Bosonic and Fermionic Representations

of Lie Algebra Central Extensions

Michael Lau*

Abstract. Given any representation of an arbitrary Lie algebra g over a field K of
characteristic 0, we construct representations of a central extension of g on bosonic
and fermionic Fock space. The method gives an explicit formula for a (sometimes
trivial) 2-cocycle in H?(g; K). We illustrate these techniques with several concrete
examples.
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1 Introduction

Clifford and Weyl algebras have natural representations on exterior and
symmetric algebras, respectively. In the early 1980s, 1.B. Frenkel, V.G. Kac,
and D.H. Peterson ([7],[12]) explicitly constructed the orthogonal affine Lie
algebra soy using the quadratic elements of a Clifford algebra C. These
elements were viewed as quadratic operators on a certain highest weight
C-module, called fermionic Fock space. A.J. Feingold and I.B. Frenkel [5]
later gave an analogous construction of the symplectic affine Lie algebra
EQ\N from quadratic elements of a Weyl algebra A acting on bosonic Fock
space, a highest weight A-module. The natural inclusion of gﬁ; into both

(1)
N

50ay and &p,y meant that the affine Lie algebra of type A ", admits a
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uniform construction of both fermionic and bosonic modules. Notably, the
bosonic construction (which has level —1) was the first known construction
of a nonstandard irreducible highest weight representation! for an affine Lie
algebra. Seligman [18] later modified the Feingold-Frenkel construction to
produce a large class of irreducible integrable highest-weight modules for
50y and 5pyy. The fermionic construction (for types A and D) is isomor-
phic to the vertex operator construction (in [8],[14] for instance), giving a
boson-fermion correspondence. A generalization of this boson-fermion cor-
respondence appears in [15].

In 2002, Y. Gao [10] used techniques similar to those of Feingold and
Frenkel [5] to construct bosonic and fermionic representations of the ex-

tended affine Lie algebra gly(C,), where C, is the quantum torus in two
variables. This was accomplished by defining an interesting module for
gm), a central extension of gl (Cy).

The Feingold-Frenkel construction for gm) and Gao’s construction
for gm) are special cases of a more general phenomenon addressed in
this paper. Both constructions define a Weyl or Clifford algebra 2 from
generators that we view as basis elements of modules for the Lie algebras.
These modules, CV @ C[t,t~!] and its dual module (CY ® C[t,t1])*, can
be thought of as natural modules for the Lie algebras gly(C[t,t7!]) and
gly(Cy). Selecting some of these generators to be “positive”, Feingold-
Frenkel and Gao define an associative subalgebra A% of 2. Their Fock
spaces are trivial 2AT-modules induced to all of 2.

Our construction replaces gl (C[t,t]) and gl (C,) with any Lie alge-
bra g over a field K of characteristic 0, and replaces C ® C[t,t~!] with
an arbitrary g-module W. We use Weyl- (resp. Clifford-) type relations to
generate a unital associative algebra a. This algebra is constructed from a
basis of W @& W' where W’ is the g-submodule of the dual space W* gen-
erated by the restricted dual Spang{w} | o € Z}, where {w, | @ € T} is
a basis for W. The generators for a are partitioned into “positive” and
“negative” elements, and the division is used to define a vacuum vector and

'The level k of a representation of an affine Lie algebra is the constant by which the
canonical central element acts. If k is anything other than a nonnegative integer, the
representation is said to be nonstandard.



an induced module for a, called bosonic (resp. fermionic) Fock space V.
Some care is needed so that V remains a well-defined module under the
action of quadratic operators f, defined for each element x in g. We treat
the operators f, as elements of a completion of a. The fact that the com-
pletion is itself an associative algebra simplifies some of the most difficult
computations of Feingold-Frenkel and Gao.

The assignment x — f, extends to a representation of a certain one-
dimensional central extension g of g. For Feingold-Frenkel, g is simply the
affine Lie algebra gm) and for Gao, g is a homomorphic image of gm).
The representation he constructs for g@) is the pullback of the Fock
representation we construct for g.

When this representation is faithful, it gives an embedding of g into a
Lie algebra of “infinite matrices”, analogous to that found by Kac-Peterson
[12] for gm) It also affords a simple formula for the 2-cocycle defining
the central extension, and we use it to explicitly compute the 2-cocycle
of the (universal) central extension of the Lie algebra of N x N matrices
over the ring of differential operators of the form $°°° £, (t)(:Z)" (where

@t
fn(t) € Clt,t7 1] is 0 for n > 0).

2 Bosonic and Fermionic Realizations

Assume p = 1 or —1. If p = —1 (resp. +1), we call the resulting con-
structions bosonic (resp. fermionic). For elements a,b of any associa-
tive algebra A, let {a,b}, = ab+ pba. Note that {a,b}, = p{b,a},, and
lab, c] = a{b,c}, — p{a,c},b for a,b,c € A, where [a,b] is the usual commu-
tator ab — ba.

Definition 2.1 Let g be a Lie algebra over a field K of characteristic 0,
and let W be an arbitrary g-module with K-basis B = {w,, | o € Z}. The
universal enveloping algebra U(g) has a natural action on the dual module
W* = Homg (W, K) coming from the g-action (z.\)(w) = —A(z.w) for all
reg ANeW, weW. Let W =3 ;U(g).w}, where the linear func-
tionals w}, : W — K are defined by w} (wg) = o3 Vo, 3 € Z. Note that
if W is infinite-dimensional, it is possible that W' D Spang{w}, | o € T},
so we fir a K-basis B = {w}, \g | a« € Z, B € I'} for W'. The choice of



B, B, and a subset J C T is called a realization of (g, W) if card{a €
J | zwe ¢ Sz} < oo for each x € g, where Sg = Spang{ws | f € J}.

Realizations always exist—for example, any finite subset J C Z will
trivially satisfy the “finiteness condition”, card{a € J | z.wy ¢ S} <
00. The purpose of a realization is to define an associative algebra a, with
“positive” and “negative” parts, at and a~, for later use in constructing
bosonic (resp. fermionic) Fock space.

Given a realization of a Lie algebra g and representation W, let a =
a(g,W,Z,7’, p) be the (unital) associative algebra generated by
{wa,wl, A\g | @« € Z,8 € 7'}, modulo the relations

(R1) {v,w}, = {An}, =0

(R2) {Aw}y = A(w)

for all v,w € W, \,n € W’'. Let a* C a denote the (unital) subalgebra
generated by those elements w, € B, A € B’ such that « € J and A(wg) =0
for all § € J. Likewise, let a~ be the (unital) subalgebra generated by
{we € B € B | a €T\ T, and Awg) # 0 for some § € J}. We will
sometimes use the restricted algebra a,es, defined as the (unital) subalgebra
generated by {w,w}, | o € Z}. Analogously, a;; and a,., are the (unital)
subalgebras generated by {w, € B, wj € B |laeJ, €T\T}and
{wa € B,wy € B | €I\ J, B €T}, respectively. Note that in many

interesting cases (see Examples 6.1-6.7 below), Z/ = (), so a,¢s = a and

+ + 2

Oreg — a7

We will use the multiindex notation wa = Wa, Wa, - - - Wa,.,
Wy, = Wh, Wy, Wy, , and Ag = Ag Ag, - -+ Ag, where a = (a1,...,q,) and
B=(B1,---,Bs). Fix atotal (;rdering <onZ and Z'. We say that Wa AWy #
0 is a standard monomial if a; =< o, B; < B, and ; < y;whenever i < j. By
relations (R1) and (R2), the standard monomials span a. The length ¢(c)
of a multiindex o = (1, ..., ;) is r, the number of its entries. If a = ), we

say that {(a) = 0, and we let w, = Ay = w}, = 1.

*An example where I’ # ) is where g = Spang {3_0° | fn(£)(2)™ | fn(t) € K[t]}, viewed
as a Lie algebra of infinite series of differential operators on W = KJt].



Let @ be the K-vector space of linear combinations of (possibly in-
finitely many) distinct standard monomials waAgwy of a. That is, the
elements of @ are those that can be expressed as (possibly infinite) sums
> a.p~ CapyWadswyy where capy € K, and the sum runs over all finite mul-
tiindices a,7 with entries in 7 and (8 with entries in Z' such that waAgw?
is a standard monomial. Elements written in this way (as linear combina-
tions of distinct standard monomials) are said to be in a standard form. For
the remainder of the paper, we will restrict our attention to the subspace
dy consisting of those elements -, 5. cagyWaAgw} € @ with the following
property:

(P1) For each v, there are only finitely many pairs (a, 8) such that cog, # 0.

Lemma 2.2 Term-by-term multiplication gives ag the structure of an asso-
ctative algebra.

Proof It is enough to show that this multiplication is well-defined and the

resulting products are in @y. Associativity then follows immediately from

the associativity of a. Fix a multiindex ¢ = (C1,...,¢;) of elements from Z.
Let T = Z cgﬁﬂ,wg)\ﬁwff and T = Z da_lgwlwa_/)\gfwfy/ be elements of
a.By B o B -

ap written in a standard form.

We consider the products P = Pygyarpy = cg@wgkgwida_/ﬂwa_/)\gwl
which, when written in a standard form, contain a nonzero multiple of a
standard monomial of the form wyA,wf. Note that wf/; € {wzj |1<j <t}
for all wf,g occurring in the expression for P. Thus, there are only finitely
many possible wj;, that may occur. For each such 7', there are only finitely
many o = (a,...,q;.), B/ = (B],...,0,) for which dyg, # 0, since T' €
ap. For each of these (finitely many) possible triples (o, ',7") occurring in

the expression for P, we see that every w’, € {w:l;,wzk |1 <j<r 1<
k <t} (Any wy, & {w}, |1 <j <r} would commute with wyAg and
thus contribute a w7, term to the expression wz, which is impossible unless
wy, € {w; |1 <k <t}.) For each of these finitely many possible v, there
are only finitely many (a, 3) such that ca3, # 0, so there are only finitely
many (a, 3,7,2/,3,7) such that a standard form expression for P contains

a term of the form l{:wnkuwz, where k is a nonzero scalar. That is, the
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product TT" is well-defined, and in dg. O

For each x € g and a € 7, write z.w, = Zm?jwy with z5 € K. Note

yeL
that =5 = 0 for all but finitely many ~. Define the normal ordering :

angwawg =) . CaB: wowj : where cop € K and

—pwtw, if a =
:wawgzz{ pupta fa=0eJ (2.3)

wawg otherwise.
Let
fo=_t(mwa)w) : . (2.4)

a€el

Note that f, = Za,'ye_’[ x5+ wywy, ¢ is a well-defined member of ag for

each x € g. Thus, we may conduct the multiplications of the following two
lemmas within ag.

Lemma 2.5 For everyxz €g,n€Z, and A € W/,

(1) [forwy] = zyez Thwy = Ty

(i) [forA] = = Xgyer 25A(ws Ju, = .M.

Proof If v =a € J, then : wyw}, : = —pw}wy, = wyw}, + 1. Otherwise,
twywy, - = wywy,. Therefore ad : w,w}, : = ad wyw}, so
— af. *
[frvwﬁ] - Za,’yel' x'y [ wﬁwa ‘7w77]

= Za,wez ‘T'oy‘ [w’YwZ7 wn]
= Za,WEI xgww{w:u wﬁ}P
=2 ez Biwy = Ty,

Similarly,
[fe, Al =—p ZQ,WEI mg{ww A}pwy,
— 2aqer Ty A (wy)wg,
and
(zN)(we) = =Azwy)
== Zyez 953)\(%)'
Thus .A = =3, e 5 A (wy)wy = [fa, A]. O



Lemma 2.6 [fy, fy] = flay + Qby for some QF, € Ay such that [Qf ,,a] =
0.

Proof By the Jacobi identity (on dy, viewed as a Lie algebra), if u € W
or W', then Hfrvfy]?u] = [frv[fy’u]] - [fyv[frvu]] = z.(yu) —y.(zu) =
[z,y].u = [flz,y), ul.- Thus [fz, fy] = fiz,y) commutes with the generators of a,
and hence centralizes a. a

3 Fock Space
Define an augmentation map € : a™ — K by the rule that

E(UJQ)\E’LU;):{ ! ifg:é:l:w

0 otherwise.
Let Kvg be the one-dimensional left a™-module given by
p.vg = €(p)vg for p € a™.

Inducing to a gives the Fock space V.=V (g, W, T, Z,Z',p) = a Q.+ Kug.
Analogously, we define the left a,e-module Vies = V(g, W, 7,Z,p) =
tres ® o+ Kup, where ats acts on Kuvg by restriction of the at-action. We
write avg to denote a ® vg in either of V' or Vies. Which module avg inhabits
should be clear from context.
By the relations of a, each v € V (resp. Vies) can be written in the

form avg for some a € a~ (resp. a,). From the relations of a, we have the

res )

following useful formulas:

Lemma 3.1 Let wa,ww,wz,w; € Ores. LThen

() wawy = | W10 To=-1
an —W,We i p=1;

(i) wow? =

{ wiwg — 0oyl if p=—1
gl

—wWiwe + 001 if p=1;

wywh, + 00yl if p=—1
—wywh + 001 if p=1;

(ili) wiwy = {



Iterating Lemma 3.1 gives

Lemma 3.2 Suppose wq, W}, € tyes, and let

mi
7

mo W e .

) *ns
Yo e Wy Wy

O#wlw;:w w S, € Oyes

where each m;,n; is a positive integer,® the ~; are all pairwise distinct, and
the pj are all pairwise distinct.

Then
i — L(y)+L
(1) wawyw) = (=p) DT W w wiw,
S
— _ )i+, *11 g1, ¥nj—l *knjiq *ng
wlz( p) - njémujwm T Wty Wy Wpiyr Wy,
j=1
13 * * L(y)+e(pn E
(i) wawywy, = (—p) @ (—)wlwﬁwa

T
[ m1 mi—1_ m;—1_  Mit1 m *
+ § (=p) mlaa,%wm T Wy Wat Wy "'w%«ng‘
]

Thus if wywy, € a™, the action of wq (resp. wg)e a’ on wlu@vo is, up

1 9 9 ).
to a factor of +1, 57= (resp. m).

Lemma 3.3 Let w,, w; € a™, and suppose wywy, is as in Lemma 3.2. Then

(i) wawlevo

S
- _ _ M+, *n1 Ay A1 a1l g
= E (=p)™ T 00,1y Wy Wy == Wy 3 Wy W T W Vg
j=1
T
. * * _ G mi mi—1, m;—1, Mit1 m *
(ii) W Wy W,V = E (=P)'Miba Wit - -y wE T wey S W W,

i=1

3Note that if p = 1, then each m; and n; is equal to 1.



Corollary 3.4 Suppose {(a) + £(B) > {(y) + £(p), waw}h € 0¥, and wyw),

is as in Lemma 3.2. Then

wgwéwlu@vo = k(v, H)égﬂégqml!mg! coemglngIng! - nglyg
where k(vy, u) = £1. O
Proposition 3.5 Vs is a simple a,cs-module with K-basis

B = {wawzvo | wews € a” s a standard monomial}.

Proof By the observations before Lemma 3.1, the elements of B span Vieg.
Let v € Vies. Write v = Zgﬁ cggwgwgvo = 0 where each wgwg is a standard
monomial in a~. Choose multiindices o/ and ﬁ' so that Wy Wg € A and
((a’) + £(f') = max{l(a) + £(B) | cap # 0}. Then by Corollary 3.4,

wé/w;m = kcygvo (3.6)

for some k£ € K\ 0. If v # 0, then c,/5 can be taken to be nonzero. Hence
every nonzero submodule V' contains vg. But since vy generates Vies, V'
must be Ve, so Vie is simple.

If v = 0, then (3.6) reads 0 = wgw},v = kcy g vo. Hence c,p = 0, and
by the maximality of £(o/) + £(3'), we see that every cng is zero. Therefore
the elements of B are linearly independent and form a K-basis for Vies. O

Proposition 3.7 Let v € Vies. Then v € Kug if and only if
(1= €)(afe))v=0.

Proof If v € Kug, then ((1 — €)(a;;

res

))v = 0, by the definition of V.

Conversely, assume that ((1— €)(a))v = 0. Write v = Z%ﬁ CapWaWiU) =

0 where each cqp € K, and wowj is an element of a. in standard form.
Choose multiindices o, §’ such that £(a/) +4(3") = max{¢(a)+{(8) | cap #
0} and ¢, g # 0. By Corollary 3.4, wgw},v = kc, g vo for some k € Ki 0.
But wg/ng € ag,, 5o by the definition of azt, wg/w;_, € afe,. If &/ and 3’ are
not both equal to §, then wywi,v = ((1—€)(wgw?,))v = 0, a contradiction.
Hence o/ = ' =0, so we are done by the maximality of £(a/) + £(8). O



Modules like V' play an important role in statistical mechanics, where
they represent the “space of states” for a given system. The cyclic vector vg
is viewed as a vacuum, and the element

L2 M \TUL | \Ths g KA1 g
We ! We + - Wea " Agy -+ Agiwi] wiltvg

(with every mj, n;, i a nonnegative integer, and wa,, Ag;, w3, € a~) corre-
sponds to a state with m; particles in state wa,,, n; particles in state Ag;,
and g, particles in state w3, . When p = —1 (resp. +1), V is called bosonic
(resp. fermionic) Fock space, since the “particles” in V satisfy Bose-Einstein
(resp. Fermi-Dirac) occupancy statistics.

Due to the normal ordering and the “finiteness condition” in our def-
inition of a realization, the elements f, defined in §2 have a well-defined
left-multiplication action on V. This follows easily from Lemma 2.5 and the
fact that all but finitely many monomials in any f, act as 0 on the vacuum
vector vg. We can therefore interpret the elements f, as operators on the
Fock space V.

*

U
element of Spang {: w,w} : | p,v € T} ®KI, so [f,, f,] may be written in the

Moreover, for any «, 3,7v,n € Z, the bracket [: waw; 5t wywy :] is an

form Zu,ueI Cuv : wywy, : for some ¢, € K. Since f, and f, are given by a
realization (g, W, J,Z,Z’), the “finiteness condition” ensures that there are
only finitely many (u,v) € (Z\ J) x J such that ¢, # 0. Thus [f,, fylvo €
Vies- Now by Lemma 2.6, Q% ,vg € Vies. But since Qf , commutes with the
elements of a, we see that

(1= e)(a/e)) % yvo = 4 , (1 = €)(aje))vo = 0

Hence by Proposition 3.7, Q5 v € Kvg. Writing QF yug = chyvo with
chy € K gives

Corollary 3.8 Spang{f, | x € g} ®Ke is a Lie algebra with bracket defined
by [for fyl = fluy + hye and [e, fo] =0 for all z,y € g. 0
4 Central Extensions

A central extension of g is a Lie algebra g and an epimorphism ¢ : g — g
with ker ¢ contained in the center Z(g) of g. Given two central extensions

10



(g,7) and (g, ) of g, a morphism (from (g, ) to (g,)) in the category of
central extensions is a Lie algebra homomorphism p : g — g such that
¢p = . We say that (g,7) and (g, ¢) are isomorphic if the morphism p
is a bijection. The central extension (g, ) is universal if there is a unique
morphism from it to every other central extension of g.

Isomorphism classes of one-dimensional central extensions are in bijective
correspondence with cohomology classes in H?(g;K). In particular, each
class [c] € H?(g;K) determines a central extension g = g @ Kc with the
bracket [-,-]” in g given by [z,y]” = [z,y] + ¢(z,y)c for z,y € g, where
c is central and c is a representative of the class [¢]. Conversely, if ¢ :
g X g — K is K-bilinear and g = g ® Kc is a Lie algebra under the bracket
[-,:]” defined above, then c is a representative of a cohomology class [¢] in
H?(g;K). Direct computation from the chain complex defining H?(g;K)
shows that [¢] € H?(g;K) if and only if ¢ satisfies the 2-cocycle identities:

(i) e(z,y) = —c(y,) and

(ii) c(z, [y, z]) + c(y, [2,2]) + c(z, [z, y]) = 0.

Theorem 4.1 For every z,y € g, let c(z,y) = pch,. Then [c] € H?(g; K).

Proof Since x — f, is a linear map, the space S = Spang{f, | = € g} is a
Lie algebra under the bracket [fs, fy]ls = fiz,- Then by Corollary 3.8, the
map (fz, fy) — chy is a 2-cocycle for S. Finally, [c] € H?(g;K) since z +— f;
is a homomorphism from g to S, and ¢(z,y) is a constant multiple of c% ,.0

Corollary 4.2 Let g = g ® Kc with [z,y]” = [z,y] + c(x,y)c where c is
central, and let w : g — g be the canonical projection. Then (g,7) is a
central extension of g. a

Theorem 4.3 The action c.v = pv, x.v = fv forx € g, v € V gives a

representation of g on V.

Proof The map z — f,, ¢ — pl extends to a linear transformation on g,
so it suffices to check that

11



[z, v = ([z,y]+ c(z,y)c) v
= f[z,y]v + pc(‘rv y)’l)
= ([frvfy] _Qg,y)v—{_pc(l"y)v

= [fzafy]v
= fzfyv - fyf:cv
= z.(yv) —y.(z.v). O

The relation % yvo = [fa, fylvo — fizyvo (Lemma 2.6 and the discussion
after Proposition 3.7) gives a way to calculate c(z,y) explicitly. In the
notation of §2, x.w, = Z«/GI zJw, for every z € g and a € 7, and

Theorem 4.4 ¢(z,y) = Z oYy — Z TAYS-
aeJ yeINT a€I\J yeJ

Proof Let x: Vi — K be the linear map defined by

K(wawjvg) = L ifa=5=0
e”8 0 otherwise.
for wawj € a”. Since cfy is a scalar, ciyvo = [fr, fylvo — flzyvo =

K([fz, fylvo)vo — K(fizyv0)vo. For any 2z € g, we have

k(fzv0) = n( Z 25 Wywy, v0>

a, YT

= R(Zzg‘:waw;:m) = 0,

a€el

12



by normal ordering since w, € a® or w’ € at. Thus

&y = #([fe fylvo)
= k(Y ¥l wyul oo
a, YT
= (D2 Y5 (Ufer s s 4wy o w0
a,ye€T
= ﬁ( Z z3y5 (wawy, — www;)on).

a,yeT
Let x : 7 — {0,1} with

X(U):{ Lines

0 otherwise.
Note that w, € at or w}, € a™ (and likewise for w, and w?). Therefore
N 0 if wf € a®
wawavo = * . * +
—pwiwavy + pvg = pvo  if wi ¢ at.

Hence (wqwy, — wyw})ve = p(x(ar) — x(7))vo, so

clay) = pck, = pu| Y alySp(x(a) — x(3))vo
a,yeT
= > 2yl (x(a) = x(7))
a,yeT
- Y e Y
acJ NEINT a€\JT neT

and both of these sums are finite by the finiteness condition on realizations.
O

5 Embeddings into Lie Algebras of Infinite
Matrices

Date-Jimbo-Kashiwara-Miwa [3] and Kac-Peterson [12] have introduced the
Lie algebra A, consisting of infinite matrices (aij)ijez with a;; € K and only

13



a finite number of nonzero diagonals. The Lie algebra ., has a central ex-
tension Ase = Ao ® Ke given by the 2-cocycle a(Eij, Eji) = —a(Eji, Eiy) =
1 fori <0, j >0, and (Ejj, Emp) = 0 otherwise (cf. [13]).

By analogy, for any realization (g, W, J,Z,Z’, p), we may view the space

A= { Z Cap : WaW} € Ag | caﬁEK}
a,B€T

as a Lie algebra of (card Z) x (card Z) “matrices” Z capFEap, where Eq3 is

a,B€T
the matrix with 1 in the (a, 3) position and 0 elsewhere. The Lie bracket in

2 is obtained by extending the ordinary “matrix Lie bracket” (Eap, Evyy) =
08~ Ean — danEqs to . Although the matrices in % may be of arbitrary
dimension and need not have only finitely many nonzero “diagonals,” this
bracket is well-defined, since it is simply the result of restricting the Lie
bracket on dy to A ® K1 C @y and then projecting onto 2.

It is clear that the space 2 = A @ K1, under the restriction of the Lie
bracket of dy, is a central extension of %, and the resulting 2-cocycle is simply
the “constant term” that occurs in a given bracket—that is, ¢(E.g, Eyy) =
e([: Wa W} 1yt Wy :]) = a,n05~(x(a) — x(7)), in the notation of §3 and §4.
The restriction of ¢ to the Lie algebra of Corollary 4.2 is the 2-cocycle of
§4. If g = Ao, W is the natural representation on (doubly infinite) column
vectors (with canonical basis indexed by Z = Z), Z' = ), and J is the
nonpositive integers, then we get the 2-cocycle o and the Lie algebra 2., of
[3] and [12].

In particular, if V' is faithful, the identification of the operator : waw; :
with the matrix F,3 and ¢ with pl gives an embedding of g = g & Kc into
2. The following proposition gives an easy criterion for faithfulness.

Proposition 5.1 The g-module V.= V (g, W, J,Z,T’,p) is faithful if and
only if W is a faithful g-module.

Proof Suppose W is not faithful. Then there is a nonzero x € g such that

rz.w =0 for all w e W. Thus f, = Z  (zwq)wy, =0, so for every v € V,

acl
z.v = fyv = 0. Hence V is not faithful.

Conversely, suppose W is faithful and kc 4+ z acts as zero on V for some
k € Kand x € g. Then for every a € a,

14



0 = (kc+x).(avg) = (kp+ fz)avy

[kp + fo,alvo + a(kp + fz)vo
[fz,alvg + a(ke + x).v

[fz alvo

Therefore by Lemma 2.5, (z.wq)vg = 0 = (z.w))vy for all « € Z. By

Proposition 3.5, it now follows that z.w, = Z a:i’y‘ww. Then for any o, 8 €

yeJ
7,

0 = (kc+x).(Wawsve) = [fu, wawglvo
= [f wa]wﬁvo + wq [fm’ w;]v
= (z.wa)wsvo + we(T.wh)vo

= (z.wa)whug

_ @ *
= E T3 WA W50

veJ
= —p Z THWEwA Vo + Z wo{wy, Wi} pvo
veJ veJ
= prjx(B)vo,

in the notation of the proof of Theorem 4.4. Hence a:g =0 for all @ € Z and

6e€J. But z.w, = Z mg‘ww, so this gives x.w, = 0 for all a € Z. Since

veJ
W is faithful, z = 0, so kc = kc + x acts as zero on V. Hence £k =0, and V'

is faithful. O

We can use the “identity matrix” J := Z : wwa/ : to decompose V' into

YET
submodules:

Proposition 5.2 The g-module V has a Z-grading V = D,z Vr, where
V, is the J-eigenspace with eigenvalue r. Each V, is a g-submodule of V.
Eaplicitly, V; = Spang{waAgwivo | ((a) —4(3) — €(y) =r}.

15



Proof For any A € W/, [J,\] = Z[ wywy, 5, Al = —pZ{ww,)\}pw: =

yEL YET
— Z A(wy)w?, and for any o € 7, — Z Mwy ) w3 (wa) = =AM wa), so [J,A] =
yeL yeL

—\. Likewise, for w € W, [J,w] = w, and Jvy = 0. Thus

Jwg)\ﬁwfyvo = [J, wg)\éw;]vo + wg)\ﬁw:JUO
= [J, wg)\ﬁw;]vo
= (E(g) — E(ﬁ) — E(z))wg)\gwivo.

To see that V, is a g-submodule, it is enough to observe that J commutes
with f; and c for all # € g. But this is trivial, since [J,: wowj :] =
[, wa]wg + wu [J, wg] = wawj — wewp =0 for all a, B € 7. O

As we will see in Example 6.1, the modules V,. need not be irreducible,
even if W is irreducible.

6 Examples

In this section, we show that our notion of bosonic and fermionic realiza-
tions includes representations on symmetric and skew-symmetric tensors,
as well as generalizes the Fock space constructions given by Feingold and
Frenkel [5] for types A; and Agl) and by Gao [10] for gm), where C, is
the quantum torus in two variables. Also, Theorem 4.4 may be used to com-
pute interesting central extensions. We illustrate this with the Virasoro Lie
algebra and a central extension of gl (A), where A is the ring of differential
operators on the punctured plane C*. We anticipate that the techniques of
this paper may be used to produce nontrivial representations of toroidal and
other interesting Lie algebras, and we plan to investigate these and further
applications in a later work.

Example 6.1 (Symmetric and skew-symmetric tensors)
Let g be any Lie algebra with a module W. Consider a realization
(g, W, J,Z,7") with J = (). Then a~ is generated by {w, | « € T} and
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fzvo = 0 for every x € g. The defining relations of a make it clear that
V is the module S(W) of symmetric tensors in the tensor algebra T'(W) if
p = —1, and is the module of skew-symmetric tensors @,~, A" W, if p = 1.
The central extension g = g & Kc is obviously split, since the 2-cocycle c is
trivial. Moreover, the submodules

Vo~ ST(W), the rth symmetric power of W if p = —1
T AW ifp=1

are seldom irreducible, even if W is irreducible.

For instance, take g = slo(C), W = S™(C?), J = 0, and p = —1,
where C? is the natural module and m > 1. Then W is irreducible, but
the Clebsch-Gordan rule (see [9], for instance) gives Vo = S%(S™(C?)) =
@OSnS% S§2m=4n(C2) o V; is not irreducible. Similar arguments can be
made if p = 1.

Example 6.2 (Oscillator and spinor representations for gly (K))

The natural representation W = K~ of the Lie algebra g = gly(K),
with Z = {1,2,...,N} and J = 0 gives the usual oscillator and spinor
representations (as described in [5], for example) for p = —1 and p = 1,
respectively. These are representations that come from the natural isomor-
phism gl (K) =2 W®W?*, and can be thought of as the model for all bosonic
and fermionic representations described in this paper (as discussed in §5).

Example 6.3 (Matrices over associative algebras)

Let A be an associative algebra over the field K, and let M be an A-
module. The Lie algebra gl (A) of N x N matrices over A has a natural “left-
multiplication” action on the space M of N x 1 column vectors with entries
in M. Specifically, let z(a) = (z;;a)1<i j<n Where x = (45)1<i j<n € gly(K)

vrm U1

vom () N
and a € A, and let v(m) = . where v = . € KV and

UNT UN

m € M. Then z(a).v(m) = zv(a.m). Realizations of (gl (A4), MYV, p) give

17



representations for a variety of interesting Lie algebras, including Examples
6.4, 6.5, and 6.7 below.

Example 6.4 (Affine Lie algebra Ag\l,)_l)

In the notation of Example 6.3, let A = K[t,t!], and let M = K[t,t!]
be the (left) regular A-module. Then W = M?¥ is a module for g = gl (A).
Let Z = {1,2...,N} x Z with w(; ) = e;(n) and J = {1,2,...,N} x N,
where e;(n) = e;(t") and N denotes the nonnegative integers. Then Z' = (),
and the realization (g, W, 7,Z,Z’, p) is (with the exception of a small change
to the normal order)* the Fock space construction given by Feingold and
Frenkel for the affine Lie algebra g = g®Kcin [5]. If 7 = {1,2,... , N} xZ*
where Z™T is the positive integers, then we recover the representation given
by Gao ([10], 2.25) for his “vertical Lie algebra” £, & g.

Example 6.5 (gm))

Let C, = Clz®, y* .../ (yr—qzy) be the quantum torus in two variables.’
The associative algebra C, admits a representation on M = Clt,t71] by
z.t" =t and y.t* = ¢“t*. Taking w(; ), Z, 7', and W as in Example 6.4,
we let J = {1,2,...,N} x Z*. This realization gives Gao’s representation
Eij(q"p") = fij(m,n) = > . czq™ ¢ ei(s +m)ej(s)* ;. In order to have
the desired commutation relations between the operators f;;(m,n), Gao
adjusts his basis of the central extension spanned by f;;j(m,n) and 1 by
replacing the f;;(m,n) with Fj;j(m,n) = f;j(m,n) + k(i,j,m,n)1 for some
constants k(i,j,m,n) € C. Note that such a change of basis is included
in the boundary map d : C' — C? of the Cartan-Eilenberg complex for
H*(gly(Cy);C), so does not alter the 2-cocycle or the central extension

4The normal ordering used by Feingold and Frenkel is : e;(m)e;(n)* :

- %ei(m)ej(n)* — Lej(n) ei(m) = { —ej(n)ei(m) —§ ifi=jandm=n

ei(m)e;j(n)* otherwise.

Their change in normal order amounts only to replacing E;;(0) with Ey;(0) — %c in our

representation. They (and Gao [10]) use the notation aj(—n) to denote what we call
e;j(n)”.

"Here ¢ € C*, and (C[mi, yi]n,c, is the space of Laurent polynomials in two noncom-
muting variables x and y.
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described above.b

Example 6.6 (Virasoro Lie algebra)

Let g be the Witt algebra Spang{L,, | m € Z} with commutation re-
lations [Ly,, Ly] = (m — n) L,y for all m,n € Z. The Witt algebra has a
natural (and faithful) representation as the derivations L,, = —th%
the space of Laurent polynomials, W = K[t,t"!]. Taking T = Z, I’ = (),
and J = ZT, we obtain the 2-cocycle

(L, L) = Z (Lm)g(Ln)z - Z (Lm)Z(Ln);

12>0,7<0 1<0,7>0

Clearly L,,.t/ = —jt"™%J so (Lm)j = —j0im+; and

=

on

c(Lm, Ln) = E ij6i7m+j5j7”+i B § : ijéi’m+j5j’”+i
i>0,5<0 1<0,j>0

m—1 -1
= > Omnili—m) =Y G _ni(i —m)
i=0 t=m

- G <m—m3>'
’ 6

Adjusting our 2-cocycle ¢ by a constant factor of —% gives the usual normal-

ization of the central extension g = g ® Kc, called the Virasoro Lie algebra.
It is well-known that this central extension is universal (cf. [1], [13], or [17],

for instance).

Example 6.7 (QT[;(WH.OO))

Let K[p,¢*'],.c. be the (unital) associative algebra of noncommuting
polynomials in two variables p and ¢, localized at the ideal (q). Let A =
K[p, ¢*'n.c./([pg]—1). The algebra A is the first Weyl algebra A; localized on
the multiplicative set {¢™ | m € N}, and thus has a natural representation
on K[t,t71] given by p.t’ = a1 qtt = ¢+ and ¢~ 't* = "L If K
is algebraically closed, A is also the ring of differential operators on the
“circle” {(z,y) € K2 | 22 +y? = 1} or the scheme K\ {0} (cf. [2], [11]).7

6Gao’s central elements c(n) all act as our central element ¢ and his ¢, acts as 0.
“which is the punctured plane in the case K = C.
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Viewed as a Lie algebra in the usual way, the algebra A arises as a limit of
objects called Wy,-algebras (see [19], for instance), and is usually denoted
Witoo-

In the notation of Example 6.3, W = (K[t,t~!])" is a representation for
the Lie algebra g = gly(A), and we obtain a realization by taking w; ,,) =
e(t") e W, T=1{1,2,..., N} xZ, 7' =0, and J = {1,2,..., N} x N. Let
z(k,0) = 2(¢*p’) where z € gly(K), k € Z, and ¢ € N. Since the module
action is Ejj(k, €)W n)y = 0jm(n)eW( nyk—e) Where (n)g =n(n—1)---(n—
(¢ —1)), we have Eij(k,ﬁ)gffs’?) = 6; 705, mOn+k—e,s(n)e. Thus the Fock space

representation is
Eij(k, €) = D (m)e : Wi k-] )
neL

and by Theorem 4.4, the resulting 2-cocycle is
C(Eij (kv €)7 Emn (’I", 5))

u,v a,b
= > E;j(k, @Ea,b)) By (1, s)gw))
(a,b)eT ,(u,w)ET\T
u,v a,b
- > B0 ()
(@B)ET\T (uv)eT

= 5i,n5j,m< Z 5v+k—&b5b+r—s,v(v)é(b)s

b>0,0<0
= > Sk eaBrirsn(©)e0)s)
b<0,0>0
s—r—1 -1
= Ourersdimbin( D B4T = )bl — D b+ = )(b)s)
b=0 b=s—r

with the convention that empty sums are 0.
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By the lemma and identities in the Appendix, if s > r, then

s—r—1

Y btr—s)b)s = (—1)éz!s!<8__rr—+1£>
b=0
= (—1)%!(2;213

— (—1tast( T ).
(=1) 3<s+£+1>

Likewise, if s < r, then r > 0, so

-1

D brr—s)b)s = (=1)*0s! (T s i /- 1>

b=s—r
r
= (=1)%0s! .
(=1)s <s+£+1>

Hence c¢(E;j(k,?), Epn(r, s))

= 5k+r,€+55j,m5i7n(_1)S+l£!3!(s+2+1)

= tr(EijEmn)5k+r,€+s(_1)S+l£!3!(s+2+1)’
so by the linearity of the trace,

r

c(w(k, 0),y(r,s)) = tr(@y)0prpps(—1)°" 15! (E +s+1

for any =,y € gly(K).

)

The 2-cocycle ¢ was first computed by Kac-Peterson [12], and the corre-
sponding central extension gl (A) is universal ([4], [15], [16]). With a slight
abuse of notation, we denote the central extension as gly(Wito). By the

2-cocycle formula obtained above, QT[;(WHOO) contains full copies of the

affine and Virasoro Lie algebras:

aly (K) = Spang {z(k,0) | z € gly(K), k € Z} & Ke
Vir = Spang{I(k,1) | k € Z} ® Kc
where I € gl (K) is the identity matrix.
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7 Appendix: A Combinatorial Lemma

In the statements below, we assume that all variables represent integers, and

we follow the standard conventions that empty sums are 0, empty products

are 1, and (Z) = % where

_Joala-1)---(a—(b—-1)) ifb>0
@r=1 0 b <0.

We will use the following well-known identities without explicit mention:

o ()=o)
w5011

n=0

)= (")

for any a,b,c € Z and d € N. (See [6], for instance.)

Lemma 7.1 Let m,¢,s > 0. Then

m—1

0 Y 0= myw. = v ")

m—s—1
(i) > (b+m)e(b)s = (—1>sz!s!<m7f:j 1).

Proof Note that (ii) will follow from (i) by interchanging ¢ and s and
making the change of variables b — b+ m in (i). Thus we may restrict our

attention to the first identity:
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3
L

b mp®)s = S ()m—b+ L 1)),
b=0

o
I
=)

m—1

- 3 (—1)%3!<m_bﬂ_1> <z>

=S

m—1
—b+/l-1 b
— (=1) 08! mn
(=1)"¢'s ;( m-—>b—1 ><b—s>
m—1

——1 —s—1
— _1\+m—s—=1p|
e () ()

Changing the index of summation from b to b — s now gives

—

m—

0 (b=m)e(b)s = (=1)Fm* 1! mil:_ <m __zf _ sl - 1) <_Sb_ 1)

b= b=0
——s5—2
— -1 l+m—s—1 ||
(=1) Es(m—s—l)
_ Vel m—l—ﬁ
(-1) €.s.<m_s_1>.
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