
MATH 410/510 SOLVED PROBLEMS 3

1. Show that iff � 0 is improper Riemann integrable onŒ0; 1/ thenf is �-integrable there
and

R
Œ0;1/ f d� D

R 1
0 f .x/ dx.

Soln. Supposef is improper Riemann integrable onŒ0; 1/. Then, by definition, for all
b > 0, f is Riemann intrable onŒ0; b� and limb

R b

0
f dx exists inR. This limit is what is

meant by
R 1

0
f .x/ dx.

By the connection between Riemann and Lebesgue integrability, we know therefore

that for eachb > 0, f is Lebesgue integrable onŒ0; b�, with
R

Œ0;b�
f dλ D

R b

0
f .x/ dx.

Now, since
R b

0
f .x/ dx is increasing as a function ofb, we can just use limits over natural

numbers:
R 1

0
f .x/ dx D limn

R n

0
f .x/ dx.

Putfn D f 111Œ0;n�. Then0 � fn.x/%f .x/, for all x 2 Œ0; 1/, so by the Monotone
Convergence Theorem

R 1
0

f .x/ dx D limn

R n

0
f .x/ dx D limn

R
Œ0;n�

f dλ D limn

R
fn dλ DR

f dλ; as required �

2. If jf j is improper Riemann integrable onŒ0; C1/, thenf is �-integrable onŒ0; 1/, but
not necessarily improper Riemann integrable. On the other hand,f can be improper Rie-
mann integrable but not Lebesgue integrable.

Soln. Considerf W Œ0; C1/ ! R, defined byf .x/ D
�

e�x; if x is rational

�e�x; if x is irrational
Then,f is not Riemann integrable onŒ0; b�, for any choice ofb > 0. But jf j.x/ D e�x,
for all x.
Thus,

R b

0 jf j.x/ D 1 � e�b ���!
b!1

1, so
R

jf j dλ D
R 1

0 jf .x/j; dx D 1.

On the other hand, the functionf .x/ D
P1

nD1.�1/n 1
n2 111.n�1;n� has improper Rie-

mann integral
P1

nD1.�1/n1=n, which converges by the alternating series test, but cannot
be Lebesgue integrable, because thenjf j would be also, and this has integral

P1
nD1

1
n

which diverges.

3. For a functionf W R � R, if f is monotone, thenf is Borel measurable.

Proof. We assume, without loss of generality, thatf is increasing.

We show that for allc 2 R, .f < c/ D f �1..�1; c// 2 B.R/, for thenf will be
Borel measurable, since the family of sets.�1; c/ for c 2 R generates the Borel sets.
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2 MATH 410/510 SOLVED PROBLEMS 3

Let c 2 R. If x 2 .f < c/, thenf .x/ < c and for allt < x, f .t/ < f .x/ < c, so
t 2 .f < c/ also.
This shows that.f < c/ is an infinite interval.
More precisely, putb D sup.f < c/. If f .b/ < c, we have.f < c/ D .�1; b�.
If f .b/ � c, then.f < c/ D .�1; b/.
Thus, in any case, forc 2 R, .f < c/ is a Borel set, sof is B.R/-measurable. �

4. LetS be a�-algebra in a spaceS . Let � be a�-finite measure onS . (Thus, there exists a
sequence.Kn/ of elements ofS with �.Kn/ finite for all n, such that

S
n2N Kn D S). If

H is a disjoint family of sets with�.A/ > 0, for all A 2 H , thenH is countable.

Proof.

Let H be as stated. Choose a sequence.Kn/ as stated. For eachn 2 N, let Hn D
fA 2 H W �.A \ Kn/ > 0g. ThenH D

S
n2H Hn. So it is enough to proveHn is

countable. For a fixed" > 0, if A1; A2; : : : ; AN , with �.Ai \ Kn/ > ", for eachi , we
have�.Kn/ �

PN
iD1 �.Ai \Kn/ > N", soHn can have no more than�.Kn/=" elements

with �..A \ Kn/ > ". Thus,

Hn D
[

k2N

fA 2 Hn W �.A \ Kn/ > 1=kg;

a countable union of finite families of sets, soHn is itself countable. �
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MATH 410/510 SOLVED PROBLEMS 3 3

5. Let A be a Lebesgue measurable set of finite measure. For each" > 0, show that there
exists an open setG with �.A4G/ < ". Then, improve this to show there existsU , a finite
union of open intervals, with�.A4U / < ".

Proof. Let " > 0. By the open outer-regularity of�, we have the existence of an open set
suchG � A and�.G n A/ < ". But for such aG, G4A D G n A, so this finishes the first
part. (Note: actually, one doesn’t even need finite measure for this part. If you go back to
where we proved there is aGı set containingA with the same measure, you will see that it
is the sigma-finiteness of� that guarantees the existence of such aG.)

Now, if G is an open set inRn, then there exist a countable familyfIn W n 2 Ng of
open intervals withG D

S
n2N In. Then.G n

S
i�n Ii / & ;, so if G is of finite measure,

we have limn �.Gn
S

i�n Ii // D �.;/ D 0, thus there existsn such that�.Gn
S

i�n Ii // D
�.;/ < ". For suchn, putU D

S
i�n Ii . ThenU is a finite union of open intervals with

G � U and�.G n U / < ".

Now, let " > 0 and letA have finite measure. Choose an open setG � A, with
�.G n A/ < "=2. Then�.G/ is finite. Choose a finite unionU of open intervals with
G � U and�.G n U / < "=2. Then,

�.A4U / D �.A n U / C �.U n A/ � �.G n U / C �.G n A/ < "=2 C "=2 D ":
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4 MATH 410/510 SOLVED PROBLEMS 3

6. Prove thatB.R2/ D �.fB1 � B2 W B1; B2 Borel sets ofRg/. (Suggestion: The identity
map onR2 can be written.�1; �2/, where�i is the projection onto thei th coordinate.

[Note: �.fB1 � B2 W B1; B2 Borel sets ofRg/ is known asB.R/ ˝ B.R/, the product
sigma-ring ofB.R/ with itself, also denotedB.R/2 or B2.]

Proof. Let C D fB1 � B2 W B1; B2 2 B.R/g, and letG be the family of open sets ofR2.

For eachB1 2 B.R/, ��1
1 .B1/ D B1 � R 2 C � �.C/ D B2, so �1 is B2-

measurable. Similarly�2 is B2-measurable. Thus the identity map.�1; �2/ is

B2�B.R2/- measurable:

This shows that ifB 2 B.R2/, thenB D .�1; �2/�1.B/ 2 B2:

B.R2/ � B2:

Now, each�i is continuous, hence Borel measureable. Thus, ifB1 2 B.R/,

B1 � R D ��1
1 .B1/ 2 B.R2/;

and similarly ifB2 2 B.R/,

R � B2 D ��1
2 .B2/ 2 B.R2/:

Thus,
B1 � B2 D .B1 � R/ \ .R � B2/ 2 B.R2/:

This shows
C � B.R2/;

and hence also
B2 D �.C/ � B.R2/

SinceB.R2/ � B2 andB2 � B.R2/, we have equality, as required.�

Note: For the first part of this proof, we used the fact that a functionf with val-
ues inR2 is M-measurable if and only if its coordinate functionsf1; f2 are measurable.
Alternatively, we can use the argument used in establishing this, as follows:

If U D U1 � U2 is an open interval ofR2, thenU1 andU2 are Borel sets, so

U 2 C � �.C/ D B2

Every open set is the union of a countable family of open intervals, so

G � �.C/;

and therefore,
B.R2/ D �.G / � �.C/:
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MATH 410/510 SOLVED PROBLEMS 3 5

�
7. Using Fatou’s Lemma, one can actually remove the monotonicity from the Monotone Con-

vergence Theorem, just as long as the approximation is from below: Let.fn/ be an se-
quence of non-negative real-valued measurable functions converging pointwise onS to
the (real-valued) functionf . If fn.x/ � f .x/, for all x, then

R
fn d� !

R
f d�.

Proof. For eachn, 0 � fn � f , so

lim sup
n

Z
fn d� �

Z
f d�:

On the other hand, by Fatou’s lemma
Z

f d� D
Z

lim inf
n

fn d� � lim inf
n

Z
fn d�;

so we have equality throughout and
R

f d� D limn

R
fn d�. �

8. If f is integrable anda > 0 show thatfx W jf .x/j > ag has finite measure and that
fx W f .x/ ¤ 0g has�-finite measure (that is, is a union of a countable family of sets of
finite measure).

Proof. If f is integrable, so isjf j, so�fx W jf .x/j > ag � 1=a
R

jf j d� < C1. But
fx W f ¤ 0g D fx W jf j > 0g D

S
k2Nfjf j � 1=kg, so is the union of a countable number

of sets of finite measure, as required.�

9. If f is integrable and" > 0 then
R

jf � 'j d� < ", for some integrable simple function
'.

Proof. Let f be integrable. Thenf C andf � are both integrable. Let" > 0. By defini-
tion of

R
f C d�, there is a non-negative simple function'1 � f C such that

R
'1 d� >R

f C d� � "=2. '1 is integrable, sincef C is.

Similarly, there exists a non-negative integrable simple function'2 < f � such thatR
'2 >

R
f � � "=2. Put' D '1 � '2. Then,

jf � 'j D jf C � '1 � .f � � '2/j � jf C � '1j C jf � � '2j D .f C � '1/ C .f � � '2/

Hence, Z
jf � 'j d� �

Z
f C � '1 d� C

Z
f � � '2 d� < ": �

10. Letf be integrable and� be its indefinite integral:�.A/ D
R
A

f d�, for A 2 M. Prove
�.A/ D 0, for all A 2 M iff f D 0 �-a.e.

Proof. We already knowf D 0, �-a.e. implies
R

f d� D 0.

Conversely, suppose�.A/ D 0, for all A 2 M. PutA D .f � 0/. Thenf C D f 111A,
so

R
f C d� D

R
A f d� D �.A/ D 0; hence,f C D 0, �-a.e. Similarly,

R
f � d� D

��.f < 0/, sof � D 0, �-a.e. Thus,f D f C � f � D 0, �-a.e. �
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6 MATH 410/510 SOLVED PROBLEMS 3

11. Let�1 D �2 be counting measure on all subsets ofN. Letf .m; n/ D 1 if n D m, -1 if n D
mC1 and 0 otherwise. Then

R R
f .m; n/�1.dm/�2.dn/ ¤

R R
f .m; n/�2.dn/ �1 .dm/,

though both are finite. Why does this not contradict the Fubini theorem?

Soln.. For eachm 2 N,
X

n2N

f .m; n/ D
X

n…fm;mC1g
0 C f .m; m/ C f .m; m C 1/ D 0 C 1 � 1 D 0:

and for eachn 2 N n f1g,
X

m2N

f .m; n/ D
X

m…fn;n�1g
0 C f .n; n/ C f .n � 1; n/ D 0 � 1 C 1 D 0;

but for n D 1,
P

m2N f .m; n/ D 1, sincen � 1 … N. Thus,

Z Z
f .m; n/�1.dm/�2.dn/ D

X

n2N

X

m2N

f .m; n/

D
X

n2N

111f1g D 1

butZ Z
f .m; n/�2.dn/ �1 .dm/ D

X

m2N

X

n2N

f .m; n/

D
X

m

0 D 0

This does not violate the Fubini Theorem, sincef is not integrable with respect to product
measure. Indeed, for alln; m, �1 ˝ �2.f.n; m/g D �1fng�2fmg D 1. Sincejf j is 1 on
an infinite set of pairs, its integral with respect to product measure isC1.

Alternatively, we could use iterated integrals onjf j.
Z Z

jf .m; n/j�2.dm/�1.dn/ D
X

m2N

X

n2N

jf .m; n/j

D
X

m2N

2 D C1: �

12. For.x; y/ in the unit squareŒ0; 1� � Œ0; 1�, define

f .x; y/ D
x2 � y2

.x2 C y2/2
;

except at.0; 0/, and definef .0; 0/ D 0. Prove that

Z 1

0

Z 1

0

f .x; y/ dx dy D ��=4;
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MATH 410/510 SOLVED PROBLEMS 3 7

but Z 1

0

Z 1

0

f .x; y/ dy dx D �=4:

Show that this doesn’t violate the Fubini Theorem, sincef is not integrable onŒ0; 1��Œ0; 1�.

Proof. Since @
@x

�x
x2Cy2 D f .x; y/,

Z 1

0

Z 1

0

f .x; y/ dx dy D
Z 1

0

�1

1 C y2
dy D � arctan1 D ��=4:

Similarly,
R 1

0

R 1

0
f .x; y/ dy dx D arctan1 D �=4:

To compare these outcomes with the Fubini Theorem, we need a choice of measure.
Let us take� to be Lebesgue one-dimensional measure restricted to the Lebesgue measur-
able subsets ofŒ0; 1�. We know that any function defined which is defined and (improper)
Riemann integrable onŒ0; 1� is also Lebesgue integrable to the same value.

Now,

f C.x; y/ D
�

f .x; y/; if x � y; .x; y/ 2 Œ0; 1� � Œ0; 1� n f.0; 0/g
0; otherwise

and

f �.x; y/ D
� �f .x; y/; if x � y; .x; y/ 2 Œ0; 1� � Œ0; 1� n f.0; 0/g

0; otherwise
:

Thus, by the Fubini Theorem,
Z

f C d�˝� D
Z Z

f C.x; y/�.dy/�.dx/ D
Z Z x

0

f .x; y/ dy �.dx/

D
Z 1

0

�
y

x2 C y2

�x

yD0

dx

D
Z 1

0

x

x2 C x2
dx D

Z 1

0

1

2x
dx D

1

2
lim
t!0

.log1 � log t/ D C1

Similarly
R

f � d �˝� D C1, sof is not integrable, and hence the Fubini Theorem is
not contradicted.

By the way,� ˝ � D �2, 2 dimensional Lebesgue measure restricted toM� ˝ M�.

13. Let�1 be Lebesgue measure on the Borel sets ofŒ0; 1� and let�2 be counting measure,
again on the Borel sets ofŒ0; 1�. Let

f .x; y/ D
�

1; x D y

0; x ¤ y:

Prove thatf is product measurable — that is, is measurable with respect toB.R/ ˝ B.R/

— yet Z Z
f .x; y/�1.dx/�2.dy/ ¤

Z Z
f .x; y/�2.dy/�1.dx/:
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8 MATH 410/510 SOLVED PROBLEMS 3

What hypothesis of the Fubini Theorem doesn’t hold?

Proof. SinceB WD f.x; y/ W x D yg is a closed set, it is a Borel set; hencef D 111B is
a Borel measurable. SinceB.R/ ˝ B.R/ is the Borel sigma algebra ofR2, f is product
measurable. (By the way,f is only defined onŒ0; 1� � Œ0; 1�, but the definition still makes
sense; we just havef �1.R/ D Œ0; 1� � Œ0; 1�. Thus,f is actuallyB.Œ0; 1� � Œ0; 1�/ D
B.Œ0; 1�/ ˝ B.Œ0; 1�/ measurable.)

Now, for fixedy, f .x; y/ D 111fyg.x/, for all x, so
R

f .x; y/�1.dx/ D �1.fyg/ D 0,
for all y and hence, Z Z

f .x; y/�1.dx/�2.dy/ D 0:

Similarly for fixed x, f .x; y/ D 111fxg.y/, for all y, so
R

f .x; y/�2.dx/ D 1, for all x;
hence, Z Z

f .x; y/�2.dy/�1.dx/ D
X

x2Œ0;1�

1 D C1:

The reason the Fubini Theorem doesn’t apply is that�2 is not sigma-finite. Indeed, ifŒ0; 1�

is written as a union of a sequence of setsAn of finite measure, then eachAn is finite so
Œ0; 1� would be countable, which is false.�
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14. Prove the following version ofCavellieri’s Principle. Let�1, �2 be�-finite measures
on�-algebrasM1, M2 in S1, S2 respectively. Prove that ifE; F are subsets ofS D S1�S2

such that�2.E.x1// D �2.F.x1//, for �1-almost allx1 2 S1, then.�1 ˝ �2/.E/ D
.�1 ˝ �2/.F /:

Proof. With the approach we took in this course, this is a triviality.
By definition,

.�1 ˝ �2/.E/ D
Z

�2.E.x1//�1.dx1/ D
Z

�2.F.x1//�1.dx1/ D .�1 ˝ �2/.F /:

Alternatively, one could use Fubini’s theorem. The result then amounts to checking thatR
111E .x1; x2/�2.dx1/ D �2.E.x1// and the corresponding result forF .

15. Suppose� is a sigma-finite measure on the�-algebraM in S , and the� is Lebesgue
measure inR, restricted to the Borel sets. For a non-negativeM-measurable functionf ,
prove that the setA D f.x; y/ W 0 � y � f .x/g is measurable with respect toM ˝ B.R/

and
R

f d� D �˝�.A/.

Proof. Let fn D
P1

kD1
k
2n 111Œ.k�1/=2n<f �k=2n�. Now, fn � fnC1 andfn ! f . Indeed,

for eachn, if k is the first integer withk
2n � f .x/, thenfn.x/ D k

2n � f .x/ and there are
2 possibilities: Either,

(i) f .x/ > k
2n � 1

2nC1 D 2k�1
2nC1 , in which case,fnC1.x/ D fn.x/ D k

2n , or

(ii) 2k�1
2nC1 � f .x/ > 2k�1�1

2nC1 D k�1
2n , in which casefnC1.x/ D fn.x/ � 1=2nC1.

Thus, in all casesfn.x/ � fnC1.x/.

As for convergence, the formula.k � 1/=2n < f .x/ � k=2n shows thatfn.x/ �
f .x/ � 1

2n ! 0, so in factfn ! f , uniformly.

Now, for eachn 2 N, put An D f.x; y/ W 0 � y � fn.x/g. Then
T

n An D A.
Indeed, sincefn � f , An � A, for all n, so

T
n An � A, and sincefn ! f ,

T
n An � A.

EachAn can be written
S

k2Nfx W k�1
2n < f .x/ � k

2n g � Œ0; k
2n � [ fx W f .x/ D 0g � f0g:

Sincef is measurablefx W k�1
2n < f .x/ � k

2n g 2 M and fx W f .x/ D 0g 2 M, so
An 2 M ˝ B.R/. Hence,A is also in the product sigma-algebra.

Finally, thex-section ofA is

A.x/ D fy W .x; y/ 2 Ag D fy W 0 � y � f .x/g D Œ0; f .x/�;

so by the definition of product measure,

�˝�.A/ D
Z

�.A.x// �.dx/ D
Z

�.Œ0; f .x/�/ �.dx/ D
Z

f .x/ �.dx/: �

Note. Since not everyone uses that definition of product measure, we can invoke the Fu-
bini Theorem instead and write� ˝ �.A/ D

R
111A d� ˝ � D

R R
111A.x; y/ �.dy/�.dx/ DR R

111Œ0;f .x/�.y/�.dy/�.dx/ D
R

�.Œ0; f .x/�/�.dx/ D
R

f .x/ �.dx/.
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16. For functionsfn; f 2 L0, fn � f �-almost everywhere iff for allı > 0, �.jfn � f j >

ı; for infinitely manyn/ D 0.

Proof. For clarity,

.jfn � f j > ı; for infinitely manyn/ D .8m 2 N; 9n � m; jfn � f j > ı/:

By definition, fn ! f �-almost everywhere if and only if there is a�-null set N

such thatfn ! f on N c. Sincefn andf are given measurable, we can takeN to be
fx W fn.x/ 6! f .x/g D .fn 6! f /.

Supposefn ! f , �-almost everywhere and letı > 0 then,.jfn�f j > ı; for infinitely manyng �
.fn 6! f /, so.jfn � f j > ı; for infinitely manyn/ has measure 0.

Conversely, if for allı > 0, �.jfn �f j > ı; for infinitely manyn/ D 0, then�.fn 6!
f / D �.

S
k2N.jfn � f j > 1=k; for infinitely manyn/ D 0, so fn ! f , �-almost

everwhere. �

17. For 0 < p < 1 deduce from the Dominated Convergence Theorem (inL1) the Lp

version: Iffn � f a.e. and there existsg 2 Lp such thatjfnj � g pointwise (or a.e.)
thenfn � f in Lp.

Soln. Let 0 � g 2 Lp. Thengp 2 L1. Supposejfnj � g �-a.e. andfn ! f a.e. Then
jf j � g a.e., sojfn � f jp � .2g/p a.e. and.2g/p 2 L1. Moreover,jfn � f jp ! 0, soR

jfn � f jp d� ! 0, by the Dominated Convergence Theorem. That isfn ! f in Lp.

18. If ' is uniformly continuous onR to R, andfn converges in measure tof , then' ı fn

converges in measure to' ı f .

Proof.

Let ' be uniformly continuous onR to R. Then, for eachı > 0, there exists� > 0

such thatjy � y 0j � � implies j'.y/ � '.y 0/j � ı. Then,

fx W j'.fn.x// � '.f .x//j > ıg � fx W jfn.x/ � f .x/j > �g

If fn ! f in �-measure, then the�-measure of the right side converges to 0, hence
�.j' ı fn � ' ı gj > ı, which is the measure of the left side also converges to0. Thus,
' ı fn ! ' ı g in �-measure. �
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19. Find a sequence of functions onŒ0; 1� that converges to 0 almost everywhere (for Lebesgue
measure) but not inL1, and another that converges to 0 inL1, but does not converge
anywhere.

Soln.

(a) For eachn, choosefn D n111Œ0; 1=n�. Then, forı > 0, �.jfn � 0j > ı/ �
�.Œ0; 1=n�/ D 1=n ! 0. Thus,fn ! 0 in �-measure. On the other hand,kfnk1 DR

fn d� D n�.Œ0; 1=n�/ D 1, which does not converge to 0, sofn does not converge
to 0 in L1.

(b) Let g1 D 111Œ0; 1/, g2 D 111Œ0; 1=2/, g2 D 111Œ1=2; 1/, g3 D 111Œ0; 1=4/, g4 D
111Œ1=4; 2=4/, g5 D 111Œ2=4; 3=4/ : : : . Thus,gn, runs through the indicator functions
of 1 interval of length 1, then 2 intervals of length 1/2, then 4 intervals of length 1/4,
: : : k intervals of length1=2k. The normkgnk1, is the measure of the interval where
gn ¤ 0, which tends to 0, but for eachx, gn.x/ takes on the values 0 and 1 infinitely
many times, sofx W .gn.x// convergesg D ;.

20. Let.fn/ and.hn/ be sequences inL0.�/, f 2 L0. Suppose.hn/ is a decreasing sequence
converging to 0 in�-measure, andjfn �f j � hn, for all n. Prove thatfn � f �-almost
uniformly.

Proof. The sequence.fn/ converges almost uniformly tof if and only if for eachı > 0,
�.9k � n; jfk � f j > ı/ ! 0. But, by hypothesis,

jfk � f j � hk � hn; for k � n

Hence, [

k�n

.jfk � f j > ı/ � .hn > ı/:

Since.hn/ converges to 0 in measure,

�

0
@[

k�n

.jfk � f j > ı/

1
A � �.hn > ı/ ! 0;

as required. �

21. Concerning theL0 quasinorm,kf k0 D inffı � 0 W �.jf j > ı/ � ıg, prove

(a) kf k0 � kf k1 ^ �.f ¤ 0/. Need there be equality?

(b) If j˛j � 1, k f̨ k0 � kf k0

Soln.. (a) First,�.jf j > kf k1/ D 0 � kf k1. Sincekf k0 is the leastı with �.jf j >

ı/ D 0 � ı, this shows
kf k0 � kf k1:

Also, if ı D �.f ¤ 0/, then�.jf j > ı/ � �.f ¤ 0/ D ı, so

kf k0 � �.f ¤ 0/:
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Thus,kf k0 � kf k1 ^ �.f ¤ 0/.

To see that there need not be equality, take� to be Lebesgue measure on the Borel
sets ofR, and put

f .x/ D

8
<
:

1; 0 � x � 2

3; 2 < x � 3

0; otherwise

Then�.jf j > 1/ D 1 � 1, and if ı < 1, �.jf j > ı/ D 3 > ı, so kf k0 D 1 <

kf k1 ^ �.f ¤ 0/ D 3.

(b) If j˛j � 1, thenj f̨ j � jf j, so

�.j f̨ j > kf0k/ � �.jf j > kf k0/ � kf k0;

sok f̨ k0 � kf k0. �

22. Suppose� is a finite measure. Definekf k� D k jf j ^ 1k1, for f 2 L0 andd.f; g/ D
kf � gk�.

(a) Show that thisd is a semimetric onL0.

(b) Show that a sequence.fn/ in L0 converges tof in measure iffd.fn; f / � 0.

Soln.. (a) Remember thê means minimum. For numbersa; b � 0,

.a C b/ ^ 1 � a ^ 1 C b ^ 1;

because if one ofa andb is > 1, the left side is 1 and the right side is> 1, while if both
a; b are� 1, then the inequality reduces to.a C b/ ^ 1 � a C b. Applying this to the
functionsf andg, and integrating we have

kjf C gj ^ 1k1 � kjf j ^ 1k1 C kjgj ^ 1k1I

that is
kf C gk� � kf k� C kgk�:

It follows as usual thatd.f; g/ D kf � gk� defines a semimetric.

(b) Now, if fn ! f in measure, then�.jfn � f j ^ 1 > ı/ < �.jfn � f j > ı/ ! 0,
andjfn � f j ^ 1 � 1. But the function 1 is integrable, since� is a finite measure. Thus,
by the convergence in measure version of the DCT,kfn � f k� D

R
jfn � f j ^ 1 d� ! 0.

Conversely, since convergence inL1 implies convergence in measure, ifkf0 �f k� !
0, jfn � f j ^ 1 ! 0 in measure, and hencejfn � f j does so also.
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