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0 Introduction

The families of superconformal algebras described in the work of A. Schwim-
mer and N. Seiberg [17] bear a striking resemblance to the loop realization
of the affine Kac-Moody algebras [8]. All of these algebras belong to a more
general class known as I'-twisted formal distribution superalgebras, where I’
is a subgroup of C containing Z [10, 11].

In a little more detail, a superconformal algebra! (or more generally, any
twisted formal distribution algebra), is encoded by a conformal superalgebra
A and an automorphism o : A — A. Recall that A has a C[0]-module
structure and n-products a,b, satisfying certain axioms [9]. Let o be a
diagonalizable automorphism of A with eigenspace decomposition

A= P Am

mel/Z

where A = {a € A | o(a) = €2™a}, T is an additive subgroup of C
containing Z, and m € C/Z is the coset m+Z C C.2 Then the associated I'-
twisted formal distribution superalgebra Alg (A, o) is constructed as follows.

le.g., the Virasoro algebra or its superanalogues

2If o™ = 1, then this construction can be performed over an arbitrary algebraically
closed field k of characteristic zero in the obvious way, by letting I be the group ﬁZ and
replacing e2™/M with a primitive Mth root of 1 in k. This is the situation that will be
considered in the present work.



Let L(A,0) = @,,cr (Am ®@c t™), and let
Alg (A, 0) = L(A,0) /(0 +6:)L(A,0),

where 0 denotes the map 0®1 and d; is 1 ® %. For each a € A7 and m € T,
let a,, be the image of the element a ® t™ € L(A, o) in Alg (A, o). These
elements span Alg (A, o), and there is a well-defined product on this space,

given by
m
amb" = Z (]) (a(j)b)m+n_j ) (01)
JELy

for all @ € A7 and b € A5.

The name twisted formal distribution algebra comes from the fact that
the superalgebra Alg(A, o) is spanned by the coefficients of the family of
twisted pairwise local formal distributions

F= U {a(z) = Z arz "1 ae Am}.

mel/Z kem

For 0 =1 and I' = Z, we recover the maximal non-twisted formal distribu-
tion superalgebra associated with the conformal superalgebra A. See [9, 10]
for details.

For example, let A be an ordinary superalgebra over C. The current con-
formal superalgebra A = C[J] ®c A is defined by letting a(,)b = dn,0ab for
a,b € A and extending these n-products to A using the conformal superalge-
bra axioms. The associated loop algebra A@cC[t,t~1] is then encoded by the
current superconformal algebra 4. Taking ¢ to be an automorphism of .4
extended from a finite order (or, more generally, semisimple) automorphism
of A, we recover the construction of a o-twisted loop algebra associated to
the pair (A,0). When A is a Lie algebra, this is precisely the construction
of o-twisted loop algebras described in [8].

Under the correspondence described above, the superconformal algebras
on Schwimmer and Seiberg’s lists are the I'-twisted formal distribution al-
gebras associated with the N = 2 and N = 4 Lie conformal superalgebras
[9, 11]. Prior to Schwimmer and Seiberg’s work, it was generally assumed
that the N = 2 family of superconformal algebras consisted of infinitely
many distinct isomorphism classes. However, it was later recognized that
this family contains (at most) two distinct isomorphism classes. A similar
construction with N = 4 superconformal algebras was believed to yield an
infinite family of distinct isomorphism classes [17].



The connection of the construction of the superalgebra Alg (A, o) to the
theory of differential conformal superalgebras is as follows. The C[9]-module
L(A, o) carries the structure of a differential conformal superalgebra with
derivation § = é; and n-products given by

(@@t )mbet) =Y <k> (a(ns)b) @ tFHEI (0.2)

JELy J

Then (0 + 0)L(A,0) is an ideal of L(A, o) with respect to the 0-product,
which induces the product given by (0.1) on Alg (A, o). Moreover, the dif-
ferential conformal superalgebra £(A, ¢) is a twisted form of the affinization
L(A) = L(A,id) of A.

Thus, there are two steps to the classification of twisted superconfor-
mal algebras Alg (A, o) up to isomorphism. First, we classify the twisted
forms of the differential conformal superalgebra L(.A). In light of the above
discussion, this gives a complete (but possibly redundant) list of supercon-
formal algebras, obtained by factoring by the image of 9 + § and retaining
only the 0-product. Second, we should figure out which of these resulting
superconformal algebras are non-isomorphic.

The second step of the classification is rather straightforward. For ex-
ample, the twisted N = 4 superconformal algebras are distinguished by the
eigenvalues of the Virasoro operator Ly on the odd part. The remainder of
the paper will consider the first step, namely the classification of the L(.A, o)
up to isomorphism.

Recently, the classification (up to isomorphism) of affine Kac-Moody al-
gebras has been given in terms of torsors and non-abelian étale cohomology
[16]. The present paper develops conformal analogues of these techniques,
and lays the foundation for a classification of forms of conformal superal-
gebras by cohomological methods. These general results are then applied
to classify the twisted N = 2 and N = 4 conformal superalgebras up to
isomorphism.

To illustrate our methods, let us look at the case of the twisted loop
algebras as they appear in the theory of affine Kac-Moody Lie algebras.
Any such £ is naturally a Lie algebra over R := C[t*!] and

LROIRS~g®cS~(g®cR)®rS (0.3)

for some (unique) finite-dimensional simple Lie algebra g, and some (finite,
in this case) étale extension S/R. In particular, £ is an S/R-form of the
R-algebra g ®c R, with respect to the étale topology of Spec(R). Thus £



corresponds to a torsor over Spec(R) under Aut(g) whose isomorphism class
is an element of the pointed set H}, (R, Aut(g)).

Similar considerations apply to forms of the R-algebra A ®; R for any
finite-dimensional algebra A over an algebraically closed field k& of char-
acteristic 0. The crucial point in the classification of forms of A ®; R by
cohomological methods is that in the exact sequence of pointed sets

H (R, Aut®(A)) — HY (R, Aut(A)) -5 HL (R, Out(4)),  (0.4)

where Out(A) is the (finite constant) group of connected components of A,
the map 1 is injective [16].

Grothendieck’s theory of the algebraic fundamental group allows us to
identify H, é}t (R, Out(A)) with the set of conjugacy classes of the correspond-
ing finite (abstract) group Out(A). The injectivity of the map

HY (R, Aut(A)) -2 HL (R, Out(A))

means that to any form £ of A ®; R, we can attach a conjugacy class of the
finite group Out(A) that characterizes £ up to R-isomorphism. In particular,
if Aut(A) is connected, then all forms (and consequently, all twisted loop
algebras) of A are trivial-that is, isomorphic to A ®j R as R-algebras.

With the previous discussion as motivation, we now consider the N = 2,4
Lie conformal superalgebras A described in [9]. The automorphism groups
of these objects are as follows:

Table 1
N Aut(A)
2 C* x Z/27
4 | (SLy(C) x SLy(C))/ + 1

It was originally believed that the standard N = 2 algebra lead to an infi-
nite family of non-isomorphic superconformal algebras (arising as I'-twisted
formal distribution algebras of the different £(.A, o), as we explained above).
This is somewhat surprising, for since C* x Z/2Z has two connected compo-
nents, one would expect (by analogy with the finite-dimensional case) that
there would be only two non-isomorphic twisted loop algebras attached to
A. Indeed, Schwimmer and Seiberg later observed that all of the supercon-
formal algebras in one of these supposedly infinite families are isomorphic
[17], and that (at most) two such isomorphism classes existed.

On the other hand, since the automorphism group of the N = 4 confor-
mal superalgebra is connected, one would expect all twisted loop algebras in



this case to be trivial and, a fortiori, that all resulting superconformal alge-
bras would be isomorphic. Yet Schwimmer and Seiberg aver in this case the
existence of an infinite family of non-isomorphic superconformal algebras!

The explanation of how, in the case of conformal superalgebras, a con-
nected automorphism group allows for an infinite number of non-isomorphic
loop algebras is perhaps the most striking consequence of our work. Briefly
speaking, the crucial point is as follows. A twisted loop algebra L of a k-
algebra A is always split by an extension S,, := k[t¥'/] of R := k[t*!], for
some positive integer m. The extension S,,/R is Galois, and its Galois group
can be identified with Z/mZ by fixing a primitive mth root of 1 in k. The
cohomology class corresponding to £ can be computed using the usual Ga-
lois cohomology H'(Gal(S,/R), Aut(A)(Sy,)), where Aut(A)(Sy,) is the
automorphism group of the S,,-algebra A ®j S,,. One can deal with all loop
algebras at once by considering the direct limit S of the Sm, which plays the
role of the “separable closure” of R. In fact, S is the simply connected cover
of R (in the algebraic sense), and the algebraic fundamental group 1 (R)
of R at its generic point can thus be identified with Z, namely the inverse
limit of the groups Gal(S,,/R) = Z/mZ.

Finding the “correct” definitions of conformal superalgebras over rings
and of their automorphisms leads to an explanation of how Schwimmer and
Seiberg’s infinite series in the N = 4 case is possible. In our framework,
rings are replaced by rings equipped with a k-linear derivation (differential
k-rings). The resulting concept of differential conformal superalgebra is cen-
tral to our work, and one is forced to rewrite all the faithfully flat descent
formalism in this setting. Under some natural finiteness conditions, we re-
cover the situation that one encounters in the classical theory, namely that
the isomorphism classes of twisted loop algebras of A are parametrized by
H! (Z,Aut(A)(g)), with Z = Gal(S/R) acting continuously via automor-
phisms of A ®y, S. R R

In the N = 2 case, the automorphism group Aut(A)(S) = S* x Z/2Z,
and the cohomology set H' (Z Aut(A)(g)) ~ 7./27, as expected. By con-
trast, in the N = 4 case, Aut(A)(S) is not (SL2(§) X SL2(§))/ + 1 as we
would expect from Table 1 above. In fact,

Aut(A)(S) = (SLa(S) x SLy(C))/ £ I.

The relevant H' vanishes for SL2(§ ), but it is the somehow surprising ap-
pearance of the “constant” infinite group SLg(C) in which the action of
m1(R) = 7 is trivial that is ultimately responsible for an infinite family of
non-isomorphic twisted conformal superalgebras that are parametrized by



the conjugacy classes of elements of finite order of PGL2(C).

In this paper, we introduce differential conformal (super)algebras, and
show how these can be used for the study of forms of conformal (super)algebras.
However, the theory of differential conformal (super)algebras reaches far
beyond. For example, it is an adequate tool in the study of differen-
tial (super)algebras; see Remark 2.7d in [9]. The ordinary conformal (su-
per)algebras do not quite serve this purpose since they allow only transla-
tionally invariant differential (super)algebras. Another area of applicabil-
ity of differential conformal (super)algebras is the theory of not necessarily
translation invariant evolution PDEs.

Notation: Throughout this paper, k will be a field of characteristic zero.
Unless mentioned to the contrary, we denote ®;, simply by ®. We will denote
by k — alg the category of unital commutative associative k-algebras. If k
is algebraically closed, we also fix a primitive mth root of unity &,, € k for
each m > 0. We assume that these roots of unity are chosen in a compatible
fashion, that is, ffm = ¢, for all positive integers £ and m.

The integers, nonnegative integers, and rationals will be denoted Z, Z,
and Q, respectively. For pairs a,b of elements in a superalgebra, we let
p(a,b) = (=1)P@P®) where p(a) (resp., p(b)) is the parity of a (resp., b).

Finally, for any linear transformation 7' of a given k-space V', and for

any nonnegative integer n, we follow the usual convention for divided powers
and define T := %T”.

Acknowledgments. Much of this work was completed while M.L. was an
NSERC postdoc at University of Ottawa and a visiting fellow at University
of Alberta. He thanks both universities for their hospitality. M.L. also
thanks J. Fuchs, T. Quella, and Z. Skoda for helpful conversations. The
authors are grateful to the referee for many important suggestions.

1 Conformal superalgebras

This section contains basic definitions and results about conformal superal-
gebras over differential rings. We recall that k£ denotes a field of characteristic
0, and k — alg the category of unital commutative associative k-algebras.

1.1 Differential rings

For capturing the right concept of conformal superalgebras over rings, each
object in the category of base rings should come equipped with a derivation.



This leads us to consider the category k — dalg whose objects are pairs
R = (R, dR) consisting of an object R of k — alg together with a k-linear
derivation di of R (a differential k-ring). A morphism from R = (R, Jg) to
S = (5,0s) is a k-algebra homomorphism 7 : R — S that commutes with
the respective derivations. That is, the diagram

R—C- S

éRl las (1.1)

R—T- 8.

comimutes.

For a fixed R = (R,dr) as above, the objects in the category R — ext
of extensions of R are the pairs (S, 7), where S = (S5,dg) € k — dalg and
7 : R — S satisfies (1.1). Each extension (S,dg) admits an obvious R-
algebra structure: s-r =r-s:=7(r)sforall” € Rand s € S. The morphisms
in R — ext are the R-algebra homorphisms commuting with derivations.
That is, for any S1,S2 € R — ext, Homg _¢.1(S1, S2) is the set of R-algebra
homomorphisms in Homy_sa14(S1, S2).

Let S; = {(5i,0i) | 1 <i < n} be a family of extensions of R = (R, JRr).
Then

n
§:=> id® @5 id

i=1
is a k-linear derivation of 571 ®gr So ®r -+ ®r Sy. The resulting extension
(S1®Rr S2 ®Rr -+ ®r Sp,0) of (R,JR) is called the tensor product of the S;
and is denoted by &1 ®% - QR Sn.

Similarly, we define the direct product S; x --- x S, by considering the

k-derivation 61 X -+ X &, of S1 X -++ X S,.

Example 1.2 Consider the Laurent polynomial ring R = k[t,t~!]. For each
positive integer m, we set Sp, = k[t}/™, t71/™] and § = lim S,,.> We can
think of S as the ring k[t?|q € Q] spanned by all rational powers of the
variable t. The k-linear derivation §; = % of R is also a derivation of S,
and S. Thus R = (R, ), Sm = (Sm, ), and S = (S, 4;) are objects in
k — dalg. Clearly S, is an extension of R, and S is an extension of Sm
(hence also of R). These differential k-rings will play a crucial role in our
work.

3In [3], [4], and [5], where the multivariable case is considered, the rings R, S, and S
were denoted by Ri, Ri,m and Ri . respectively.



1.2 Differential conformal superalgebras

Throughout this section, R = (R, dr) will denote an object of k — dalg.

Definition 1.3 An R-conformal superalgebra is a triple

(.A, oq, (— (n) — )n€Z+) consisting of
(i) a Z/2Z-graded R-module A = A @ Aj,
(ii) an element 04 € End (.A) stabilizing the even and odd parts of A,
(iii) a A-bilinear product (a,b) +— a(,b for each n € Z,

satisfying the following axioms for all » € R, a,b,c € A and m,n € Z:

CSo a b—Oforn>>O

CS1 A(a) = —na(n,l)b and Q(n) (8A(b)) = aA(a(n)b) + na(n,l)b

(CS0)

(CS1)

(CS2) da(ra) =rdala) +dr(r)a

(CS3) () (rb) = r{agyb) and (ra) b = 3 ez, 037 (1) (a(misb)-

If n = 0, (CS1) should be interpreted as da(a))b = 0. Note that d4 is a
derivation of all n—products, called the derivation of A. The binary operation
(a,b) = ag,b is called the n-product of A.

If the R-conformal superalgebra A also satisfies the following two axioms,
A is said to be an R-Lie conformal superalgebra:

(CS4) agyb = —pla,b) 32 (—1)70% (b 0)

(CS5) agmy(bmye) = X710 (77) (@) m+n—jye + Pla; b)bwy (agm)c).

Remark 1.4 For a given r € R we will denote the corresponding homothety
a — ra by r4. Axiom (CS2) can then be rewritten as follows:

(CSQ) 8,40134 :TA08A+5R(T)A

Remark 1.5 If R = k, then Jg is necessarily the zero derivation. Axioms
(CS2) and (CS3) are then superfluous, as they simply say that 94 and the
(n)-products are k-linear. The above definition thus specializes to the usual
definition of conformal superalgebra over fields (cf. [9] in the case of complex
numbers). Henceforth when referring to a conformal superalgebra over k, it
will always be understood that k comes equipped with the trivial derivation.



Example 1.6 (Affinization of a conformal superalgebra) Let A be a con-
formal superalgebra over k. As in Kac [9],* we define the affinization L(.A)
of A as follows. The underlying space of L(A) is A ®j k[t,t!], with the
7./27-grading given by assigning even parity to the indeterminate ¢ . The
derivation of L(.A) is

o) =04®1+1®0d

where §; = %, and the n-product is given by
(@® Ny b@g) = Y (@) © 5 (g (L.7)
JELy

for all n € Zy, a,b € A, and f,g € k[t,t71]. It is immediate to verify
that A is a k-conformal superalgebra. In fact, A is in the obvious way a
(k[t,t71], 6;)—conformal superalgebra.

If R=k[t,t7!] and R = (R, ;) are as in Example 1.2, then the affiniza-
tion L(A) = A®y R also admits an R-conformal structure via the natural
action of R given by r'(a®r) := a®r'r for all a € A and r,r’ € R. The only
point that needs verification is Axiom (CS2), and this is straightforward to
check.

Thus A ®; R is both a k- and an R-conformal superalgebra. We will
need both of these structures in what follows. From a physics point of view,
it is the k-conformal structure that matters; from a cohomological point of
view, the R-conformal structure is crucial.

We will also refer to the affinization L(A) = A ®; R as the (untwisted)
loop algebra of A. Tt will always be made explicit whether L(.A) is being
viewed as a k- or as an R-conformal superalgebra.

Let A and Bbe R = (R, dr)-conformal superalgebras. Amap¢: A — B
is called a homomorphism of R-conformal superalgebras if it is an R-module
homomorphism that is homogeneous of degree 0, respects the n-products,
and commutes with the action of the respective derivations. That is, it
satisfies the following three properties:

(HO) ¢ is R-linear and ¢(A;) C B; for 1=10,1
(H1) ¢(a(m)b) = é(a)my¢(b) for all a,b € Aand n € Zy
(H2) dgod = ¢pody.

“The definition given in [9] is an adaptation of affinization of vertex algebras, as defined
by Borcherds [2].

10



By means of these morphisms we define the category of R-conformal super-
algebras, which we denote by R — conf.

An R-conformal superalgebra homomorphism ¢ : A — B is an iso-
morphism if it is bijective; it is an automorphism if also A = B. The set
of all automorphisms of an R-conformal superalgebra A will be denoted
Autr_cont(A), or simply Autg(A).

Remark 1.8 To simplify some of the longer computations, it will be con-
venient to use the A-product. This is the generating function ayb defined

as
a,\b = Z /\(")a(n)b

neEZy
for any pair of conformal superalgebra elements a,b and indeterminate A,
with A(®) .= %)\". In the case of Lie conformal superalgebras, we denote
axb by [axb].

The condition (H1) that homomorphisms ¢ respect all n-products is
equivalent to

(HI") d(axd) = p(a)r¢(b)

for all a, b.
Axiom (CS0) is equivalent to the property that ayb is polynomial in .
Axiom (CS1) is equivalent to:

(Da(a)) b= —Xaxb and axOab = (04 + A)(axb). (1.9)
Axiom (CS2) is equivalent to
axrb=r(axb) and (ra)\b= (arys,b)-r, (1.10)
where — means that §r is moved to the right and applied to r.

Remark 1.11 Note that the homotheties r4 : a +— ra (for r € R) are
typically not R-conformal superalgebra homomorphisms, and that the map
04 : a+> 04(a) is a R-conformal superalgebra derivation of the A-product:

da(axb) = (0.4a)rb + ax0.4b.

1.3 Base change

Let S = (5,ds) be an extension of a base ring R = (R,dr) € k — dalg.
Given an R-conformal superalgebra A, the S-module A ®p S admits an
S-conformal structure, which we denote by A ®% S, that we now describe.

11



The derivation O4g,s is given by
Oagrs(a®s) :=04(a) ® s+ a®ds(s) (1.12)
foralla € A, s € S. The Z/2Z-grading is inherited from that of A by setting
(ARr S)r:=Ar®@r S.

The n-products are defined via

(@@ )@ s) =Y (apepb) @6 (r)s (1.13)
JELy

for all a,b € A, r,s € S, and n € Z;. Axioms (CS0)-(CS3) hold, as can
be verified directly. (If A is also a Lie conformal superalgebra, then (CS4)—
(CS5) hold, and A ®% S is also Lie.) The S-conformal superalgebra on

A®% S described above is said to be obtained from A by base change from
R toS.

Example 1.14 The affinization A of a k-conformal superalgebra A (Ex-
ample 1.6), viewed as a conformal superalgebra over R := (k[t,t71],&;), is
obtained from A4 by base change from k to R.

Remark 1.15 It is straightforward to verify that the tensor products used
in defining change of base are associative. More precisely, assume that & =
(S,dg) is an extension of both R = (R, dr) and 7 = (T, 6r), and U = (U, op)
is also an extension of 7 = (T, 7). Then for any R-conformal superalgebra
A, the map (a ® s) @ u +— a ® (s ® u) defines a U-conformal isomorphism

(AR S)@rUZ AR (ST U).
Here u € U acts on A ®p (S @7 U) by multiplication, namely
wa® (s@u)) =a® (s @uu)

fora € A, s € S and u’ € U; the derivation 0 4g(sgu) acts on A@g (S@7U)
as

D pen (Ssu) = 04 ® idser +ida ® dsau,

where dggu := ds ®idy +idg ® §y. The associativity of tensor products will
be useful when working with S/R-forms (§2 and §3 below).

12



Extension functor: Each extension S = (S,dg) of R = (R, 0g) defines an
extension functor

€ =¢€g/g : R — conf — & — conf

as follows:

Given an R-conformal superalgebra A, let &(.A) be the S-conformal
superalgebra A ®z S. For each R-conformal superalgebra homomorphism
¥ : A — B, the unique S-linear map satisfying

E(): A — €E(B) (1.16)
a®s — w(a)®8 (1.17)

is clearly a homomorphism of S-conformal superalgebras, and it is straight-
forward to verify that & is a functor.

Restriction functor: Likewise, any S-conformal superalgebra B can be
viewed as an R-conformal superalgebra by restriction of scalars from S to
R:

If the extension S/R corresponds to a k — dalg morphism ¢ : R — S,
we view B as an R-module via ¢. Then B is naturally an R-conformal su-
peralgebra. The only nontrivial axiom to verify is (CS2). Using the notation
of Remark 1.11, we have

Ogorg = 0Ogo¢(r)s
= ¢(r)po 0+ 0ds(¢(r))s
= rgodp+ ¢(0r(r))s
= rgodg+or(r)s.

This leads to the restriction functor
R =Rs/r : § — conf — R — conf,

which attaches to an S-conformal superalgebra B the same B viewed as an R-
conformal superalgebra; likewise, to any S-superconformal homomorphism
¥ B — C, R attaches the R-conformal superalgebra morphism .

1.4 The automorphism functor of a conformal superalgebra

Let A be an R = (R, dgr)-conformal superalgebra. We now define the au-
tomorphism group functor Aut(A). For each extension S = (5,dg) of R,
consider the group

Aut(A)(S) := Auts(A @ S) (1.18)

13



of automorphisms of the S-conformal superalgebra A ®z S. For each mor-
phism 9 : §§ — Sy between two extensions §; = (S51,61) and Sz = (52, d2)
of R, and each automorphism 6 € Aut(A)(S1), let Aut(A)(¢)(#) be the
unique Ss-linear map determined by

Aut(A)(¢)(0): A®rS2 — A®prS2 (1.19)
a®l — > a;®P(s;) (1.20)
for a € A, where §(a® 1) =), a; ® s;.

Proposition 1.21 Aut(A) is a functor from the category of extensions of
(R,0R) to the category of groups.

Proof Let 61,0y € Auts, (A ®x S1), and write f2(a ® 1) = >, a; ® s; for

some a; € A and s; € S1. Then for any morphism 1 : §; — Sz, we have (in
the notation above):

Aut(A)(¥)(01) o Aut(A)(1)(62)(a @ 1)
= Aut(A)¥)(01)(1 @ Y)02(a® 1)
= Aut(A)(¥)(0h) Z a; @ P(s;)
= Z w(Si)Aut(A)Zw)(Hl)(ai ®1)
= (1z ® 1) 23101(% ®1)

= (1Y) > ai®s

= (1®Y)h102(a®1)
= Aut(A)(¥)(6162)(a ®1).

Using the Sp-linearity of the Sy-conformal automorphisms Aut(.A)(v)(61),
Aut(A)(1)(02), and Aut(A)(¢)(0162), we have

Aut(A)(1)(01) o Aut(A)(¢)(02) = Aut(A)(1)(0162).

In particular, note that for any 0 € Aut(A4)(S;), we have

Aut(A)(¥)(071) o Aut(A)(¥)(0) = Aut(A)(¢)(idasrs,)- (1.22)
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It is clear from the definition of Aut(A)(¢) that Aut A(¢)(idages,) is
the identity map on A ® 1, hence also on A ®g Ss by Ss-linearity. Thus
Aut(A)(¢)(0) is invertible, so it is bijective.

That Aut(A)(¢)(0) is an Sy-conformal superalgebra homomorphism fol-
lows easily from the assumption that § € Auts, (A®rS1) and ¢ : S; — Sy is
a morphism of R-extensions. Therefore, Aut(A)(1)(0) € Auts, (A Rr S2),
and we have now shown that Aut(A)(¢) is a group homomorphism

Aut(A) (W) : Aut(A)(S1) — Aut(A)(Ss). (1.23)

Clearly Aut(.A) sends the identity morphism ids to the identity map on
Aut(A)(S) for any extension S of R. To finish proving that Aut(A) is a
functor, it remains only to note that if ¢ : S1 — Ss and 19 : So — S3 are
morphisms between extensions S; = (5;,0;)1<i<3 of R, then for a € A and
fla®1)=>,a; ®s;, we have

Aut(A)(hah1)(0) 1 a® 1 Z a; ® oty (ss),

which defines precisely the same map (via Ss-linearity) as Aut(A)(t2) o
Aut(A)(11)(0). Hence Aut(A)(1a11) = Aut(A)(v2) o Aut(A)(1)1), which

completes the proof of the proposition. a

2 Forms of conformal superalgebras and Cech co-
homology

Given R in k — alg and a (not necessarily commutative, associative, or uni-
tal) R-algebra A, recall that a form of A (for the fppf-topology on Spec(R))
is an R-algebra F' such that F @ S = A ®p S (as S-algebras) for some
fppf (faithfully flat and finitely presented) extension S/R in k — alg. There
is a correspondence between R-isomorphism classes of forms of A and the
pointed set of non-abelian cohomology Hflppf(R, Aut(A)) defined & la Cech.
Here Aut(A) := Aut(A)r denotes the sheaf of groups over Spec(R) that
attaches to an extension R'/R in k — alg the group Autg(A ®z R') of au-
tomorphisms of the R'-algebra A ® g R'. For any extension S/R in k — alg,
there is a canonical map

Hflppf(R, Aut(A)) — H}ppf(s, Aut(A)s)

The kernel of this map is denoted by Hflppf(S/ R, Aut(A)); these are the
forms of A that are trivialized by the base change S/R. One has
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Hflppf(Ra AUt(A)) = h_H1>H1°1ppf(S/Rﬂ AUt(A))’

where the limit is taken over all “isomorphisms classes” of fppf extensions
S/R in k — alg.

In trying to recreate this construction for an R-conformal superalgebra
A, we encounter a fundamental obstacle: Unlike in the case of algebras, the
n-products (1.13) in A ®@r S are not obtained by S-linear extension of the
n-products in A (unless the derivation of S is trivial). This prevents the
automorphism functor Aut(A) from being representable in the naive way,
and the classical theory of forms cannot be applied blindly. Nonetheless,
we will show in the next section that the expected correspondence between
forms and cohomology continues to hold, even in the case of conformal
superalgebras.

In the case of algebras, when the extension S/R is Galois, isomorphism
classes of S/R—forms have an interpretation in terms of non-abelian Galois
cohomology. (See [20], for instance.) We will show in §2.2 that, just as in
the case of algebras, the Galois cohomology H' (Gal(S/R), Auts(A®xr S))
still parametrizes the §/R-forms of A (with the appropriate definition of
Galois extension and Auts(A @z S)).

Throughout this section, A will denote a conformal superalgebra over
R = (R,0R).

2.1 Forms split by an extension

Definition 2.1 Let S be an extension of R. An R-conformal superalgebra
F is an §/R-form of A (or form of A split by S) if

FRRSEZARRS
as S-conformal superalgebras.

For us, the most interesting examples of forms split by a given extension
are the conformal superalgebras that are obtained via the type of twisted
loop construction that one encounters in the theory of affine Kac-Moody Lie
algebras.

Example 2.2 Assume k is algebraically closed. Suppose that A is a k-
conformal superalgebra, equipped with an automorphism o of period m.
For each ¢ € Z consider the eigenspace

Ai={zc A|o(x)=¢ z}.
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with respect to our fixed choice (&,,) of compatible primitive roots of unity
in k. (The space A; depends only on the class of i modulo m, of course.)
Let R = k[t,t7Y], S, = E[tY/™ t~1/™] and S := lim S,,. We consider the

extensions Sy, = (S, d:) and S= (5,68;) of R = (R, 6;) where §; = %.
Consider the subspace L(A,0) C A®y Sy C A ®y S given by

LA o) =P At (2.3)

€L

Each eigenspace A; is stable under 04 because o is a conformal automor-
phism. From this, it easily follows that £(.A, o) is stable under the action of
0Azs,, = 04®@1+1®46;. Since L( A, o) is also closed under the n-products of
AR Sy, , it is a k-conformal subalgebra of A®y S,, called the (twisted) loop
algebra of A with respect to o. Note that the definition of £(A, o) as a sub-
algebra of A®y .S does not depend on the choice of the period m of the given
automorphism o. Because of this, it will be at times convenient when com-
paring loop algebras corresponding to automorphisms of different periods to
think of loop algebras as k—conformal subalgebras of A ®y, S. It is clear that
L(A, o) is stable under the natural action of R on A ®j Sy,. As in Example
1.6, one checks that J4gs,, © TA2.Sm — T'A®KSm © OAcS, = 0t(T)AgyS,, for
all » € R. This shows that just as in the untwisted case, the twisted loop
algebra L£(A, o) is both a k- and an R-conformal superalgebra.

Proposition 2.4 Let o be an automorphism of period m of a k-conformal
superalgebra A. Then the twisted loop algebra L(A, o) is an Sy,/R-form of
AR R.

Proof For ease of notation, we will write S = (5, dg) for S,, = (Sm, ds,,)
in this proof. By the associativity of the tensor products used in scalar
extension (Remark 1.15), the multiplication map

Y: (A R)®RS — A®;S (2.5)
(a®@T)®s — a®rs

(for a € A, r € R, and s € S) is an isomorphism of S-conformal superalge-
bras.
Likewise, it is straightforward to verify that the multiplication map

W (A®k8)®738 — A®pS (2.7)
(a®s1) @82 — a® s182 (2.8)
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(for a € A and s1, s2 € S) is a homomorphism of S-conformal superalgebras.
Indeed, p is the composition of the “associativity isomorphism”

(A®rS) 9 S — A®y (SR S)
with the superconformal homomorphism defined by multiplication:

AR, (S®RS) — A®pS

a®(s1®82) — a® s182.

To complete the proof of Proposition 2.4, it suffices to prove that the
restriction

p: LA )RS = A®L S (2.9)
is bijective. For a; € A;, we have
a; @M = p(a; @ M @ UMY,
so u is clearly surjective. To see that u is also injective, assume (without
loss of generality) that a k-basis {ax} of A is chosen so that each ay € A;y)

for some unique 0 < i(A) < m. Let x € L(A,0) ®r S. Since S is a free
R-module with basis {t//™ | 0 <i < m — 1}, we can uniquely write

m—1 A
T = Z x; @™
i=0
where z; = ), ay® fy; and fy; € ti(’\)/mk[t,fl]. Then if p(z) = 0, we have
D ar® Ht'™ =0,
i

and thus .
Z Frat/m =0
i=0
for all A\. Then f); = 0 for all A and 7. Hence x = 0, so p is injective, and
v lop: L(AG)RrS — (A®rR) ®r S (2.10)

is an S-conformal superalgebra isomorphism as desired. a
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2.2 Cohomology and forms

Throughout this section S = (S, dg) will denote an extension of R = (R, dRr),
and A will be an R-conformal superalgebra.

Lemma 2.11 Let ¢ : A — B be an R-conformal superalgebra homomor-
phism and v: § — & a morphism of extensions. The canonical map

YRvy: AQrS - B®g S (2.12)

is R-linear, commutes with the action of Oag,s, and preserves n-products.
In particular, ¢ ® v is an R-conformal superalgebra homomorphism via re-
striction of scalars from S to R:

YR7: Rgr(A®RS) — Rs/r(BOR S).
Proof Let z € Aand s € S. Then

Y@ (0aprs(®s)) = 1 @7(0a(z) ® s+ ®ds(s))
= I(Y(x) @(s) + ¢(x) @ 6s(7(s))
= OBors(V(@) ®7(s)).

Also, for z,y € A and s,t € S, we have

VRN D sy ®t) = V@7 | Y. Ty @09 (s)t
JELy

= Y U@ @epr) @ 0F (v() (1)
JELy

= P(@) @Y(s)m)¥(y) @ (1)

O

Corollary 2.13 The map vy ® 1: A®r S — B®r S is an S-conformal
superalgebra homomorphism.

Proof It is enough to note that the map ¢ ® 1 commutes with the action
of S. a

For1 <i<2and1l<j<k<3, consider the following R-linear maps:

di: S— S®grS
djp: S®rS — S®rS®RS,

19



defined by di(s) = s®1, d2 = 1®s, di2(s®t) = s@t®1, di3(s®t) = s@1®t,
and dy3(s ®t) = 1 ®@ s®t for all s,t € S. It is straightforward to verify
that these induce R — ext morphisms d; : § — S®r S and dji, : S ®r
S —> S S®r S. (See §1.1). Let A be an R-conformal superalgebra.
By functoriality (Proposition 1.21), we obtain group homomorphisms (also
denoted by d; and d;)

di : Aut(A)(S) — Aut(A)(S @r S)
djr, : Aut(A)(S®r S) — Aut(A)(SQr S®r S)

forl<i<2and1<j<k<3.
Recall that u € Aut(A)(S ®r S) is called a 1-cocycle® if

dlg(u) = d23(u)d12(u). (2.14)

On the set Z'(S/R, Aut(A)) of 1-cocycles, one defines an equivalence rela-
tion by declaring two cocycles u and v to be equivalent (or cohomologous) if
there exists an automorphism A € Aut(A)(S) such that

v = (da(N)u(dr(N) " (2.15)

Formula (2.15) defines an action of the group Aut(A)(S) on the set of
cocycles Z1(S/R, Aut(A)). The corresponding quotient set is denoted by
H'(S/R, Aut(A)), and this is the (nonabelian) Cech cohomology of Aut(A)
relative to the covering Spec(S) — Spec(R). There is no natural group
structure on the set H'(S/R,Aut(A)) , but it has a distinguished ele-
ment, namely the equivalence class of the identity element of the group
Aut(A)(S ®r §). We will denote this class by 1, and write [u] for the
equivalence class of an arbitrary cocycle u € Z}(S/R, Aut(A)).

Theorem 2.16 Assume that the extension S = (S,ds) of R = (R,0R)
is faithfully flat (i.e., S is a faithfully flat R-module). Then for any R-
conformal superalgebra A, the pointed set H'(S/R, Aut(A)) parametrizes
the set of R-isomorphism classes of S/R-forms of A. Under this correspon-
dence, the distinguished element 1 corresponds to the isomorphism class of

A itself.

Proof It suffices to check that the standard descent formalism for modules
is compatible with the conformal superalgebra structures.

SFor faithfully flat ring extensions S/R, the 1-cocycle condition is motivated by patch-
ing data on open coverings of Spec(R). See the discussion in [20, §17.4], for instance.
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Throughout this proof, fix an §/R-form B of the R-conformal superalge-
bra A. Let n: S®rS — S®gS be the “switch” map given by n(s®t) = t®s
for all s,t € S. Let

na:=ida®n: AQrS®rS — ARrS®rS
np:=idg®n: BRRSIrS — BRrSK®rS.

We now check that the key points from the classical formalism of faith-
fully flat descent hold in the conformal setting:

(1) Letyp: BRrS — A®r S be an isomorphism of S-conformal super-
algebras. Let

up = (na) (W ®1)(ne)( ' @1). (2.17)
Then uyp € Z1(S/R, Aut(A)).

Proof (1): That uyp: ARrS®rS - AQr S ®r S is S ®g S-linear and
bijective is clear, and it is straightforward to verify that wu, g satisfies the
cocycle condition (2.14). Therefore it is enough to check that u,, g commutes
with the derivation Jagrse,s, and that it preserves the n-products.

By Corollary 2.13 and the associativity of the tensor product, ¥ ® 1 and
1 ®1 are S ®p S-superconformal homomorphisms, so it is only necessary
to check that 14 and 7z commute with 0 4¢,s9,s and preserve n-products.
By Lemma 2.11, applied to ng4 = id4 ® n, it is enough to check that 5
commutes with dggg, which is clear since

nN(bses(s®t)) = n(0s(s) @t +s®ds(t)) (2.18)
= t®ds(s) +0s(t) ®s (2.19)
= bses(n(s®t)) (2.20)

for all s,t € S.

(2) The class of uyp in H'(S/R,Aut(A)) is independent of the choice
of automorphism v in Part (1). If we denote this class by [up], then

a: B [ug] is a map from the set of R-isomorphism classes of
S/R-forms of A to the pointed set H'(S/R, Aut(A)).
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Proof (2): Suppose that ¢ is another S-superconformal isomorphism
¢o: BRIrS > ARrS.
Let A = ¢p~! € Aut(A)(S). Note that do(\)na = nadi(N). Thus

dy(Nuypdi(N) ™' = do(Nna@ @ Dy @ 1) (Yo' @ 1)
= nalev ' @)W @ nse™' @ 1)
= Uy B-

(3) Letu € Aut(A)(S®r S). Then
(a) The subset Ay, :={r € AQr S| u(lz®1) =na(r®1)} is an
R-conformal subalgebra of A Qr S.
(b) The canonical map

r®RS +— ST

is an S-conformal superalgebra isomorphism.

(c) Ifu and v are cohomologous cocycles in Z'(S/R, Aut(A)), then
Ay and A, are isomorphic as R-conformal superalgebras.

Proof (3a): Clearly A, is an R-submodule of A ®p S. Next we verify that
A, is stable under the action of Oagys.
Recall (2.18) that 74 commutes with the derivation Jugrsers. Thus
for all x € A,,
w(0aprs(r) ®1) = udaersers(z®1)
= OJaprsersu(z®1)
= Jaersersnalz@1)
= Na04ersars(T®1)
= Na04ers(r) @1,

To complete the proof of (3a), it remains only to show that A, is closed
under n-products. For x and y in A, we have

u((@eyy) ©1) = u(@z@1lgye1l)
= wr@l)pulye1)
= nalz®@1)mnaly®1)
= na(z®1lnye1l)
= na((zmy) @1).
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Proof (3b): The map p,, : A, ®rS — A®p S is an S-module isomorphism

by the classical descent theory for modules. (See [20, Chap 17], for instance.)

We need only show that it is a homomorphism of S-conformal superalgebras.
Let p be the multiplication map

p: AR S®RS — A®pS
a®@s®t — aQ st.

It is straightforward to verify that
10 OA0nSeS = OAgrs © 1, and p preserves n—products. (2.21)

Since pu,, is the restriction of u to A, ®pr S it follows from (2.21) that pu,, pre-
serves n-products. It remains only to show that 1, commutes with J4,@.s-
But since O4,%,s acts on A, ®r S as the restriction of the derivation
OpgrSars of A®R S®r S to the subalgebra A, ®z S and p,, = p1¢, where
¢ is the inclusion map ¢ : A, ®r S — A®r S ®r S, we can again appeal to
(2.21). This shows that pu, is an S-conformal superalgebra isomorphism.

Proof (3¢c) Write v = da(\) udy(\) ™! for some A € Aut(A)(S). Then since
do(N) na = nadi(N), we see that

v A®1)(a, ®1) = vdi(N)(a, ®1)
da(N) u(a, @ 1)
d2(A) nala, ®1)
nA4di(A)(ay ® 1)
= na(A®1)(a, ®1)

for all a, € A,. Thus,
A(Au) € Ay (2.22)

Likewise, A™1(A,) C Ay, so applying A™! to both sides of (2.22) gives:
Au SATHAY) C A,
and A\(A,) = A,.

Since A is an S-automorphism of A @ S, it commutes with the actions
of S and Oagrs, and it preserves n-products. Thus its restriction to A,
commutes with R and preserves n-products. Furthermore A\d4, = 04,
since 04, and J4, are the restrictions of O4g,s to A, and A, respectively.
Thus A is an R-conformal superalgebra isomorphism from A4, to A,.
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By (3c), there is a well-defined map 3 : [u] — [A,] from the cohomology
set H'(S/R, Aut(A)) to the set of R-isomorphism classes of S/R-forms of
A. We have also seen that 5 and the map « defined in (2) are inverses of each
other. That the distinguished element 1 € H*(S/R, Aut(A)) corresponds
to the algebra A is clear from the definition of A, given in (3a). O

Remark 2.23 For any isomorphism % as in Part (1) of the proof of Theo-
rem 2.16, the cocycle u,y 5 can be rewritten in terms of the maps d; : S —
S®rS:

uys = da(4p)di (). (2.24)

Proof If(b® 1) =), a; ® w;, then

na@ @ npb@s@t) = na(Pp@1)(b@t®s)
= nA(w(b®t)®s)
= na((ty(b®1)) @ s)

= N4 <Zai®twi®s)

)

= Zai®s®twi
7

= d)besat)
for all s,t € S. Thus
ups = da2(Y)(¥ @ 1)

= bE)@Wel)™
= da(¢)di(v) ™"

O

Remark 2.25 In the notation of Part (1) of the proof of Theorem 2.16, the
algebra B is isomorphic to the R-conformal superalgebra B® 1 C BRr S
by the faithful flatness of S/R. This means that there is an isomorphic copy
of each §/R-form of A inside A @z S, and the algebra B can be recovered
(up to R-conformal isomorphism) from the cocycle uy 3, since

YB1)={rc A®rS |upp(r®1) =na(z®1)}. (2.26)

Remark 2.27 Let S = (5,6dg) be an extension of R = (R, r). Let I" be a
finite group of automorphisms of S (as an extension of R). We say that S
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is a Galois extension of R with group I' if S is a Galois extension of R with
group I'. (See [12] for definition). The unique R-module map

Y: SR S —Sx--x8 (IT| copies of S)

satisfying

a®b— ('y(a)b)ver

is easily seen to be an isomorphism of R-ext (see §1.1). This induces a group
isomorphism

Aut(A)(S@r S) ~ Aut(A)(S) x -+ x Aut(A)(S)

= (Uy)yer

The cocycle condition u € Z* (S /R, Aut(A)) translates, just as in the clas-
sical situation, into the usual cocycle condition u,, = u, 7u, where I' acts
on Aut(A)(S) = Auts(A®xr S) by conjugation, i.e., 70 = (1®7)0(1®@~y~1).
This leads to a natural isomorphism

H'(S/R, Aut(A)) ~ H' (T, Auts(A®xr S))

where the right-hand side is the usual Galois cohomology.

2.3 Limits
Throughout this section, R := k[t*'], Sy, := k[tF/™], S := lim S, and

. d
5= &

We are interested in classifying all twisted loop algebras of a given confor-
mal superalgebra A over k. If o0 € Autg_cont(\A) is of period m, then L(A, o)
is trivialized by the extension S,,/R, where R = (R, ;) and Sy, = (S, 6¢).
(See Example 2.2.) To compare L(A, o) with another L(A,c’) where o' is
of period m/, we may consider a common refinement S, . An elegant way
of taking care of all such refinements at once is by considering the limit
S = (§ ,0¢). For algebras over k, and under some finiteness assumptions, S
plays the role of the separable closure of R (see [3] and [5] for details). We
follow this philosophy in the present situation.

Let m € Z,, and let — : Z — Z/mZ be the canonical map. Each
extension S,,, /R is Galois with Galois group Z/mZ, where ' (t1/™) = &,,t'/™,
(Our choice of roots of unity ensures that the action of Z/¢mZ on S, is
compatible with that of Z/mZ under the canonical map Z/¢mZ — Z/mZ.)
Fix an algebraic closure k(t) of k(t) containing all of the rings S,,, and
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let 71(R) be the algebraic fundamental group of Spec(R) at the geometric
point a = Spec (k(t) ). (See [18] for details.) Then S is the algebraic simply-
connected cover of R (in the algebraic sense), and 71 (R) = Z :=lim Z/mZ,

where Z acts continuously on S via 17/¢ = PP/, Let - m(R) — Autg(S)
be the corresponding group homomorphism.

Let A be an R = (R, d;)-conformal superalgebra. As in Remark 2.27,
m(R) acts on Aut(A)(S) = Autg(A @r S) by means of 7. That is, if

~

v € m(R) and 0 € Autg(A®r §), then
9= (1®7(7)0(l@n(y)").

Let A be an R-conformal superalgebra. Given another R-conformal
superalgebra B, we have

A®Qr Sn s, BOR S = ARR S @6, S ~s BOR Spm s, S
— AR®r S~s B S

for all extensions S of S,,,. This yields inclusions
HY(Sm/R, Aut(A)) C Hi(S,/R, Aut(A)) C H(S/R, Aut(A))
for all m|n, hence a natural injective map

n: lim H'(S,,/R, Aut(A)) — H'(S/R, Aut(A)). (2.28)

In the classical situation, namely when A is an algebra, the surjectivity
of the map 7 is a delicate problem (see [14] for details and references).
The following result addresses this issue for an important class of conformal
superalgebras.

Proposition 2.29 Assume that A satisfies the following finiteness condi-
tion:

(Fin) There ezist ai,...,a, € A such that the set {0%(ra;) | r € R, £ > 0}
spans A.

Then.

(1) For all R-superconformal algebra B the natural map
lim Homg, (A ®r Sm, B % Sm) — Homg(A®r S, Bor @ is bijective.

(2) The natural map n : lim H'(S;,/R, Aut(A4)) — Hl(g/R, Aut(A)) is

bijective.
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(A3) The action oAf the profinite group m1(R) acts continuously on Autg(A®x
S) = Aut(A)(S) and

H(S/R, Aut(A)) ~ H (m1(R), Aut (A4)(S)),

where the right HY, denotes the continuous non-abelian cohomology of the
profinite group m (R) acting (continuously) on the group Aut (A)(S)

Proof (1) To establish the surjectivity of our map we must show that
every S-conformal superalgebra homomorphism

v: AQnr S—B QR S
is obtained by base change from an S,,-homomorphism
wm :-A®R Sm _>B®R Sm

Let m > 0 be sufficiently large so that ¢(a; ® 1) € B®xr S, for all i. Since

03® §= 08 ®1+1® d; stabilizes B @ Sy, we have

w(aﬁ(mi) ® 1) = 1/1(8ﬁ® S (ra; ® )

_3g® S( ra; ® ) B® S( a-®r))
€d,  A(B®r Sn) CB®r Snm

Bor S

Thus Y(A® 1) C B Sp. Since ) is Sp,-linear, we get
Y(ABR Sm) C BOR Sm
By restriction, we then have an S,,-conformal superalgebra homomorphism
Um : AR S — B R S,

which by base change induces w.
As for the injectivity, let ¢ = 1,2 and consider two elements ; €
Homg,, (A®RSmZ,B®RS ) that map to the same element ¢ of Hom g (A®R

S, , B ®r @ Let m = mymg and consider the images ] of the v; in
Homsgs,, (A ®r Sm, B @r Sm). Then both ¢} and v}, map to ¢ via the base
change &, — S. Since the extension S /Sm in k-alg is faithfully flat we con-
clude that ¢} = 4. This shows that ¢ and 1) yield the same element of
Ii_r)n Homg, (A ®r Sm, B ®r Sm).
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(2) If we think of the relevant H! as measuring isomorphism classes of
forms, then that the map 7 is bijective is an easy application of (1).

(3) The reasoning of (1) above shows that an automorphism 1 of the
S-conformal superalgebra A ®r S is determined by its values on the a; ® 1.
Since S is a free R-module admitting the set {t7: 0 < ¢ < 1}4cq as a basis
we can write ¢(a; ® 1) = Xag4(i) @ t? for some unique aq(i) € A. It follows
that for v € Z = m1(R) we have 7 = ¢ if and only if 7(¢9) = t? whenever
aq(i) # 0. Since the action of 71 (R) on S is continuous the stabilizer in m (R)
of each t9 is open. Thus the stabilizer of ¢ in 7;(R) is a finite intersection
of open subgroups, hence open. This shows that the action of 71(R) on
Aut(A) (§) is continuous. Now (3) follows from (2) and Remark 2.27 O

Remark 2.30 We shall later see that all of the conformal superalgebras
that interest us do satisfy the above finiteness condition. Computing

HY (m1(R), Aut (.A)(g)) is thus central to the classification of forms. The
following two results are therefore quite useful.

(1) If G is a linear algebraic group over k whose identity connected com-
ponent is reductive, then the canonical map

HY (mi(R), G(S)) — Hi (R, G)
1s bijective.
(2) If & is a reductive group scheme over Spec(R) then H}, (R, Qﬁ) =1.

The first result follows from Corollary 2.16.3 of [5], while (2) is the main
result of [16].

2.4 The centroid trick

Analogous to work done for Lie (super)algebras [1, 6], it is possible to study
the more delicate question of k-conformal isomorphism, as opposed to the
stronger condition of R-conformal isomorphism, using a technique that we
will call the centroid trick. In this section, we collect some general facts
about centroids and the relationship between these two types of conformal
isomorphism. In the next section, we will apply the results of this section
to some interesting examples.

Except where otherwise explicitly noted, we assume throughout §2.4 that
R = (R,0R) is an arbitrary object of k — dalg. Recall that if R = k, then
o = 0.

5This name was suggested by B.N. Allison to emphasize the idea’s widespread appli-
cability.
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For any R-conformal superalgebra 4, let Ctdg(.A) be the set
{x € End g_smoda(A) | x(am)b) = amx(b) for all a,b € A, n € Z},

where End g_gmod(A) is the set of homogeneous R-supermodule endomor-
phisms A — A of degree 0.

Recall that for r € R we use r4 to denote the homothety a — ra. By
Axiom (CS3), we have r4 € Ctdr(A). Let R4 = {r4 : r € R}. We have a
canonical morphism of associative k- (and R-) algebras

R — R4 C Ctdr(A). (2.31)

Via restriction of scalars, our R-conformal superalgebra A admits a k-
conformal structure (where, again, k is viewed as an object of k — dalg by
attaching the zero derivation). This yields the inclusion

Ctdr(A) C Ctdg(A). (2.32)

Lemma 2.33 Let A and B be R-conformal superalgebras such that their re-
strictions are isomorphic k-conformal superalgebras. That is, suppose there
is a k-conformal superalgebra isomorphism ¢ : A — B (where A and B
are viewed as k-conformal superalgebras by restriction). Then the following
properties hold.

(i) The map x — ¢x¢~ ' defines an associative k-algebra isomorphism
Ctd(¢) : Ctdg(A) — Ctdx(B). Moreover, ¢ is an R-conformal super-
algebra isomorphism if and only if Ctd(¢)(r4) = rg for all r € R.

(ii) The map 5Ctdk(A) cx = [0, x] = 0,x — x0, is a derivation of the
associative k-algebra Ctdy(A). Furthermore, the diagram

Ctdp(A) 99 a8

5Ctdk(A)l J(sCtdkm) (2.34)

Ctd(¢)
_

Ctdy,(A) Ctdy(B).

commautes.

Proof (i) This is a straightforward consequence of the various definitions.
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(ii) For any y € Ctdg(A), a,b € A and n > 0,

[0.4, X] (amyb) = (Dax — x84) (am)b)
= 94 (amx (b)) = x (0a(a) ()b + a(n)da(b))
= 04(a) ()X (b) + a(n)0a(x(b)) — 0a(a@)n)(Xb) — a@m)x(9a(b))
= ()[04, X] (D).

The commutativity of Diagram 2.34 is easy to verify. a

For some of the algebras which interest us the most (e.g. the conformal
superalgebras in §3), the natural ring homomorphisms R — Ctdg(A) are
isomorphisms. This makes the following result relevant.

Proposition 2.35 Let A; and As be conformal superalgebras over R =
(R,0R). Assume that Auty(R) = 1, i.e., the only k-algebra automorphism
of R that commutes with the derivation dgr is the identity. Also assume that
the canonical maps R — Ctdy(A;) are k-algebra isomorphisms for i = 1,2.
Then A1 and Ay are isomorphic as k-conformal superalgebras if and only if
they are isomorphic as R-conformal superalgebras.

Proof Clearly, if ¢ : A; — Ay is an isomorphism of R-conformal super-
algebras, then it is also an isomorphism of k-conformal superalgebras when
A1 and Aj are viewed as k-conformal superalgebras by restriction of scalars.

Now suppose that ¢ : A; — As is a k-conformal isomorphism, and con-
sider the resulting k-algebra isomorphism Ctd(¢) : Ctdg (A1) — Ctdg(As2)
of Lemma 2.33. Under the identification R4, = R = R 4,, the commutativ-
ity of Diagram (2.34), together with [04,,74,] = 0r(r)4, and [04,,74,] =
Or(7)4,, yields that Ctd(¢), when viewed as an element of Auty_q4(R),
commutes with the action of dr. By hypothesis, Ctd(¢) = idg, and there-
fore ¢ is R-linear by Lemma 2.33(i). Since ¢ also commutes with 04, and
preserves n-products, it is an R-conformal isomorphism. a

Corollary 2.36 Let Ay and Ay be conformal superalgebras over R = (R, 0y)
where R = k[t,t7] and §; = %. Assume that the canonical maps R —
Ctdy(A;) are k-algebra isomorphisms, for i =1,2. Then

A1 =2 Ay if and only if Ay & As.

Proof The only associative k-algebra automorphisms of R are given by
maps t — at®, where « is a nonzero element of k£ and € = +1. Thus the only
k-algebra automorphism commuting with the derivation ¢&; is the identity
map, so the conditions of Proposition 2.35 are satisfied. O
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Remark 2.37 The previous corollary is in sharp contrast to the situation
that arises in the case of twisted loop algebras of finite-dimensional simple
Lie algebras, where k-isomorphic forms need not be R-isomorphic. (See
[1] and [16].) The rigidity encountered in the conformal case is due to the
presence of the derivation d.

2.5 Central extensions

In this section we assume that our conformal superalgebras are Lie-conformal,
i.e. they satisfy axioms (CS4) and (CS5). Following standard practice we
denote the A-product axb by [a)b] (which is then called the A-bracket.)

A central extension of a k-conformal superalgebra A is a k-conformal
superalgebra A and a conformal epimorphism 7 : A — A with kernel ker
contained in the centre Z(A A) = {ac A | [axb] = 0 for all b € A} of A. Given
two central extensions (A,7) and (B, u) of A, a morphism (from (A, ) to
(B, p)) in the category of central extensions is a conformal homomorphism
¢ : A — Bsuch that po¢ = m. A central extension of A is universal if
there is a unique morphism from it to every other central extension of A.

Proposition 2.38 Let (E,m) be central extensions of k- conformal super-
algebras A; with kerm; = Z(A;) for i = 1,2. Suppose w A = Ay isa
k-conformal isomorphism. Then Ay =j_cons As.

Proof In the category of k-vector spaces, fix sections o; : A; — E of
m o A — A;. We verify that

@D:WQO{/;OUli A — Az

is a k-conformal isomorphism.

Note that
m [o1(2)\o(y)] = [mo1(z)\mio1(y)]
= ey
=T ((71 [.’B/\y]),
so o1 [zp\y] = [o1(2),\01(y)] + w(A) for some polynomial w(A) in the formal

variable A with coefficients in kerm = Z(A;).
Moreover, [1;( ))\w( )} =1 [uya] = 0, for all u € Z(A;) and a € Ay, so

it is easy to see that ¢ restricts to a bijection between Z(.Al) and Z(Ag)
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Therefore,
¥ [zay] = 72 01 0 01 [2AY]
— w09 ([o1(2)501(y)])
=m0t [0y (z)ro1(y)]
= {772 oo o1(z),m o bo Ul(y)}
= [Y(@)\v(y)]-

To see that 1 commutes with the derivations, note that m; (3;(1 (:U)) =
O, (m1(z)) for all z € A;. Thus m (8;(1 (o1 (x))) =04, (m0o1(2)) = 04, (2),

so O (01(x)) = 01(04, (x)) + u for some u € kerm;. Hence

O (w) = Daym2 0 0 01 ()
)
x)) + g9 0 {/;(u)

=m0 1/)(8;101(95)
= T2 0¢001(8A1(
= ¢(5A1 (%))
since 1 : Z(Ay) — Z(Az). Hence ¢ : A; — Ay is a homomorphism of
k-conformal superalgebras. ~
The map v is clearly injective: if € ker), then v o ¢1(x) € kermg =
Z(A3), so o1(x) € Z(Ay) and z = m¢p1(x) = 0. N
To see that 1) is surjective, let y € As. Then let x = 71 0¥~ 0 oa(y).
For any z € Ay, we have o171(Z) = T + v for some v € ker ;. Thus
W(z) =m0 (o1 om(¥! 0 a(y)))
=m0 p(p~" 0 oa(y) +v)

for some v € ker ;. Then

Y(z) =m0 0a(y) + Mo Y(v) =y,

and ¢ : A; — Ao is surjective. Hence 1) is an isomorphism of k-conformal
superalgebras. a

Corollary 2.39 Suppose that (E,Tri) are universal central extensions of
k-conformal superalgebras A; with Z(A;) =0 fori=1,2. Then

A gk,mflig if and only if Ay Sk cons Ao
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3 Examples and applications

In this section, we compute the automorphism groups of some important

conformal superalgebras. It is then easy to explicitly classify forms of these

algebras by computing the relevant cohomology sets introduced in §2.2.
For all of this section, we fix the notation

(k[t, t71, ;i)

(k[tq g€ @Li) :

where k is an algebraically closed field of characteristic zero.

By definition, every k-conformal superalgebra is a Z/2Z-graded mod-
ule A over the polynomial ring k[0] where 0 acts on A via d4. For the
applications below, we work with k-conformal superalgebras A which are
free k[0]-supermodules. That is, there exists a Z/27Z-graded subspace V =
V5 @ Vg C A so that

R = (R,0R)

%)
Il
)
[«%)
2
Il

Az = k[0] @ V2

for7=0,1.
The following result is extremely useful in computing automorphism
groups of conformal superalgebras.

Lemma 3.1 Let A = k[0] ®; V be a k-conformal superalgebra which is a
free k[0]-supermodule. Let S = (S,dg) be an arbitrary object of k — dalg.
Then

(i) Every automorphism of the S-conformal superalgebra A®y S is com-
pletely determined by its restriction to V~ (1@ V)®1C A®; S.

(ii) Assume ¢ : V@S — V&S is a bijective parity-preserving S-linear
map such that ¢([v @ Lyw ® 1]) = [¢p(v @ 1), ¢(w ® 1)] for allv,s € V. Then
there is a unique automorphism ¢ € Aut(A)(S) extending ¢.

Proof Let {v; | i € I} be a k-basis of V' consisting of homogeneous elements
relative to its Z/2Z-grading, and {s; | j € J} a k-basis of S. Since Ougs =
04 ®141® dg and since the v; form a k[0]-basis of A, the set

{0hos(vi®s;) |iel,je J >0}

is a k-basis of A ®j, S. Because any S-automorphism must commute with
JAxs, we have no choice but to define ¢ to be the unique k-linear map on
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the vector space A ®, S satisfying &(Q‘Q@S(vi ® 55)) = 04gs(0(vi ® 55)). In
particular, we have

$(0hes (@) = Oaps(d(@)). (3.2)

for all z € V ®; S. We claim that ¢ € Aut(A)(S). It is immediate from
the definition that ¢ is invertible, and that it commutes with the action of

ags-
For any v,w eV, r,se€ R,and n € Z,

(v Q@ Tmw © 5) = sV @ T(Ryw 1)

e}

= —sp(v,w) > (~1)"9F) sd(w © 1y v @ 7)

<
Il
o

— —sp(v,w)

M8

(— )"ﬂa 2sTO(w @ 1 v 1)

<.
I
o

= —sp(v,w) > (~1)"HIL) rp(w @ 1) (4 d(v @ 1)

M8

<.
Il
o

= —sp(w) (1)) ch(w @ 1) (pyjyrd(v @ 1)

OM8

=s5(rop(v® 1)) Pp(w 1)
= (v ® T)(n>¢(w @ s),

by (CS4) and (CS3). Similar arguments using (CS1) and (CS4) show that
for any homogeneous z,y € V® S and ¢,m,n € Z,

5(3%935( ) (n )Q(féos( ) = A®s¢( ) (n) A®s¢( )
= 6 (Ams (@) 1y 20405 @)

SO gg preserves n-products. Finally, to see that $ is S-linear, we first observe
that

sams 0 0s = S (10 s 0 3s(s)ns. (3.3)
i=0
This follows from repeated use of Axiom (CS2) applied to the S-conformal

superalgebra A ®y S when taking into account that d4gs = 04 @1+ 1®dg.
For all s € S and z € V ®; S, we then have
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0525 © Vg (@)
= o( D10 0 05() 54 (@) (by3.3)
=0
= > (1056 (3s()158 (@))) (by definition of )
1=0

= (—1)@&%5 o (55(3)52%2%(@')) (S — linearity on V ®y, S)

=0
= sass © A4l () (by3.3)
= SA®S © Cg (3glés($)), (by definition of ngb)
SO $ commutes with the operator s4gs, and $ is thus S-linear. a

3.1 Current conformal superalgebras

Let V = V5 ® V; be a Lie superalgebra of arbitrary dimension over the field
k. Let Curr V' be the current conformal superalgebra

Curr (V) := k[0] @ V

with n-products defined by the A-bracket” [vw] = [v, w], where [v, w] is the
Lie superbracket for all v,w € V. The derivation dcyypp ) is given by the
natural action of 0 on the k-space Curr (V).

Theorem 3.4 Let V be a semisimple Lie superalgebra over k, and let o €
Auty—_conf(CurrV'). Then o(V) C V.

Proof Let A= CurrV, andlet 7y : A — V = k®; V be the projection of
A onto the first component of the (vector space) direct sum

A= (k@ V)® (0k[0] @1 V).

Let oy =myo: V — V, and extend oy to A by k[J]-linearity.
To verify that oy is a k-conformal homomorphism, we expand both sides
of the following equation for all z,y € V:

o [zxy] = [o(x)r0(y)]- (3.5)

"See Remark 1.8.

35



The left-hand side expands as

oxayl = oy [zayl + (0 —ov) [zay]. (3.6)

The right-hand side is

[o(2)y0 ()] = [ov(@)yov ()] + [ov(2)r(0 — ov)(y)]
+ (o —ov)(@)yovy)] + [(e —ov)(z)\(o —ov)(y)]. (3.7)

By (1.9),

lov(@)x(o = av)()] + (0 —ov)(@)yov ()] + (0 —ov)(@)\(o = ov)(y)]

is contained in the space
kA ® 0k[0] @ V + Ak @ k[0] @ V,

as is (o0 — oy) [z)y]. Therefore, we can apply my to the right-hand sides of
(3.6) and (3.7) and then evaluate at A = 0 to obtain

ov [zay] = [ov(z)\ov(y)]. (3.8)

Thus oy : A — A is a homomorphism of k-conformal superalgebras.

In fact, oy is a k-conformal superalgebra isomorphism. By the k[0]-
linearity of oy, it is sufficient to verify that its restriction oy : V — V
is bijective. But this is straightforward: if oy (z) = 0, then o(z) = da for
some a € A, and x = 9o~ '(a). But € V, so x = 0, and oy is injective.
Likewise, if y € V, then write 0~!(y) = z + b for some z € V and b € A.
Then

y = oyvo '(y)
= oy(z)+ oy (0b)
= oy(z) +my(9o(b))
= UV(Z)a
so oy is also surjective. Hence oy : A — A is a k-conformal automorphism.

Therefore the map
T=op0: A— A (3.9)

is a k-conformal automorphism. Note that my7(z) = z for all x € V. Since
o = oyt and oy (V) C V, Theorem 3.4 will be proven if we show that
(V) CV.
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For nonzero x € V' write

(@)=Y 0V, (3.10)
=0

for some v;; € V, with vy, # 0. Define vjo to be zero for all ¢ and
M(0) = —1. Let

W = Spang{vpr(z) | © € V}. (3.11)
We claim that W C V is an ideal of the Lie algebra V. Indeed, for any
z,yeV,

Tz, y] = 7 [2ay]

= [r(2)\7(y)]

M (z) M(y)

=S 00, S 0y,
=0

J=0

= (=N DD + N)D[vgz, v7]- (3.12)

The highest power of 9 in (3.12) is M ®)). Since the indeterminate A does
not occur in the expression 7[x,y|, we see that either

M ([, y]) = M(y) (3.13)

or else
[Uom UM(y),y] =0. (3.14)
If (3.13) holds, then vas((zy)),fe,y] = [V0z> Var(y),yl, SO

['rv’UM(y),y] ew (3.15)

since voy = my7(z) = . If (3.14) holds, then (3.15) holds trivially since
[z, Vp1(y),y] = 0. Therefore [V, vpr(y),,] € W for all y € V, so W is an ideal
of the Lie superalgebra V.

Suppose that M (x) > 0 for some x. Comparing the highest powers of A
occurring on both sides of (3.12), we have

0— (_)\)(1\4(%)))\(1\4@))[UM(%M7 Unr(y) )

for all y € V. That is, [Vr1(z)2, V(y)yl = 0 for all y € V', s0 vpy(y) , 18 in the
centre Z (W) of the Lie superalgebra W. But Z(W) is an ideal of V. (This
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follows easily from the Jacobi identity.) Since Z (W) is solvable and V' is
semisimple, we see that Z(W) = 0 and vy(s) . = 0, a contradiction. Hence
M(z) = 0 for all nonzero x € V. Therefore, 7(x) = vo, = my7(x) =
for all x € V, so the k[J]-linear map 7 is the identity map on A, and
c=oyT=o0y: V —>V. O

Corollary 3.16 Let V be a simple Lie superalgebra over k. Then
AUtkfconf( CUT’T(V)) = Autkaie(V%
where Autg_1.(V) is the group of Lie superalgebra automorphisms of V.

Proof Lie automorphisms of V extend uniquely to superconformal auto-
morphisms of Curr (V') by k[0J]-linearity. Conversely, superconformal auto-
morphisms of Curr (V') restrict to automorphisms of the Lie superalgebra V'
by Theorem 3.4. These correspondences are clearly inverse to one another.
O

Corollary 3.17 Let V be a Lie superalgebra over k, and let S be an ex-
tension in k — dalg for which V @ S is semisimple as a Lie superalgebra.®
Then

Auts_ conf(Curr (V) @, S) = Auts_rie(V @1 S5).

Proof Every S-conformal automorphism o of Curr (V) ®; S is also a k-
conformal automorphism via the restriction functor. By Theorem 3.4,

aVes)cVwes.
The A-bracket in the S-conformal superalgebra Curr (V) ® S is
[vRr\yw®s]=[v,w] ®rs

for all v,w € V and r,s € S. That is, Curr (V) ®; S = Curr (V ®; S) as
S-conformal superalgebras. Then the argument of Corollary 3.16 holds in
the S-conformal context as well. O

Remark 3.18 Let V be a finite-dimensional simple Lie superalgebra over
k. By Theorem 2.16 and Proposition 2.29, the R-isomorphism classes of
S/R-forms of the R-conformal superalgebra

Curr (V) @ R = (k[0] ®: V) @ R

8For example, any finite-dimensional simple Lie algebra V over k satisfies this condition
with any extension S € k — dalg.
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are parametrized by
HY(S/R, Aut(Curr (V))) =~ H (m1(R), Aut(Curr (V))(S)),
By Corollary 3.17, Aut(Curr (V))(8) = Autg , (V® S), a group that is

computed in [7, 13, 15]. For example, if V' = sly(k), then AUtgfLie(V®§) =
PGLs(S), so

HY(S/R, Aut(Curr (V) = HY (m1(R), PGLy(S)) = H (R, PGLy) = {1}.
In particular, all 8/R-forms of Curr (sly(k)) ® R are trivial, that is, iso-
morphic to Curr (sl(k)) ®% R as an R-conformal superalgebra.
3.2 The Virasoro conformal algebra
The (centreless) Virasoro conformal algebra Vir is the free k[0]-module

Vir = k[0] ® kL,
with A-bracket given by

[LAL] = (04 2)\)L.

Proposition 3.19 Let Vir = Vir ®r S. Then Aut s (mfﬁ =1.
Proof Let o € Autg_confﬁ, and write o ZE) (L®rj) for

some r;j € S , where o= Oy and 7y # 0. Comparing the coeﬂﬁments of the
highest powers of A occurring in the relation

o[ LRILL®1] =[o(L®1)o(L®1)], (3.20)

we see that O’(L ®1) = L®r for some r € S. Applying (3. 20) again, we
obtain 7 = 2. Since ¢ is an automorphism, it is nonzero and S- linear, so
r=1and o =1. O

In particular, all S /R-forms of Vir @i R are R-isomorphic (and hence
k-isomorphic), since

H'(S/R, Aut(Vir)) = HL (71(R),1) = {1}.

It is straightforward to check that not only is Vir centreless®, but Vir has
no abelian conformal subalgebras:

9Hence it satisfies the hypotheses of Cor 2.39, classifying §/’R-forms of Vir ®, R up
to k-isomorphism of universal central extensions.
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Lemma 3.21 If A C Vir is a conformal subalgebra, then [AxA] # 0.

N

Proof Let u = Zg(j)(L ®1;) be an element of a conformal subalgebra
j=0

A C Vir, with ry # 0. Then

] = > (=)@ + N [LerpLer,
0<i,j<N

_1\N
SO UQN41)U = %L ®ri #0. O

The above lemma is in stark contrast to the fact that every current
conformal algebra is linearly spanned by abelian conformal subalgebras:

Currg = Z k0] ® kx
xreg

and the subalgebra k[0] ® kx = Curr kz has trivial A-bracket. Since Vir has
no abelian conformal subalgebras, any homomorphism Currg — Vir must
be trivial.

Corollary 3.22 Let g be a Lie algebra over k, and let o : Currg — Vir be
a homomorphism of k-conformal algebras. Then o = 0.

3.3 Forms of the N = 2 conformal superalgebra

Recall that the classical N = 2 k-conformal superalgebra A is the free k[0]-
module A = k[0] @4 V where V = V5 ® V4,

Vo=kL®kJ
Vi=kGT @ kG,
with A-bracket given by!®

0These conditions say that J (respectively, Gi) is a primary eigenvector of conformal
weight 1 (resp., %) with respect to the Virasoro element L.
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[LAL] = (0+2\)L (3.23)
[LyJ] = (04 X)J (3.24)
[L\GF] = (8+%A)Gi (3.25)
[JAJ] = 0 (3.26)
[NGF] = +G* (3.27)
[GTAGT] = [G"AG7] =0 (3.28)
[GT\G™] = L+%(8—|—2)\)J. (3.29)

Proposition 3.30 Let A=A Rk S. Then

(1) For each s = at? € gx, with o € k* and q € Q, there exists a unique
automorphism 05 € Autg(A) such that

0, L—L+qgJat!
J—J
GT— G ®s
G —G @s L

(2) There exists a unique automorphism w € Autg(fl) such that

w: L— L
J——=J
Gt — G~
G — GT.

(3) The map s +— 05 is a group isomorphism between S* and the subgroup

A~

(0s5)cgx of Autg(A ®g S) generated by the 0s. This isomorphism is
compatible with the action of the algebraic fundamental group m1(R).

(4) Let ZJ2Z act on S§* by LtP/4 = t~P/9. There exists an isomorphism of
71(R)-groups

-~

W S% X727 — Autg(A® S)

such that
P(s,2) — Osw®

for all s € 8% ande =0, 1.

41



Proof The proofs of (1) and (2) are based on Lemma 3.1. One must check
that 05 and w preserve the A\-product of any two elements of V ® 1. This is
done by direct (tedious) calculations.

(3) This is a straightforward consequence of the various definitions.

(4) The delicate point is to show that the (6), g«
Autg(A®y S). To do this we start with an arbitrary element o € Aut s(A®y
S ) and reason as follows:

and w generate

Step 1: o(J ®1) = J @ s for some s € S.
Proof: Let 7 : AO — Vir be the projection onto the second component of

A = ((k[a] ok kJ) @ §) ® ((k[a] @ kL) O §) = Curr (kJ ®; S) & Vir.
The map 7o : .,Zl\a — W restricts to a map

Curr (kJ) = (k[8] ® kJ) © 1 — Vir

of k-conformal algebras. By Corollary 3.22, this map is zero, and

Z J®Sk

for some s, € S.
Comparing the coefficients of the highest powers of A occurring in the
relation

M(JR1L)=cJILL®1] =[o(J®1),0(L®1)]
shows that N = 0. Hence o(J ® 1) = J ® s for some s € S.

Step 2: There exist ¢ € k* and s € S such that o(J®1l) = J®c and
c(L®l)=Lel+J®s.

Proof: Apply o to the relation [J ® 1L ® 1] = A\J ® 1. Comparing the
coefficients of the top powers of A shows that o(J ® 1) = J ® ¢ for some
c€ kX and

N
o(L®1l)=L® 1+Zg(j)(<]®sj),
=0
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for some s; € S , where sy # 0 and d=20 Az&- We then consider the relation

[(L®1)yo(L®1)] = (@+2\)o(L®1). (3.31)

Expanding and comparing the coefficients of A0 (J @ sy ) shows that N
is 0 or 1.

If N =1, then (3.31) becomes \J®sy = —(5+2)\)J®6§(81). Since there
are no 0 terms in the left-hand side of this equation, we see that §g(s1) = 0.
But then so = 0. Thus o(L® 1) = L® 1+ 8(J @ ¢;) for some ¢; € k or else
U(L®1):L®1+J®sforsome56§.

Suppose that o(L® 1) = L® 14 0(J ® ¢1). Write

My M_
(Gt e1) =) MG @)+ 0(G ®s),
k=0 £=0

with 7y, and sp;_ both nonzero. Consider the relation
o[Le1,GF®l] = [o(L®le(GE®1)]. (3.32)

Expanding this relation and comparing the coefficients of terms involving

1+ M.
MM G we see that Sro\ = %TMJr (3 —c1). If ro # 0, then My =

c1 = 0. Similar arguments show that if we write

Ny N_
(G @) =3 G wa) + 309G ob),
k=0 =0

then ¢; = 0 if ag # 0. But if 1o = ag = 0, then the map o is not surjective,
soci=0and o(L®1)=L®1+J®s for some s € S.

Step 3: There exist sT and s~ in S* such that either

3(a) o(J®1)=J®1 and 0(GT ® 1) = Gt @ s*, or

3(b) o(J®1)=-J®1 and 0(GF ®1) = GF ® s*.
Proof: From the proof of Step 2, we see that M = 0. Likewise, M_ =
Ny = N_ =0. Hence

cGtel)=GTer, +G @54
oc(G"®l)=G"er_+G ®s_,
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for some 74,54 € S. The relation o [J ® 1,G* @ 1] = [0(J ® 1),0(G* ®1)]
shows that

GTory +G @5 =cGT @71y —cG™ ® s, (3.33)
—(GTR®r_+G ®s_)=cGT@r_ —cG~ ®s_. (3.34)

If ry # 0, then by (3.33), we see that s, = 0 and ¢ = 1. Then by (3.34),
r— =0 and s_ # 0. Hence we are in Case 3(a).
Similarly, if ry = 0, then sy # 0, ¢ = —1, and we are in Case 3(b).

Step 4: If o is as in Case 3(a) above, then s* and s~ are inverses of each
other. Furthermore, if we write s* = atd for some o € k* and q € Q, then
g = 05""

Proof: Since we are in Case 3(a), the relation
o[GTe1\G ®1] = [0(GT ®1),0(G~ ®1)]

says that

Lel+J@s+3@+20)(J 1)
=L®sts +J@05(sT)s” + 30 ®@sTs™ + AT ®@sTs™.

Thus s and s~ are inverses of each other, and

s=0a(sT)s™ = qat? (st =qgt7L.

5
Hence 0 = 6+.

To finish the proof of Proposition 3.30, we have to consider the case when
o is as in 3(b). Replacing ¢ by ow yields an automorphism that satisfies
3(a), and we can conclude by Step 4. 0

Theorem 3.35 Let A be the classical N = 2 conformal superalgebra. Up
to k-conformal isomorphism, there are exactly two twisted loop algebras of
A. These are L(A,id) and L(A,w). Furthermore, any S/R-form of A is
isomorphic to one of these two loop algebras.

Proof By Theorem 2.16, Proposition 2.29, and Proposition 3.30, the R-
isomorphism classes of §/R-forms of the R-conformal superalgebra A are
parametrized by

~

HY(S/R, Aut(A)) ~ HY (m1(R), Aut(A)(S)) ~ H (71 (R), S* x Z/27Z)).
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Consider the split exact sequence of 71 (R) = 2—groups
1— 8% — 8% % 7/27 — 7./]27 — 1. (3.36)

Passing to (continuous) cohomology yields
HY(Z,5%) — HY(Z,5* x2/22) % H:(Z,7/2Z). (3.37)

The map 1) admits a section (hence is surjective) because the sequence (3.36)
is split. Since Z acts trivially on the (abelian) group Z/2Z, we have

HA(Z,7,)27) ~ Home(Z,7,/27) ~ 7./27.

Note that 1) maps the cohomology classes of HX(Z, Aut S(A®y S)) corre-
sponding to the loop algebras L(A,id) and L(A,w) to the two distinct classes
of HY(Z,7Z/27). To prove Theorem 3.35, it is thus enough to show that
in (3.37) is bijective, and that S/R-forms of A are k-conformal isomorphic
if and only if they are R-conformal isomorphic.

Let Gy = Spec(k[2*!]) denote the multiplicative group. Recall that
Aut(G,,) ~ 7Z/27Z where the generator 1 of Z/27Z acts on Spec(k[zT!])
via z — 271, We now proceed by exploiting the considerations of Remark
2.30. Since H} (R,Z/2Z) ~ Z/2Z, the bijectivity of 1 translates into the
bijectivity of the analoguous map (also denoted by ) at the étale level,
namely

HL(R,G) — HL(R, Gy x Z/2Z) % HL\(R,7,/2Z)

Since H},(R,Gy,) = Pic(R) = 1 our map 1 has trivial kernel. The
fibre of 1 over the non-trivial class of H'(R,Z/2Z) is measured by the
cohomology HJ (R, R}% / r(Gm)) where 72%2 / r(Gp) is the twisted form of
the multiplicative R-group G, that fits into the exact sequence

N
I — R}SQ/R(Gm) B RSQ/R(Gm) B Gm — 1,

where N comes from the reduced norm N of the quadratic extension S/ R,
and R is the Weil restriction. The functor of points of the R-group R}% / r(Gm)
is thus given by

R}gz/R(Gm)(R/) ={z € (S2 ®r R')X : N(z) =1}
for all R’ € R—alg. Passing to cohomology on this last exact sequence yields

Ry n(Gm) (R) = Gon(R) — H' (R, R, 5(Gm)) — H' (R, R, /5(Gm)).
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By Shapiro’s Lemma,
H'(R,Rg,/5(Gn)) = Pic(S) =0.
On the other hand, the norm map
{z €S N(x)=1} 5 R*

is surjective. Thus H'(R, R}gZ/R(Gm)) =1 as desired.!!

The above cohomological reasoning shows that L(A,id) and L(A,w) are
nonisomorphic as R-conformal superalgebras, and they represent the R-
isomorphism classes of S /R-forms of A. To finish the proof, it suffices to
note that the hypotheses of Corollary 2.36 are satisfied, so (in this case)
R-isomorphism is the same as k-isomorphism. This follows easily from the
same argument used in the N = 4 case in the proof of Theorem 3.71 below.
O

3.4 Forms of the N = 4 conformal superalgebra

We now consider the classical N = 4 conformal superalgebra A. We compute
the automorphism group Aut(.A)(g ), from which the existence of infinitely
many non-isomorphic twisted loop algebras will follow easily from the theory
developed in §2.2.

We begin by recalling the definition of the NV = 4 conformal superalgebra

A. Let A= A5 @ A7 be the k-vector space with

A = K[O)V; = Vs @ k(D] (3.38)

3
Vs = kLo@DkJ

s=1

—

2 2
i = Prere@Pra.
a=1 b=1

"1 One can also see that H'(R, R]SQ/R(GW)) = 1 directly by applying Remark 2.30 (2)
to the reductive R-group R}%/R(Gm).
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Let J* = %as, where ¢° are the Pauli spin matrices

0 1

1

= (1)
0 —i

2 _

* = (15)
1 0

3 _

s = (0 _1>.

The space A is a (k, §)-conformal superalgebra, with multiplication given by

[LyL] = (9+2\)L (3.39)
[LaJS] = (9+\)J* (3.40)
T = [J™, 0] = g - grgm (3.41)
[L,GY = (0+ g)\)G“ (3.42)
[L\G'] = (8+g )G* (3.43)
3
[J5\GY] = —%Zafleb (3.44)
b=1
T = 1y 4
[ A ] - 2;Gba (3 5)
[G“AGb] - [@“Aéb} ~0 (3.46)
3
[G“Aéb] = 26,0 —20+20)Y 050 (3.47)

s=1

for all m,n,s € {1,2,3} and a,b € {1,2}, where d, is the Kronecker delta
and o3, is the (a,b)-entry of the matrix o®. The algebra A is the N = 4
conformal superalgebra described in [9].

To compute Aut(A)(S) = Autg(A®:S), it is enough (by Lemma 3.1) to

compute the action of each automorphism in Aut g(A® S ) on the subspace
Verl CAQ S. Fix o € Autg(A Qk g’), and choose d > 0 sufficiently
large so that o(V®1) C A3 := A® k[tl/d,At_l/d]. (Such a d exists since
V is finite-dimensional.) Let z = t1/d and § = % i Sq — Sg with Sy =
k[t /e =14 = k[z, 27 1.
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As in the N = 2 case, we consider the projection
T (A® 5)5 = Currsly(8) & Vir — Vir
and the composite map
mo: (A® 3)5 — Vir

restricted to Currsly(k) = (k[0] @ @°_, kJ®) @ 1.

By Corollary 3.22, the map mwo is zero, and thus o restricts to an S-
conformal automorphism of the conformal subalgebra Curr sly(S) = (k[0] @
sly(k) 91 S C A® 8. By Corollary 3.17, o is the k[0]-linear extension of an
S-Lie algebra automorphism of sly(S), so by [13], there is some Y € GL,y(S)
such that

o(Jf@1)=YJY! (3.48)

for s = 1,2,3. The units of S are the monomials, so detY = ct? for some
q € Q and nonzero ¢ € k. Since k is assumed to be algebraically closed, ¢
has a square root \/c € k. Let Y = %t_‘ﬂ 2Y. Then Y has determinant 1,

and conjugation by Y has the same effect on J* as conjugation by Y, so we
can assume without loss of generality that Y € SLy(5).
Next we consider the image of L ® 1. Write

o(L®1) ZP (L ® 2%
1€EZL

for some polynomials P;() in the polynomial ring k[d] and w € Currsly(S).
Note that {i € Z | P; # 0} is nonempty (or else o would not be surjective).
Set N =max{i € Z | P, # 0} and M = min{i € Z | P; # 0}. If N > 0, then
comparing the coefficients of L ® 22V on both sides of

o(L®1l)o(L®1)]=0[L®1\L®1] (3.49)

gives

Prn(=A\)Pyn(8+ M) (0 +2)\) (L ® 22N) = 0.

That is, Py = 0, a contradiction. Hence N < 0.
If N < 0, then comparing the coefficients of L ® 2*M~¢ in (3.49) gives

Par(=N)Par(9 + N)(~=M/d)(L ® z*M~%) = 0,

keeping in mind that L ®@ VM = 5(L ®zM)-L® g(z ) with s=4 and
z =t/ Hence Py; = 0, another contradiction. Thus N = M = 0.
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Let P(0) := Py(9). Then comparing the coefficients of L ® 1 in (3.49)
gives

P(=N)P@+N)(@+2\) (L@ 1) = P(9)(d+ 2\)(L ® 1),

so P(0) is a constant (i.e. a member of k) and P? = P. Since {i € Z | P; # 0}
is nonempty, P # 0, so P = 1. Hence

o(L®l)=L®l4+w

for some w € Currsly(S).
Write w = N:/ 9 (w;) for some w; € sly(S), with wys # 0. Suppose
J OA J /\]
N'>0. Foru € sly(S) = @>_, kJ* @ S,

~

[uxL ® 1] = (1 ® 0)u + Au,
S0

o(1®)u) + Aa(u) = [o(u),o(L®1)]

~

N/
= (1®d0)o(u) +Ao(w) + Y _(0+ N D[gs(u), wj],
7=0

using the fact that o(u) € sly(S) (Corollary 3.17). Comparing powers of
gives [o(u), wys] = 0. This holds for all u € sly(S), so wyr is in the centre
Z (5[2(§ )) = 0 of the Lie algebra sly(S). Therefore wys = 0, a contradiction.
Hence w € sly(S).

Hence we have now proven the following lemma:

Lemma 3.50 Let A be the N = 4 conformal superalgebra defined above.

Then for any o € Autg_cmf(A ® 8), there is some Y € SLy(S) and some

~

w € sla(S) so that

o(J*®1) = YJY!
o(L®l) = Lel4w

for all s € {1,2,3}. O

Our next task is to find the value of w in Lemma 3.50. For all u € sly(S),
we have J
B+ X0~ ()~ o7 (w) = [L& Lo~ (w)]
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SO

O+ Nu— o(aafl(u)) = [o(L®1),u]
- [L ®14 w)\u]
a d
= (8+)\)u—&u+[w,u],
and
d d
[w,u] = Pl a(%afl(u))

= o —Y(Y Y)Yy

where prime (') denotes the derivative taken with respect to the variable ¢.
But

VY +yy Y =Yyl =o, (3.51)
SO
w,u] = o —Y(Y Y)Yy !
= YV YHu—uy'y!
= [Y'Y 1.

Thus w — Y'Y ! is in the centralizer of sly(S) in gly(S). But writing

e f
Y:<9 h)’

with e, f,g,h € §, a quick computation shows that the trace tr(Y'Y—1) =
(eh — fg)'. But (eh — fg)' = 0 since Y € SLy(S). Hence, w — Y'Y €
Z(sl2(S)) = 0, the centre of sl3(S), so we have the following proposition.

Proposition 3.52 Let A be the N = 4 conformal superalgebra defined

~ ~

above. Then for any o € AUt§—conf('A ® 8), there is some Y € SLy(S)
so that

o(J*®1) = YJY!
o(L®l) = Lol+Y'y!

for all s € {1,2,3}. 0
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Next we consider the action of ¢ on the odd part of A ® S. Letve V1.
Write

M 4 N
O'(’U X ].) = Zza(z)(vs & Tsi)v

=0 s=1

—1 —2
where v1 = GY, vy = G?, v3 =G, vy = G, and ey # 0 for some s. Then
writing w for Y'Y !, we have

@+ N0wel) = olLelLwel]
= [c(L®1),0(v®1)]
M 4 3
= D2 O+ N(@+ N (v 1)
=0 s=1
- Us®g('rsi)+[w>\vs®'rsi])'

From the definition of the relevant products, (3.42), (3.43), and (1.13), it
is clear that [wyvs ® rg] contains no nonzero powers of A. If M’ > 0, then
comparing the coefficients of AM'+1 gives

4
3 /
0= Z Q(M, + DAM Dy @ ropp.

Thus gy = 0 for all s, a contradiction. Hence M’ < 0, and o(v®1) € V®S.
Therefore, by the S-linearity of o and Proposition 3.52, we have proven the
following lemma.

Lemma 3.53 Let o € Autg(A(X)g). Then o(V®8) CV ®8S. O

For the computations that follow, it will be helpful to use the following
notation:
“Ne(l)=ctea+rc?eb
b 0
a 0 —1 —2
® =G ®a+G ®0b
b 1
for all a,b € S. In this notation, the relations (3.44), (3.45), and (3.47)
become
7 el (el (3.54)
AMob 0 b 0 '
s (9 0 _ s 9 0
() (D)) = o ()e(1) o
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—2(a b)(i)L— 2(8+2A)§:(a b)as(}qL)JS.

s=1
(3.56)

for all a,b,g,h € k and s € {1,2,3}, where (J*)T is the transpose of the
matrix J°.

Using the fact that o preserves the relation (3.54), we see that for any
a,b ek,

e ((3)e (o)) e ((3)= (o))
(0 (3)e ()0 (3)= (6))

where o; := m;0 and m (resp., m2) is the projection of A; ® S onto

2 2
Wy = @ kGT ® S resp., Wy := @kéj ® S
j=1 j=1

in the direct sum

AT: Wi @ Ws.

Then
—(Y 7Y Hlo = —0y(J%)T (3.57)

-~ 1
as S-linear maps on the vector space Wi. Let v = < zl ) ® < 0 ) be in
2

the kernel ker o; of the restriction o1 : W; — Wj. Then by (3.57),

e (o(3)) ()

for all M € sl5(S). Thus kero; = 0 or ker o = Wj. If ker oy = 0, we see by
(3.57) that conjugation by o1 has the same effect on sly(k) as conjugation
by (Y17, The centralizer of sly(k) in GLy(S) consists of matrices of the
form cz™I, where ¢ € k™, m € Z, and [ is the 2 x 2 identity matrix. Thus

o1 =cz"(Y H: Wy - W,y (3.58)
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for some ¢ € k* and m € Z. If kero; = Wy, then obviously (3.58) also
holds, with ¢ = 0.

By a similar argument,

01

ngdZ”Y( 10

>: W1—>W2

for some d € k and n € Z. Thus
((3)2(0))
() () e (2 1)(3) +(8)

Repeating this argument on W using relation (3.55), we see that for
some fixed e, f € k and k,£ € Q,

((1)=(1))
:ezk(Y_l)T<_? é><i> ®<é>+fzey<z>®(3.202

for all g,h € k.
From (3.42), we see that

con()e (D] -0(3)e(1) o

for all a,b € k. Apply o1 to both sides of (3.61) and compute using (3.59).
Equating the terms on both sides of the equation which are constant with
respect to A and 0 gives

(sz(y—l)T)/ _ _(Yly—l)TCZm(Y—l)T’

where prime () denotes element-by-element differentiation with respect to
t = z%. Taking the transpose of both sides and simplifying using (3.51) gives
c=0o0rmz™'Y~! =0. That is, c = 0 or m = 0. If ¢ = 0, then we can
obviously assume that m = 0. Similarly, n =k =¢ = 0.
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By (3.56), the following equation holds for all a, b, g, h € k:

() (DA ()]
~2(a b)(g>a(L®1)—2(5+2A)a<Z(a b)o‘“’(g))ﬁ.

s=1
(3.62)
Then comparing the coefficients of L ® 1 on both sides of (3.62) gives

e (o 0) (9 ) =2e(a 1) (5 ) =2(a 0)( 7).

so ¢f — de = 1. Thus we have the following proposition:
Proposition 3.63 Let 0 € Autg(A® S). Then for some Y € SLy(S) and

< Z ;f ) € SLa(k), o satisfies the following formulas

foralla,bek and s=1,2,3.

-~

The converse to Proposition 3.63 is that given any Y € SLo(S) and

( z ;f > € SLa(k), (3.64)—(3.67) defines an automorphism o € Autg(A®
S ). This follows (using Lemma 3.1) from the long and tedious verification
that the S-linear map 0 : A®S — A® S defined by (3.64)(3.67) preserves
the A-bracket on the following relation:

o [w1 ® Lhyws ® 1] = [a(w1 &® 1))\U(w2 X 1)] (3.68)
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for wy,ws € {L,J*, G, G | s=1,2,3, i =1,2}.
To determine the group structure on the set of automorphisms, fix Y €

-~

SLy(S) and X € SLa(k). Let n (resp., 12) denote the automorphism
determined by (Y, I) (resp., (I, X)), where I is the 2 x 2 identity matrix.
Then it is straightforward to verify that

mamny =,
so there is a group epimorphism
¢ : SLy(S) x SLa(k) — Autg(A® S).

Finally, suppose that the automorphism determined by the pair (Y, X) €

SLs(S) x SLy(k) is in the kernel ker ¢. Writing X = ( z ? ),

it [ a 1Y [a 1
o (3)e(0)=(0)e(o)
for all a,b € k by (3.66). Thus ¢(Y )T =1, s0Y = ¢l and ¢ = +1. By
(3.66) and (3.67), we also see that d = e =0 and Y = fI. Since (—1,—1)

determines the identity map on A ® S by (3.64)(3.67), the kernel of ¢ is
the subgroup of SLy(S) x SLo(k) generated by (—1,—1):

ker() = ((—1,~1)) = Z/2Z,
We have now proven the following:

Proposition 3.69 Let A be the N = 4 conformal superalgebra defined
above, and let S = k[t? | ¢ € Q]. Then

-~

(3.70)

O
Applying our theory of forms (§2) now allows us to classify twisted loop
algebras of the N = 4 conformal superalgebra A.

Theorem 3.71 Let A be the N = 4 conformal superalgebra defined above.
Then there are canonical bijections between the following sets:

(i) R-isomorphism classes of twisted loop algebras of A,
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(ii) k-isomorphism classes of twisted loop algebras of A,
(iii) R-isomorphism classes of 8/R-forms of A®y, R,
(iv) conjugacy classes of elements of finite order in PGLa(k),

Proof Let A, be the Sp-conformal superalgebra A ®; S,, where S,
(Smsd), Sy, = k[tjE ], and m > 1. Let V = V5 @ V7, where V5 and V7 are
defined as in (3.38). We divide our proof that (i) and (ii) are equivalent into
several steps.

Step 1: Am = Spang{v() 6 L1 |veV®S,, >0}
Proof: We show that 8ﬁV® Sm C ijo V&Sma )8(])L ® 1 using induction
on (. For £ = 0, we see that V ® Sp,(1)L®1 = (V( 1) ) ®8Sm =V ®585,,, since
L,J S,Gi,éi are primary eigenvectors of L with conformal weight greater
than 1 for s =1,2,3 and ¢ = 1,2. That is,

a@yl = (A —1)04a

amyL = Aa

a@myL =0

forallm>1,a=1, JS,Gi,éi, and some A = A(a) > 1
It is straightforward to verify that for £ > 1 and s € .S,,,

ds

a® 5(1)8(Z+1)L ®1=((l+2)A—(L+ 1))3(£+1)a s+ Aa(e) dt.

Since A > 1, we see that Aa(Hl)a ® s € ZHI V & Sm, £ >0}

Step 2: Let B= L(A,0) C A for some finite order automorphism o : A —
A. Then B = Spank{a(l)f)ff)L ®1|aechB, £>0}.
Proof: Let I" C Autg,, A, be the cyclic subgroup of order m := |o]| generated

by o ® 1, where v is the R-automorphism of S, given by sending tm to
& Lt and &m is the primitive mth root of 1 fixed in §0. Let

T An — An

;_n

1 m—
m
z:O

Then B = AL | the set of I-fixed points in A,,, and 7 is a surjection from
A, to B.

56



Since A,, = Spank{v(l)(?%)l} R1]veVRSy, {>0}and oc®y €
Autg,, (Ay) by Lemma 2.11, we have

B = n(Ay) = Span,, {Tr (v(l)aff)L ® 1) |0 EV® S, £ o}
m—1
=0
By 3.66, there is a Y € SLy(S,,) such that

c(GHe1=(ca1)(G'®1)

o (1)< () (20 (3)=(2)
s0Y € SLy(k). Then Y’ = 0,50 0(L)®1 = (c®1)(L®1) = L®1 by
(3.64). Hence o(L) = L.

Therefore,
m—1 A
B = Span,, {Z W(U)(l)ﬁff)a’(L) R1l|lveV®Sy, £> 0}
i=0

= Span,, {w(v)(l)ﬁff)L R1l|lveV®Sy, > O}

- Spank{a(l)ﬁff)L ®1|a€B, £>0}.
Step 3: Let x € Ctdg(B), where B is as above. Then x(L® 1) = L®r for
some r € R.

Proof: By the argument in Step 2, every automorphism o € Auty_conrA
fixes L, so L ® 1 € B. Then

Taking an eigenspace decomposition of A with respect to the operator

Lelg: a®s— Lelga®s= (L(l)a)®s,

A= < T Ak) @ (é«z;Jrg) : (3.72)

we have
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where

A, = Span {aﬁf‘% or, 0¥ Ve | Je{J,J2 %) and r € §}

le\% = Span {(9%71)G®7’ ‘ G e {GI,GQ,él,GQ} and r € §}
are the eigenspaces with eigenvalues k& and % + ¢, respectively.

Thus x(L®1) € Az, s0 x(L®1) =L ®r+ Z?:l O4J" ® r; for some
r,r; € S. But also

=1

=L®1y) <L®r+26AJ2®n>
&

Hence r; = 0 for i = 1,2,3, s0 x(L® 1) = L ®r. Since x € Ctdg(B) and
o(L) = L, we see that r € R.

Step 4: Let x and r be as in Step 8. Then x (ﬁff)L ® 1) = Q(f)L®r for all
k> 0.

Proof: If b € B is a primary eigenvector!'? of itself with conformal weight A,
then it is straightforward to verify that b(kﬂ)(?gc)b =(A+k—- 1)8l(3k)b. By
(CS4), we have

(A+k— 1)y (ag%) X (b(,m)a( )b>

(=1%x (08 b 1)b)
(=" b x(0).

If x(b) = rb, this gives

(A+k—1)x (ag%) — (=1 0% bs1)b

= T'Bb(kﬂ)al(gk)b
— (A +k—1)rog's,

12See definition in proof of Step 1.
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SO X <8l(3k)b> =rgo a,g’f)b if A > 1. Applying this result to b = L ® 1, we see
that

X (aﬁ{% ® 1) —x (ag”(L ® 1))
=rgo 3ék)(L ®1)
J(f)L®r.

Step 5: In the notation of Step 3, x = rp. That is, Ctdg(B) C Rp.
Proof: For any a € B, Step 4 shows that

v(awdLe1) =auy (9L 1)
=adLor
=rg (a(l)(‘?%)L ® 1) .

Since B is spanned by elements of the form a(l)aff)L ® 1 (Step 2), we see
that x = rp.

Step 6: Two twisted loop algebras of A are R-isomorphic if and only if they
are k-isomorphic. That is, (i) and (i) are equivalent.

Proof: Clearly R C Ctdr(B) C Ctdg(B). By Step 5, these inclusions are
equalities. Thus (i) and (ii) are equivalent by Corollary 2.36.

From the eigenspace decomposition of ./Zl\, we see that the left multipli-
cation operator L ® 1) : A — A is injective, and it follows easily that
Z(B) = 0 for any twisted loop algebra B of A. Thus by Corollary 2.39, (ii)
is equivalent to (iv).

It remains to check that (i), (iii), and (iv) are equivalent. By Theorem
2.16, Proposition 2.29, and Proposition 3.69, the R-isomorphism classes of
S /R-forms of the R-conformal superalgebra A ® R are parametrized by
HY (Z,SLy(S) x SLa(k))/ = (I,1)).

To simplify the notation, we write G = SL2(§) xSLo(k), G = (SL2(§) X
SLy(k))/ =+ (I,1), and consider the exact sequence of (continuous) Z-groups

1—>Z/2Z—>G—>é—>l.
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where Z /27 is identified with the subgroup of G generated by (—I,—1I).
This yields the exact sequence of pointed sets

H\(Z,2/22) > HY(Z,G) 2 HY(Z,G) 2 HA(Z,2/27). (3.73)
whose individual terms can be understood as follows:

(a) HL\(Z,7,/27) = Home(Z,7./27) ~ 7./27.
A representative cocycle of the nonzero element of this H Lis the
(unique and continuous) map Z — Z/27 such that 1 — (—1,—1I).

(b) Hft(z, ZJ27Z) = 0. This could be checked by brute force in terms of
cocycles. An abstract argument is as follows. Since k is of character-
istic 0 we have Z/2Z ~ py. Now HZ(Z, p2) is part (in fact all of) the
2-torsion of the (algebraic) Brauer group HZ (R, G.,). Because R is of
cohomological dimension 1, this Brauer group vanishes.

(c) HY (Z, SL2(§)) = 1. Indeed this H, is the part of Hj(R,SL2) cor-
responding to the iic)morphism classes of R—torsors under SLo that
become trivial over 5.3 As observed in Remark 2.30 Hj (R, SL2) van-
ishes.!4

From (c), we immediately obtain
(d) The canonical map HY, (Z, SLy(k)) — HL(Z,G) is bijective.
Finally, since Z acts trivially on SLy(k) we have

(e) HY (Z,SLg(kz)) ~ {conjugacy classes of elements of finite order in
SLa(k)}.

131n fact all of Hi (R, SL2): Every R-torsor under SLy is isotrivial. This follows from
[16] in the case of R. More general isotriviality results can be found in [5].
*One can avoid the general considerations of [16] in the present case by the following

direct argument. The exact sequence of R-groups 1 — SLy — GL2 dey G, — 1 yields

det

GL2(R) <% R* — H}(R,SLy) — Hi (R, GLy).

Since the map det is surjective, the map H (R, SL2) — HZ (R, GL2) has trivial kernel.
On the other hand H} (R, GL2) ~ Hz,, (R, GL2) = 1 (the first equality by Grothendieck-
Hilbert 90, and the last since all rank 2 projective modules over R are free; because R is
a principal ideal domain).
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By (b) and (e), we have a surjective map

B : { conjugacy classes of elements of finite order in SLo(k)}

Tracing through the various definitions, we see that the explicit nature of
the map (3 is as follows: let 6 € SLa(k) be of finite order. Define a cocycle
ug € ZY(Z, @) by ug(n) = (1,6") where = : G — G is the canonical map.
Then 3 maps the conjugacy class of 6 to the class of ug in H} (Zé).

It remains to show that ug and u, are cohomologous if and only if 8 is
conjugate to 0. If [ug] = [u,] there exists (z,7) € G = SLy(S) x SLy(k)
such that

(w,7) "tug(n) " (z,7) = uo(n)

foralln € Z CZ. In particular, for n = 1 we get

(x=1lx, 771607) = (1,0)
which forces either

1z =1 and T 9r =g¢
or z tlpy =-—-1 and ~or = —o.

Thus 6 is conjugate to either o or —o. The converse is obvious given that

1/2 N
t 0 ) € SLo(S*) satisfies 271 1o = —1.

the element ( 0 /2

We have thus shown that Hgt(z,@) is in bijective correspondence with
the conjugacy classes of elements of finite order in PGL2(k). This completes
the proof of the theorem. a

The grading operator L is stable under all automorphisms of the N =
2 and N = 4 conformal superalgebras, so L ® 1 is an element of every
twisted loop algebra of these conformal superalgebras. By considering the
n-products of elements with L ® 1, it is easy to verify that every twisted
loop algebra of the N =2 and N = 4 conformal superalgebras is centreless.
They each admit a (unique) one-dimensional universal central extension, as
was previously shown by one of the authors [11]. Using Corollary 2.39, we
see that Theorems 3.35 and 3.71 actually give a parametrization of the k-
isomorphism classes of universal central extensions of twisted loop algebras
of the N =2 and N = 4 conformal superalgebras. Summarizing:
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Corollary 3.74 There are exactly two C-isomorphism classes of twisted
loop algebras based on the N = 2 conformal superalgebra, and infinitely many
C-isomorphism classes of twisted loop algebras based on the N = 4 conformal
superalgebra. The explicit automorphisms giving the distinct isomorphism
classes are the identity map and the automorphism w in the N = 2 case;
and representatives of the conjugacy classes of elements of finite order in
PGLy(C) in the N =4 case.

Furthermore, two of these twisted loop algebras are isomorphic if and
only if their universal central extensions are isomorphic. a

Remark 3.75 As explained in the introduction, the superconformal alge-
bras in Schwimmer and Seiberg’s original work are obtained as formal distri-
bution algebras of the twisted loop algebras of Lie conformal superalgebras.
Since isomorphic twisted loop algebras lead to isomorphic superconformal
algebras, our work shows that in the NV = 2,4 case there can be no more
superconformal algebras than those listed by Schwimmer and Seiberg.

Remark 3.76 Our methods work equally well for the other N-conformal
superalgebras: The isomorphism classes of loop algebras based on an V-
conformal superalgebra A are parametrized by

HY(S/R, Aut(A)) ~ H (m1(R), Aut (A)(S)) ~ HL(Z, Aut (A)(S))

For N = 0, the conformal superalgebra is Vir, and the group Aut (A)(§ )
is trivial. Thus the only twisted loop algebra is the affinization of A. For
N = 1, we have Aut (A)(S) ~ Z/2Z. There are thus two non-isomorphic
twisted loop algebras (Ramond and Neveu-Schwarz). For N = 3, the group
Aut (A)(S) would appear to be O3(S).15 Under this assumption, the coho-
mology will yield two non-isomorphic twisted loop algebras—again Ramond
and Neveu-Schwarz.
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