc)a+b+c —
WLOG, assume that a > b > ¢
=a—-b>0, a—c>0, b—c>0
and b
g 2 17 g 2 la - Z 1
b c c
Thus we have,
a3ab3bCBC a3ab3b63c
(abc)a+b+c = aa+b+cba+b+cca+b+c
— a3a—(a+b+c) b3b—(a+b+c) c3c—(a+b+c)
_ a2a7(b+c) b2b7(a+c) C2c7(a+b)
— aafbaafcbf(afb)bbfccf(afc)cf(bfc)
_ g a—b 2 a—c 9 b—c
= Gy
> 1
Thus we have
u+?7+c

a®b’ct > (abc) 3



