TwO STRATEGIES FOR A BUs QUEUEING MODEL

by

Minjian Yuan

A Major Research Paper
Submitted to the Faculty of Graduate Studies
through the Department of Mathematics and Statistics
in Partial Fulfillment of the Requirements for
the Degree of Master of Science at the

University of Windsor
Windsor, Ontario, Canada

(© 2017 Minjian Yuan



TwO STRATEGIES FOR A BUs QUEUEING MODEL

by

Minjian Yuan

APPROVED BY:

A. Hussein

Department of Mathematics and Statistics

M. Hlynka, Advisor

Department of Mathematics and Statistics

August 20, 2017



Author’s Declaration of Originality

I hereby certify that I am the sole author of this major paper and that no part of this
major paper has been published or submitted for publication.

I certify that to the best of my knowledge, my major paper does not infringe upon
anyone’s copyright nor violate any proprietary rights and that any ideas, techniques,
quotations, or any other material from the work of other people included in my major
paper, published or otherwise, are fully acknowledged in accordance with the standard
referencing practices. Furthermore, to the extent that I have included copyrighted
materials that surpass the bounds of fair dealing within the meaning of the Canada
Copyright Act, I certify that I have obtained a written permission of the copyright
owner(s) to include such materials in my major paper and have included copies of
such copyright clearances to my appendix.

I declare that this is a true copy of my major paper, including any final revisions,
as approved by committee and the Graduate Studies Office, and that this major paper

has not been submitted for a higher degree to any other University or Institution.

11



Abstract

When waiting for a bus/elevator/subway with a long queue, which is the better
strategy: keep waiting or go to the previous station/floor. We discuss a type of queue
with random batch service (M/M?Y /1) based on a bus queueing model. We compare

two strategies based on different conditions.
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Chapter 1

Introduction

In this chapter, we will first introduce some theoretical results before analyzing two
strategies. To analyze the waiting time in both strategies, we have to discuss the
number of passengers, or the queue length, in both stations. Obviously, the queue
length is influenced by how often a bus and a passenger arrive at the station. This is
exactly a queueing system. Therefore we have to understand how a queueing system
works in order to solve our problem.

To explain how a queueing system works, we have to introduce a very important
process in queueing theory — the Poisson process. It has many nice properties. To
simplify the model, we often assume passenger arrivals follow a Poisson process. The
Laplace transform is also a very powerful tool that we use in our analysis.

Then we will focus on the queue model itself. We will first discuss one of the
most basic models, the M/M/1 system, and also discuss some methods to analyze

the system. Then we expand the model to a more complex M /MY /1 system.



1.1 Poisson Process and “PASTA”

As we mentioned before, the Poisson process is important in queue theory due to its
nice properties. We begin from the definition. The following statement is retrieved
from “Queueing Systems”, written by I. Adan and J. Resing, March,2015.[1]

“ Let N(t) be the number of arrivals in [0, t] for a Poisson process with rate A,
i.e. the time between successive arrivals is exponentially distributed with parameter
A and independent of the past. Then N(¢) has a Poisson distribution with parameter

At, so

P(N(t)=k) = (%)ke—”, for k =0,1,2... (1.1)

“ The mean, variance and coefficient of variation of N(t) are

E(N(t)) = A, Var(N(t)) =X, X = v (1.2)

“ By the memoryless property of Poisson distribution, we can verify that
P(arrival in (t,t + At]) = NAt 4 o(At) (1.3)
“ Hence, when At is small,

P(arrival in (t,t + At]) = AAt (1.4)



“So in each small time interval of length At the occurrence of an arrival is equally
likely. In other words, Poisson arrivals occur completely randomly in time.

“ The Poisson Process is an extremely useful process for modeling purposes in
many practical applications. An important property of the Poisson Process is called
“PASTA”. (Poisson Arrivals See Time Averages).

“(PASTA) For queueing systems with Poisson arrivals, (M/./. systems), arriving
customers find on average the same situation in the queueing system as an outside
observer looking at the system at an arbitrary point in time. More precisely, the
fraction of customers finding on arrival the system in some state A is exactly the
same as the fraction of time the system is in state A.”

We will use this property to analyze an M/M?Y /1 system later.

1.2 Laplace Transform

The Laplace transform Lx(s) of a nonnegative random variable X with distribution

function f(x) is define as:

Lx(s) = E(e™%) = /: e * f(x)dx (1.5)
Notice that
Lx(0)=E(Ee™*=E(1)=1 (1.6)



and

= B(-Xe )|
= —FE(X) (1.7)
Similarly,
L(0) = (1" B(x*) (1.8)

There are many useful properties of Laplace Transform. These properties can
make our calculations easier when dealing with probability.
Let X,Y, Z be three random variables with Z = X +Y and X,Y are independent.

Then the Laplace Transform of Z can be found:

Lz(s) = Lx(S) . Ly(S) (19)

Moreover, when Z with probability p equals X, with probability 1 — p equals Y,

then

Lz(s) =pLx(s)+ (1 —p)Ly(s) (1.10)

Now we will introduce Laplace Transforms of some useful distributions.

e Suppose X is a random variable which follows an exponential distribution with



rate A\. The Laplace Transform of X is

Lx(s) = Ais (1.11)

e Suppose X is a random variable which follows an Erlang — r distribution with

rate A\. Then X can be written as:
where X; are i.i.d. exponential with rate A\. Therefore, we have

Lx(s) = Lx,(s)- Lx,(s)..- Lx,(s)

= ( A ) (1.13)

A+ s

e Suppose X is a constant real number ¢, then

Lx(s) = E(e*¥)

= e (1.14)



1.3 Basic Queueing Systems

We use Kendall’s notation to describe a queueing system [3] and denote by:

A/B/m/Kn/D (1.15)

where

A: distribution of the interarrival times

B: distribution of the service times

e m: number of servers

e K: capacity of the system, the maximum number of customers in the system

including the one being serviced

e n: population size of sources of customers

D: service discipline

We use G to denote general distribution, use M for exponential distribution (M
stands for Memoryless), use D for deterministic times.|[1]

We usually only use A/B/m to describe a queueing system, where A stands for
distribution of interarrival times, B stands for distribution of service times and m
stands for number of servers. Hence M /M /1 denotes a system with Poisson arrivals,

exponentially distributed service times and a single server. M/G/m denotes an m-



server system with Poisson arrivals and generally distributed service times, and so
on.

In this section, we will introduce one of the most basic queueing models, the
M/M/1 system, which is a system with Poisson arrivals, exponentially distributed
service times and a single server. The following part is retrieved from “Queueing
Systems”, written by Adan and Resing, March,2015.[1]

We first assume the interarrivals follow the exponential distribution with rate A,
and service time follows the exponential distribution with rate pu. Further, in the

single service model, to avoid queue length instability, we assume that:

p="<1 (1.16
. )

Here p is the fraction of time the server is working (called the utility factor).
We first consider time-dependent behavior of this system, then the limiting be-
havior. Let p,(t) denote the probability that at time ¢ there are n customers in the

system. Then by (1.3), when At — 0,

po(t + At) = (1= AA)po(t) + plAtp:(t) + o(At) (1.17)

Pult + A1) = AAtp_1(t) + (1= (A + p)ADP(t) + pAtpa () + o Ab)(L18)

where n = 1,2, ...
Hence, by letting At — 0, we obtain the following infinite set of differential

equations for p,(t).



po(t) = —Apo(t) + upi(t) (1.19)

Pa(t) = App—i(t) = A+ p)pa(t) + ppnra(t), n=12, ... (1.20)

It is very difficult to solve these differential equations. However, when we focus
on the limiting or equilibrium behavior of this system, it is much easier.
It can be shown[2] that when ¢t — oo, p, (t) — 0 and p,(t) — p,. It follows that

the limiting probabilities p, satisfy equations

0 = —Apo+ upr (1.21)

0 = App—1— A+ 0)pn + ons1, ,mn=12,.. (1.22)

Moreover, p, also satisfy
St (123)
n=0

which is called the normalization equation. We can also use a flow diagram to
derive the normalization equations directly. For an M /M /1 system, the flow diagram

is shown in figure (1.1):

1t 0 1t

Figure 1.1: Process diagram for M /M /1 Queue, k=1,2,3,...



The rate matrix of the system is:

_—/\ A 0 0 0 |
po =+ A) A 0 0
Q=10 [ —(u+A) A 0 ... (1.24)
0 0 i —(p+A) A

Notice that the sum of each row equals 0.

To determine the equations from the flow diagram, we need to use a global balance
principle. Global balance principle states that for each set of states A under the
equilibrium condition, the flow out of set is equal to the flow into that set.

Based on figure(1.1), we have

State RateIn = Rate Out
0 Up1 = APo
L Apo+ppa = (A+p)p
2 Apitpps = (A+p)p:

This is exactly the normalization equation. To solve the equation, we first assume
p = —, which is known as the utilization factor. From the equilibrium equation of

state 0, we have:

P1 = PPo (1.25)



When we plug (1.25) into the equilibrium equation of state 1, we have:

Apo 4+ pp2 = (A + p)ppo

)\2
= (—+Mnpo (1.26)
]
That is
)\2
P2 = —Po (1.27)
1
Therefore,
P2 = p’po (1.28)
Generally, we have
Pk = P*po (1.29)
Since
d pa=1 (1.30)
n=0

Using (1.29), we can replace px by pp. Then we have

S o1 (131)
n=0
That is
L 1
1 ppo =
po=1—p (1.32)



Moreover, for any k, we have

pe=p"(1—p) (1.33)

Finally, we find the limiting probability p; in the M/M/1 system. The expected

queue length L is given by

B(L) - ip
= zﬁpl(l—p)
= (1—p)2w"
= p(l—p)imi '
. p<1—p><§;p2>/
= =)
- ﬁ (1.34)

In the next section, we will use a similar method to analyze a more complicated

queueing system.

1.4 M/MY/1 Queue

We consider a more complicated queueing system with a single server, Customers

are served in a batch. The batch size of customers may be fixed or random. We

11



assume customer interarrivals and service follow exponential distributions with rate
A, i1 respectively. Then we have an M /MY /1 queue. We further assume the batch

size Y of customers being served follows a general distribution:

PY =k)=p, fork=1,23, ..c (1.35)

where ¢ is the maximum number of customers in a service and p, satisfies:

> me=1 (1.36)

We now consider the queue length after each service when the system is in equi-
librium. The probability that the system has m customers before a service and the
system is empty after the service, is the probability that the server can serve at least
m customers, which is > 7 p;. On the other hand, the probability that the system
has m customers before the service and the system has n customers after the service,
where n is a positive integer and less than m, is the probability that the server serves
exactly m — n customers, which is p,, .

The flow diagram for M/M?Y /1 is shown as below.

12



> ies Dift

Figure 1.2: Process diagram for M/M?Y /1 Queue

The corresponding rate matrix is:

—A
(i1 Pi)
Q= |u(Cisp)
(3 i i)

Since

A

—(u(X iz i) +A)

Hp1

up2

13

0 0
0 0
A 0

(1.38)




the rate matrix can be simplified as:

_ —A A 0 0 0 0 0 -
n(iepi) —(n+A) A 0 0 0 0
(i) oppr —(p+A) A 0 0 0
n(>oi—spi)  pp ppr - —(p+A) A 0 0

Q =
[1pe [tPe—1 [tPc—2 ceupr —(ptA) A
0 [1pe [iPe1 fpea - ppr —(p+A)

(1.39)
It is a banded matrix.
To make this clear, we can rewrite the rate matrix as a block matrix:
_A B 0 0 O -
C D B 0 0
@=l0o ¢ D B O .. (1.40)

14



A, B,C, D are both (¢+ 1) x (¢c+ 1) matrices. Where:

)\ A
n(>oiipi)  —(p+A)
N(Z?:z pi) HUp1
(> s pi) D2

p(>o i) e
,upc Mpc—l
B—
0 ppe
0 0
C p—

0 0
0 0
0 0

HPc—1

HPe—2

HPc—1

HPc

HPc—1

HPe—1

15

HPc—2

HPe—-3

H1p2

HP3

“p1

Up2

(1.41)

(1.42)

(1.43)



ups

HPc—1

HPe

HPc

MPe—1

HPc—1

UPc—2

We are interesting in the performance when the queue is in equilibrium. We treat

the number of customers in the queue as states and denote the limiting probability

of being in state ¢ by m;, which represents that the queue length is 7. Obviously the

summation of all 7; is 1. Moreover, we assume when the system is in equilibrium, the

flow rate into any state is always equal to the flow rate out of the state (See section

(1.3)). So, we can determine a series of equations for m; based on Figure (1.2), with

respect to parameters A, u and p;.

16



State Rate In = Rate Out

0 (M1 D P+ T2 ) i o Pi o+ TPy = ToA

1 oA + (Tap1 + -+ - + Teq1pe) = TIA + T

k Th—1 A + (Tpg1P1 + - + ThgeDe) = TR + Tt

c Tea A+ (Tepapr + - -+ + TacPe) b = A+ Tp
etk Terh 1A+ (Teppq1D1 + -+ TocshDe) b = TephA + Teqrht

A
Defining — = p, (notice that this is NOT the utilization factor in M/MY /1
0

system), we can then simplify the equations as follows:

T = p,  (Trs Zpl- + Tht2 Zpi + -+ Tepkpe), for k=0,1,2, ... (1.45)
i=1 i=2
or
= py" > (mik > _pi), for k=0,1,2, .. (1.46)
=1 i=j

With the fact

17



i m=1 (1.47)
=1

we can solve for m; in practice. Then, we can also find the expected number of

waiting passengers E(L) in the M/M?Y /1 queue by the following equation.

E(L) = i i, (1.48)

18



Chapter 2

Comparison of two strategies

Now, consider the following situation. We have to wait for a bus in a rush hour at
Station A. Since the queue is long, it might take some time to get on the bus. One
strategy is to take a bus going the opposite direction and go to the previous station
B and wait for a bus. It might take some time to get to the previous station, but
it might take less time to get on a bus. Following graphs indicates two different

strategies. Strategy A(stay at station A):

Strategy A

- 0000(>)

O
Figure 2.1: Strategy A

19



Strategy B(go to previous station B and return)

Strategy B

0 Q)

1
- 0000 (@

) O !

-0

@o

Figure 2.2: Strategy B

We are interested in which strategy is less time-consuming. We will use the
knowledge we introduced in Chapter 1 to find the distribution of time to get on
a bus. We will also compare the expected time to get on a bus for both strategies
based on different conditions. Similar problems exist for subways, elevators.

To simplify the calculation, we first make several assumptions and add notations.

e When we arrive at station A, there are already N passengers in the queue. We
only care about the time spent to get on a bus. We don’t care about passengers
arriving after us. Hence, we are not concerned with the passenger arrivals at

station A.

e Unlike station A, the queue length at station B is unknown until we get there.
In order to find the expected queue length at station B, we have to consider the
passenger arrivals. We assume passenger arrivals at station B follow a Poisson

Process with rate .

20



Bus interarrivals at stations A and B are exponential with the same rate pu.

e The maximum capacity of each bus is c.

We define Yy, and Yp, as the number of passengers who can get on the i' bus
at station A B. Here Yy, and Yp, are two discrete random variables with values

between 0 and c. Moreover, Yy, are i.i.d. and Yp, are i.i.d..
e We assume there is no full bus at station B, i.e. P(Yp, =0) =0

Now we begin to analyze the simplest model.

2.1 No Waiting At Station B and constant service

We assume passengers at station B are so few that we can always get on the first
coming bus at station B. In this case, we make two more assumptions to simplify the

model.

e Each bus at station A can serve S passengers, where S is a constant positive

integer, i.e. Y4 = 5.

e A bus will spend time ¢ from station B to A and from A to B, where ¢ is a

constant.

Under such conditions, we consider our first strategy A. We need to wait L%J +1
buses to get on, where |.| is the floor function. Let T4, and Tp, denote the time
between (i — 1)t and " bus arrival at station A,B respectively. Then by our as-
sumption, T4, and T, are i.7.d. with exponential distributions with rate p. Let Ty

21



denote the time we spend from arrival at station A till we get on a bus with strategy

A. Then we have:

TA:TAl —|—TA2—|—...—|—TA N (21)
[—]+
S

Let Ty, (s) denote the Laplace transform for T},. Since T, are i.i.d. exponential

with rate p, we have

TA(S) = TAl (S) : TAQ(S) et TA N (S)

[T+t

LNJ

. — 41

= TA1(5> S
N

_ <uis)L§J+l' (2.2)

N
This is the Laplace transform for an Erlang — (LEJ + 1) distribution, which
N
implies T4 follows an Erlang — (ng + 1) distribution.
Moreover,

B(Tx) = ~T4(0) = (5] + 1)

(2.3)

On the other hand, consider another strategy B. It includes four periods.

1. Waiting for the first bus from the opposite direction at station A. Let this time

be Ty, where Ty follows an exponential distribution with rate p.

2. The bus spends time ¢ from station A to B.

22



3. Waiting for the first bus at station B, we use Ty g to denote it. Since we assume

we can always get on the first bus at station B, so we have Ty B = Tp, here.
4. The bus spends time ¢ from station B to A again.

Let Ty denote the time we spend from arrival at station A, until we return to

station A, going through station B. Then we have:
TB:To+t+TBl+t:T0+TBl+2t (24)
Since Tz, and Tp are i.i.d. with exponential distributions with rate p, we have

Ts(s) = Tg,(s)-To(s)-e
_ eQSt(L)Q. (2.5)

wt s

Therefore,
~ 2
E(Tg) =-T5(0) = " + 2t (2.6)

So we can compare the expectations of T4 and Tp to decide which strategy is

better. When

=15, (2.7)
we should use strategy B. Otherwise, we should wait patiently at station A.

23



In the next section, we discuss a more complex model. Instead of each bus serving
S passengers, we assume each bus can serve Y passengers, where Y is a random

variable with specified distribution.

2.2 No Waiting At Station B and random service

We now assume Y, is the number of passengers who can get on the i’ bus at station
A, where Yy, are i.i.d. with values between 0 and ¢, where ¢ is the maximum capacity

of an empty bus. Further we let
P(Ya, =J) =pa,, fori=1,23,..; 7=0,1,2,3,..,c (2.8)

where

c

> pa, =1 (2.9)

=0
Since we assume we can always get on the first bus at station B, the previous
analysis doesn’t change for strategy B. We still have:
E(Tg)=—+2t (2.10)

On the other hand, if we assume

Su=Ya, (2.11)

24



then S, denotes the number of passengers being served by the first n* buses at
station A. Then the probability that we need to wait exactly k buses to get on at

station A is found as follows:

When N < ¢,

k—1
ZYA >NZYA <N+1) = P(S4, >N, S, <N+1)

N c
= Y (P(Sa, =1 > pa)
i=0 k=N—it1
N N—i
1=0 k=0
If we define ¢; = Zi::() pa,, then we have
k-1 N N
ZYA > N, ZYA < N+1) =Y P(Sa,_, =i)—>_ P(Sa,_, =1) qv—; (2.13)
i=0 i=0

ZP(SAk =i) = ZZ[P(SAk,l =J)P(Ya, =i—j)]

25



Therefore,

N
= > P(Sa, =7)an- (2.14)
=0

k —
P(we get on exactly the k'™ bus) = P(Z Yy, > N,ZYA,L. <N+1)

so we have

E(Ty)

We can find P(S4,

= S P(Sa,, =)= > P(Sa, = i)(2.15)

k k—1 k
PO Ya >N Ya <N+1)-E(> Ta)
i=1 i=1 j=1
k—1

P> Ya >N, Yy, <N+1)-(§)

M 1M

=1 ooi:l . =1 -
% 3 kPO Ve >N Ya <N+ 1)
% RO P(Say = 1) =3 P(Sa, =) (2.16)

= 4) by using a pseudo transition matrix. Define P4 as the

pseudo transition matrix of queue length at station A. Then:

26



- DA, 0 0 0 0 ... 0 |
Pa,  Pao 0 0 0 ... 0
PA,  Pa, DA 0 0 .0
Pa=1 pa, pa, pa pa, 0 ... 0 (2.17)
Pay,  DPA;  Pa, Pa, Pa, --- 0O
_pANH Pay PAy_y PAy_o PAN_3 -+ pAo_

In strategy A, we are not interested in the passengers arriving after us, so we can
assume no other passengers arrive after us. Thus the queue length never gets longer.
Therefore, P4 is a lower-triangular matrix. Then

Pyli, j]=P(next bus serves exactly i — j passengers)

Here P4li, j] denotes the element at the i*" column and the j row of the matrix
Py.

So

P(Sa, =1) = P(Ya, +Ya, +---+Yy, =1)

= Phili+1,1] (2.18)

Similarly, P§[i + 1,1] denotes the element at the (i 4+ 1) column and the 1% row
of the matrix P§. We will use this notation in following part.

When N > ¢, if we define Z?:a p; = 0 for a > b, and define the pseudo transition

27



matrix P, as:

_pAO 0 0O ... 0 0 O _
PA,  Pag o -~ 0 0 0
Pa, DPa,  Ppa, - 0 0 0
Py=| : : S S (2.19)
PA. PAey PAco - Pa, 0 0O
0 pa, pa., - pa pa, 0

we can still get the same result as in the case N < c.
Moreover, we can also use recursion formula to solve for E(T4). Assume E(T4|i)
denotes the expected time for strategy A to get on a bus when there are i passengers

before us. Then, we can rewrite E(T}y) to:
E(Ta) = E(Ta|N) (2.20)

When there are 0 passengers before us, we consider the first bus. If the bus is not
full, we can always get on since there are no passengers before us. The probability
of a bus not being full is 1 — p4y, and we need the expected time 1 to get on,
since we assume the bus interarrivals follow an exponential distribution with rate pu.
Otherwise, the first bus is full with probability p4g, so we still have to wait E(T'4|0)

1
to get on. In this case, the expected time we need is — + E(T4]|0). So, we have:
L

28



E(T40) = %(1—pAo>+pA0<§+E<TAro>> (2.21)

Similarly, we get recursion formulas for F(7T4i):

E(Txl0) = %(1—q0)+pA0(l%+E(TA|O)) (2.22)

E(Ty1) = %(1—q1>+pm<i+E<TA|1>>+pA1<§+E<TA|o>> (2.23)

E(Ta2) = %(1—@)+pAo<%+E<TA|2>>+---+pA2<}L+E<TA|0>> (2.24)
where

k
qk = ZpAi (2.25)
i=0

We can simplify the recursion formulas as:

(1=pa) - B(Ta0) = (2.26)
(1—pA0)~E(TA|1) = /%—I—pAl 'E(TAIO) (2.27)
(1 —pa,) - E(Ta]2) = /%+pA1 - E(Ta|l) + pa, - E(T4)0) (2.28)

Generally, if we define p4; = 0 when ¢ > ¢, then for any £ = 0,1,2..., we have the

recursion formula: 1

p + Zf:ﬂ)Ai - E(Talk — 1)
E(Ty|k) = - (2.29)
0

In Chapter 3, we build two different programs based on (2.16) and (2.29). They
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give exactly the same results. However, using recursion is much more efficient.
Now, we can compare F(T4) and E(Tp) as we did in section 2.1 to find which

strategy is better.

2.3 Waiting At Station B and random service

In this section, we will use previous results and the formulas given in section 1.4 to
get both Laplace transforms and expected times of the two strategies. We assume
both bus and passenger interarrivals follow exponential distributions with rates u, A,
respectively. We also assume we might need to wait at station B using strategy B.
We first obtain the Laplace transform for the time using strategy A with a given
number N. We let Ly, (s) denote the Laplace transform with N passengers before

us. Then:

+ S[pAOLAN(S> +oee +pA5LAN_E(S)] for N > c;
LAN(S) =q M

[pAOLAN (S> T+ +pANLA0 (S> + Z::NJrl Pa; - 1] for N < &
(2.30)

p+s

Specifically,

La, (S> = [pAoLAo(S) + (1 _pAo) ’ 1)] (2'31)

wts

That is:
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Lag(s) = L= Pao) (2.32)

(1l —pa,) + s

We can find numerical solutions for all L4, (s).

Strategy A in this section is identical to strategy A in section (2.2). So we still

have:
BTa) = - (3K P(Say =)= 3PS, = ) (2.33)
where
Sa, = 2”: Ya, (2.34)
and
P(Sx, =i) = Phli+1,1] (2.35)

If Ny < ¢, Py can be found in (2.17). Otherwise, when N4 > ¢, P, is given by:
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-pAO 0 O ... 0 0 O -
DA, D4 0 - 0 0 0
Pa, DPa Pa, -+ 0 0 O
Py=1: : Lo Lo (2.36)
PAc PAcr PAcs 0 Pay 0 0
0 pa. Pay -+ Pay Pa, 0

Now, we focus on strategy B. Under this model, when we take a bus in the opposite
direction from station A to station B, the queue length at station B is unknown. As
in section (1.2), the system at station B is an M/MYE /1 system.

Since we assume the passenger arrivals follow a Poisson Process, then, by PAST A,
when we arrive at station B, the queue we see will match the equilibrium situation of

the system. Let Lp be the queue length when we arrive at station B. Then:

P(Lp =k)=m, for k=0,1,2,..; (2.37)
where 7, can be solved by:

c

e =p," Z (Tj+k ZpBi), for k=1,2,3, ... (2.38)
i=

J=1

and

d me=1 (2.39)
k=1
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We define pp, similar to p4; here. Notice that pa;,, pp; are different in our model.
Generally, when j is large, pp, is greater than p,;; when j is small, pp; is smaller
than p4,. The idea is that buses at station B have fewer passengers and more space
than buses at station A.

Now we obtain the Laplace transform and the expected time using strategy B.
Let Tp be the time and let Lg(s) be the Laplace transform.and Tp. As in section

(2.1), we break strategy B into four different periods:

1. Waiting for the first bus from the opposite direction at station A. Let the time

be Tp. Then Ty follows an exponential distribution with rate p.
2. The bus spends time Ty from station A to B.
3. Waiting for a bus at station B until we can get on. Let this time be Ty p.

4. The bus spends time Tg4 from station B to A.

Then, we have

Ty =To + Tup + Tws + Taa (2.40)

Tg is the total time to get on a bus which is at station A by going backward to
station B.
We assume Tap and Ty have same distribution (and may be constant). Using

tilde for Laplace transforms, we have



— H T 2
= L (@an() - Tws(s) (2.41)

If Typ = Tpa = t, where t is a constant, then from section (1.2), we have:

Tap(s) =e ™ (2.42)

If Tap and T4 follow an exponential distribution with rate v, then

~
v+ s

Tap(s) = (2.43)

Next we obtain Ty p(s). Let Lp,, denote the Laplace transform of time at station

B when there are M passengers in the queue at station B at the time we arrive. Then:

Twg(s) = molp, +mLp, +mLlp, + ...

= E:mL&@) (2.44)

and Lg,,(s) satisfies

5 [Pro Loy () + -+ pa Ly (5)] for M > c;
LB]\/I(S) = H

[pBoLBM<S) + e +pBMLBO<S) + Z§=M+1 PBi - 1] for M < ¢;
(2.45)

p+s
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with

. :u(l _pBO)
Lp,(s) = o)+ 5 (2.46)

This is the Laplace Transform for an exponential distribution with rate u(1—pp,).
By our assumption at the beginning, there is no full bus at station B, which implies
pp, = 0, so
1

Lp,(s) = e (2.47)

which is exactly the Laplace transform of an exponential distribution with rate pu.

Further,

2
L
— (1 — 2.48
) pB1+/L+S< pBl) ( )

Ly, (s) = (

which implies the time at station B given one passenger ahead of us follows an
Erlang — 2 distribution with rate p with probability pp,, and follows an exponential

distribution with rate g with probability 1 — pp,. Next

IR B2 Iz
L _ ( ) (—) 1— _H s — 2.49
BZ<S) [+ s pB1+ LA s (p31< pBl) +p32)+,u—|—s( PBy sz) ( )

We know the time follows an Erlang — 3 distribution with rate 1 with probability pQB1
, and follows an Erlang—2 distribution with rate u with probability pg, (1—pg,)+ps,
and follows an exponential distribution with rate p with probability 1 —pp, —pp,. We
can solve Lp, step by step. Finally, we can find Ty (s) by (2.44). With all results,

we can find Ti(s) from (2.41), the Laplace transform of time using strategy B.
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Specifically, we can use induction to prove that Lp, (s) can be written as

k

LBk(s):Z< o )M-% (2.50)

P n+s

where v; is a polynomial in pg,,pp,,...,pn,. This gives us the idea that the distri-
bution of time to get on a bus when there are k passengers when we arrive at station

B follows:

e Erlang — (k + 1) distribution with rate p with probability k1.

e Frlang — k distribution with rate p with probability 4.

e Erlang — 1 distribution (also known as exponential distribution) with rate pu

with probability ;.

To find the expected time spent using strategy B, we can use the property of

Laplace Transforms:

~/

T3(0) = —E(T) (2.51)

We can also directly verify the expected time using strategy B from (2.40),

E(T) = ETo+Tap+Twp+Tpa)

_ % + 2B(Tup) + E(Tyws) (2.52)
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We use the same assumption for Ty p and Tgr4, namely
Tap=Tpa=1 (2.53)

Then we have

E(Tg) = % +2t+ E(Twp) (2.54)

Recall that Ty g denotes the waiting time at station B. When we arrive at station
B, there is probability 7, of having £ passengers in the queue. Recall T, denotes our

waiting time when there are exactly k passengers in the queue at station B. Then,
E(Twp) =Y mE(Ts,) (2.55)
i=0

When considering T, there are exactly ¢ passengers before us, and each bus will
serve a random number of passengers. This is a similar system to what we had at
station A. We already discussed this system in Section 2.2 and 2.3. Recall that Yp;
denotes the number of passengers served by the i'" bus at station B, pp. denotes the
probability that a bus at station B can serve exactly ¢ passengers. By using the result

(2.33), we have
B(Ta) = (i P(Sa =)= 3PS, = 1)) (2.50)
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where

Sp. =Y Vg, (2.57)
=1

From the previous section, we have:

P(Sp, =i) = Phli+1,1] (2.58)
where ) i
DBy 0 0 0 0 .. 0
PbB, PBy 0 0 0 Ce 0
PB, PBy PB, 0 0 e 0
PB = pBS pBQ p31 pBQ O e 0 (259)
P, PBs PB, PB; PBy R 0
PByw,1 PBw PBw_1 PBw_o PBw_3 --- DB

Here W is an arbitrary positive integer that is large enough. When we say large
enough, we mean W should be greater than the queue length at station B with high
probability.

Hence, we finally get E(Tg) by using (2.54), (2.55) and(2.56), such that:

B(Tp) = = +2t+ 2> mi- (3 i P(Spoy =)= ) P(Sp, =j)  (2:60)
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Chapter 3

Further Analysis

In Chapter 1 and Chapter 2, we discussed the properties of an M/M?Y /1 system, and
analyzed the expected time for two strategies based on three different assumptions.
We now use R to simulate the M/M?Y /1 system, and compare the simulation result
to our theoretical result to make sure the theory is correct. We also compare two

strategies with different parameters, in order to have a deeper understanding.

3.1 Limiting behavior of M/M" /1 System

We are going to discuss the limiting behavior in this section. First we want to show
that the number of customers in the system at the beginning will not impact the
probability of the number of customers in the system when it is in equilibrium.

To simulate this, we build up an M/M?Y /1 system with:

1
b )\:M:?
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Passengers in System

e c=6,p0=0.1,p1 =04,p, =0.3,p3 = ps = p5s = ps = 0.05;

e The system will run for 300,000 steps.

The system typical behavior is as follows (for 3 random examples):

M/M~Y/1 Queue system behavior

---e-- Queue 1

——#&-—-  Queue2

—8—  Queue3

15

10

Steps

Figure 3.1: The number of passengers vs step number
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The graph gives three different M/M?Y /1 system behaviors with exactly the same
parameters — they perform differently. Therefore it is necessary to find the limiting
behavior. To check the limiting behavior, we first simulate the system with three
different initiate values, N = 0,30,50. If we treat the number of customers in the
system as states, then the limiting probability of system in states 0,1,2,..., and the

expected queue length with three different initiate values is:

N Tk o m T T3 Ty s ... | E(Length)
N=50 | 0.3019 | 0.2109 | 0.1474 | 0.1034 | 0.0718 | 0.0496 | ... 2.3127
N=30 | 0.3014 | 0.2098 | 0.1464 | 0.1032 | 0.0728 | 0.0511 | ... 2.3091
N=0 | 0.3013 | 0.2106 | 0.1467 | 0.1012 | 0.0710 | 0.0498 | ... 2.3336

Table 3.1: Comparison of probability for each state in M /MY /1 system with different
N

As can be seen in the table, the probability of each state and expected queue
length are almost the same. This confirms that the initiate value will not change the
system behavior in the long run.

Next, we want to compare the simulation results to theoretical results based on
our analysis in Chapter 1 by using R.

From Chapter 1, we know the limiting probability of each state, say m;, can be

solved from the equations:

Th :pJIZ(WjJrk Zpi), for k=0,1,2,... (3.1)

i=1 i=j

and
d m=1 (3.2)
=1
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There are infinitely many equations with infinitely many unknowns. The method
we use is to truncate the upper bound of states, since m; will be close to 0 when i is
large.

If we assume the maximum number of states in system is W. Then the equations

will have W + 1 unknowns. We rewrite them as:

e —p, " Z(Trj_i_k Zpl) = 0, for k=0,1,2,..W (3.3)
=

j=1
w
domo=1 (3.4)
=0

We use ¢ to denote Zf:o p;- Then the previous equations can be written as:

= pot(l—gjo1) mhyy = 0, fork=0,1,2,..W (3.5)
j=1
w
domo= 1 (3.6)
=0

Here we define m; =0 if i > W.

42



Now, define the (W 4 1) x (W + 1) matrix A as:

0

0

1

I —p'(1=q) —p,'(1—q) —p,'(1—q)

—py (L —q0) —p,'(1—aq)

1 —p5 (1= qo)
0 1
0 0
1 1

and define the (W 4 1) x 1 vector b as:

Then X = (mg, w1, 7o, . .

b=(0,0,0,...,0,1)"

., mw)T is the solution of the equation

AX =10

—po (1 — qo)

(3.9)

We use R to solve the equation to find the limiting probabilities. Then, we com-

pare this result with the simulation result with 2,500,000 steps, based on the same

parameters as before. Here is the table:

43



Tk

N o T Ty T3 T4 s E(Length)
Simulation | 0.3007 | 0.2103 | 0.1473 | 0.1030 | 0.0719 | 0.0502 2.3227
Theoretical | 0.3010 | 0.2104 | 0.1471 | 0.1028 | 0.0719 | 0.0502 2.3221

Table 3.2: Comparison of Simulation with Theoretical Results

The differences are extremely small. Our theory fits the simulation results. Hence

in the next section, we will use the truncation method to calculate the expected times

of two strategies.

We observe the change of the limiting state probabilities as A\ changes. If 7 is

small, then m; increases as A decreases.

Limiting probability of M/M*Y/1 system base on different

< | 4
[am )} 1
|
[aw]

Z

=

o

L

2~

o 5

o

[ =

=

E
-
[aw]
-
[aw]

Figure 3.2: Limiting probability of M/MY /1 system with X

states
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3.2 Numerical results for Strategy A

From Section 2.2 and 2.3, we know the expected time to get on a bus for strategy A

is:

fo'e) N N
1 . .
E(Ta) =~ k() _P(Sa,_, =i) =Y P(Sa, =1))) (3.10)
P =0 i=0
where
P(S4, =1i) = Phili+1,1] (3.11)
and ) )
DA, 0 0 ... 0 0 O
Pa, PAa, 0 e 0 0 0
pAQ pA1 pAO e O O 0
Py=1|: : : IR : o (3.12)
pAc pAcfl pA072 e pAO O 0
0  pa. pa_, + Pa DPa O
Recall that: 1
-+ Zf:lpAi - E(Talk — 1)
E(Talk) = £ (3.13)
1 — pAo

for k=0,1,2,...N.
Since in strategy A, we don’t need to consider passenger arrival rate, E(T4) doesn’t

involve A. From (3.10), we can justify that the expected time E(T4) to get on a bus
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1
for strategy A, is directly proportional to —.
1
We now consider the relationship between the expected time E(74) and the num-
ber of passengers N in the queue at the beginning.

To study the relationship between F(7T4) and N better, we selected three different

groups of p;:
e S=06,pp=p1=p2=p3=ps=0,ps =0.8,ps = 0.2;

e S=06,pp=p1 =p2=p3=ps=ps; =0,pg = 1, an extreme situation, every bus
is empty;

1
i S:6,p0:p1:p2:p3:0,p4:p5:p6:g,;

We have the following graph:

12

10

Group1

< - B Py —#—  Group2

Expected time to get on a bus using strategy A

| | | | | | |
0 5 10 15 20 25 30

Passengers in station A at the beginning

Figure 3.3: expected time for strategy A with different p;
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The graph indicates some interesting properties of how the probability of pas-
sengers being served each time will influence the expected time of strategy A as N

grows.

e As N increases, the expected time increases. The length of each stage K equals
the maximum passengers a bus can serve;

(ie. K= max 1)
0<I<S,p1#0

e The graph will become smooth gradually and eventually becomes a line when

N gets large except when each bus serves a constant number of passengers;

e When p; is large for k£ close to K, which means buses tend to be empty or
nearly empty, the stages are clear in the graph. Conversely, if pj is large where
k is close to 0, which means the buses tend to be full or nearly full, the stages
become unrecognizable, and the expected time F(T4) will have almost a linear

relationship with V.

Under our assumptions, buses arriving at station A will always be full or nearly
full, so the expected time E(T4) to get on a bus for strategy A will most likely have

a linear relationship with the number of passengers NV in the queue at the beginning.
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3.3 Numerical results for Strategy B

From Section 2.3, we calculate the expected time E(7g) to get on a bus for strategy
B theoretically. Recall:

E(Tg) = % + 2t + E(Twp) (3.14)

where

E(Twp) = Z T E(Tp,) (3.15)

Then 7; can be solved from

Wk—Zp (1—qj1) -mey; = 0, for k=0,1,2,..W (3.16)
w
domo= 1 (3.17)
=0

As we mentioned in Section(3.1), let

k
qr = ZpBi (3.18)
=0
E(Tg,) can be obtained by

1 k _

—+ 2 i pe - E(Tplk —1)
E(Tglk) = £ : (3.19)

— PBy

for k=0,1,2,..W.
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Alternatively

o) k k
1 . . .
E(Tp,) = o O i P(Ss,_, =i)—> P(Sp, =1))) (3.20)
Jj=1 =0 i=0
where
P(Sp, =i) = Ppli+1,1] (3.21)
and ) )
PBy 0 0 0 0 ... 0
PB PBy 0 0 0 Ce 0
PB, P PB, 0 0 e 0
Pe= | pp, pB, P DB 0 ... 0 (3.22)
PBy, PBs  PB, PB, P, --- 0
PBwyi PBw PBw_1 PBw_o PBw_s --- DBy

We use various parameters to study how the expected time changes when passen-

ger and bus arrival rates change. Here are some parameter choices.

e The distribution of the number of passengers each bus can serve is: p, =

0.1,]?1 = 0.4,]92 = 0.37]93 = P4 = P5 = P = 0.05.

e The time ¢ that a bus will spend from station A to B, or B to A is 3.

e Based on p; the expected number of passengers a bus can serve is 1.9. Hence
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the passenger service rate is 1.9u. To keep the system stable, we need A < 1.94.
When we construct the graph, the range for p is (0.5,1.5), the range of A is

(0.2,0.9).

In order to find the expected time to get on a bus for strategy B, we need to
use the conclusion in Section 3.1. Obviously, E(Tg) does not depend on N, and the

relationship between A\, and E(Tg) can be found in following graphs:

Expected time using trategy B

0.6 0.8 1.0 1.2 1.4

Bus arrvial rate

Figure 3.4: Expected time of Strategy B using p
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14 7

Expected time using strategy B

12 - -
06 0.8 10 12 14

Passenger arrvial rate

Figure 3.5: Expected time of Strategy B using A

As can be seen, when p decreases, E(Tg) falls steadily. When A increases, E(Tp)

increases smoothly. We show the trend more directly from the 3D graph

Comparsion of Expected Time Of Plan B With mu And lambda

25
20
15

10

Expected Tim

Figure 3.6: Expected time of Strategy B with A and u
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From graph (3.6) we find that F(Tp) increases dramatically in the neighbourhood
of point (0.5,0.9), at which point the utilization factor p is very close to 1. This gives
us the idea that the expected time of strategy B is strongly related to the utilization

factor p.

3.4 Comparison of two strategies

From our previous analysis, the expected time to get on a bus in both strategies
depends on many parameters. In practice, we want to set up a criterion to decide our
selection of the two strategies. We should consider all parameters.

However, in our model, some of the parameters maybe unknown and not be im-
mediately observable. i.e. the passenger and bus arrivals, the probabilities of the
number of passengers who can be served by a bus. We can only use N, where N is
the number of passengers at station A at the beginning, as our decision parameter.
If we know the other parameters approximately, we can easily use N as a criterion
to make our decision. So in this section, we want to fix all other parameters, and
compare the expected time of both strategies with different values of V.

Here are our parameter choices.

e The distribution of the number of passengers each bus can serve at the two
station is: pa, = 0.1,pa, = 0.4,p4a, = 0.3,pa, = pa, = Pa;, = pa, = 0.05;
pB, = 0.0,pp, = 04,pp, = 04,pp, = pp, = P, = pp;, = 0.05. Most of the

time, when we consider going to station B, we assume that the bus at station
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B will serve more people than the bus at station A.

e The time ¢ that a bus will spend from station A to B, or B to A is 3.
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We make a graph to compare the expected times of the two strategies with N:

35

——w—-  SwmEgyA -

30
|

——=—-  SwEeqE -

15
¥

Expected time to get on a bus
%

10

1 | | | | | |
0 5 10 15 20 25 30

Passengers at station A at the beginning

Figure 3.7: Comparison of time of Strategy A and Strategy B

Notice that E(Tg), the expected time for strategy B, does not depend on N.
Therefore, the graph of E(Tp) with N will always be a horizontal line. Also, as we
mentioned in section 3.2, since the buses arriving at station A are always nearly full,
the graph of the expected time F(T4), will behave like a straight line with V. In this
case, if there are more than 10 passengers before us at the beginning, then strategy

B is better than strategy A.
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Chapter 4

Discussion

We can make further improvements based on our results.

e In our model, we only discuss the M/M?Y /1 system, in which we assume the bus
interarrivals follows an exponential distribution. In practice, bus interarrivals
are more likely to follow a deterministic distribution, which means the bus will
come to the station every ¢ time units. We don’t need to change much in our
results in such an M/DY /1 system, since we solved for the expected time to get
on a bus for both strategies by using the expected number of buses we need,
times the expected time to wait for a bus. If we change the bus interarrival
times from an exponential distribution to a constant, we just need to change all

— to t, This won’t change the result much.
I

e The passenger arrivals is another interesting topic. According to “Study on
Distribution Law of Passenger Arrival of Passenger Service Facilities in Urban
Rail Transit Station”, by J. Sun, 2014 [4], there are many different predicted
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distributions for passenger interarrivals: exponential [5], uniform [7], normal
6], deterministic [8] and PH (phase-type) [9]. Each distribution has its own
advantages and disadvantages, based on different modes of transportation, such
as metro, railway or coach. These distributions might not all fit the passenger
interarrival times at a regular bus station, but still it is possible and interesting
to discuss a queueing system which has random service with a different passenger

interarrival times.

e In section 3.2, we noticed that under some conditions, the expected time to get
on a bus for strategy A will have an approximate linear relationship with the
passengers number N at station A at the beginning, but we pointed out several
special conditions and we did not study them deeply. It should be possible to

verify the predicted linear models more generally.

e We chose the distribution of the number of passengers that each bus can serve,
because we cannot find any realistic data to tell us what distribution should be

used.

e The bus queueing model can be extend to different settings, such as subway
or elevator. Some assumptions could change when the settings change. For
example, unlike buses, elevators are expected to have different interarrival times
at different floors. The interarrival times will be influenced by the algorithm

that the elevator uses.

e Another interesting topic was mentioned by Dr. Qi-Ming He at CanQueue 2017.
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If we desire that we get a seat on the bus/subway, instead of being concerned
with the waiting time, what should the model be? In this case, we have to
divide the passengers into two different types. Type A passengers just want to
get on as soon as possible, type B passengers will not get on until they can have
a seat. We will also assume there are two different maximum capacities, say
¢1, c2, where ¢; denotes the maximum capacity of the bus/subway, c¢o denotes
the number of seats in the bus/subway. This will be a much more complex

model, but we expect it can be solved.
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Appendix A

R Code

Note: The code showing below is calculating one expected number point for specific

N's, (s.

#Program I:Limiting probability of M/M"Y/1 system by
simulation:

library(lattice)

N=15; 1=0.5; m=.5 ;t£=2500000; s=1; e=7;# 1 stands for
passengers interarrivals rate; m stands for bus
interarrival rate; #c stands for maximum capacity of bus;
s stands for repeat times.

pl=c(0.1,0.4,0.3,0.05,0.05,0.05,0.05) # pl[i] stands for p(
a bus can serve 1 passengers).

p=pll[1l] # pl[i] stands for p(a bus can
serve less than 1 passengers)
pll]=pl[1]

for (i in 2:e)
+ {p=c(p,sum(pl[1:1]))}
ez=matrix (0:0,s);

for (kk in 1:s)
{
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x=c (N)
for (i in 1:t)
{d=length(x); e=runif(l); f=runif(l);

for (j in 1:c)

{

if (f<p[3])

{k=7-1;break} #k stands for number of passengers
served 1in each steps

}

a=1/ (1l4m) ;n=(e<a) * (x[d]+1)+ (e>a)*max (0, x[d] -k) ; x=¢ (%, n)

}

g=max (x[1l:t]) #g stands for maximum of queue length during
simulation

yy=table (factor (x, levels = 0:qg))

y<—as.matrix (yy, header=FALSE)

zl=matrix (0:0,g+1)

for(i in 1:(g+l))

{z1[il=y[i]/sum(y[1: (g+1)])}

zz=matrix (0:0,g9) #zz=i*xP(L=1)
for(i in 1:9)
{zz[1]=(1-1)*z1[i]}

ez[kk]=sum(zz[l:g]) #ez=sum(ixP(L=1))
}

z1l #z1 stands for the limiting probability at each states
ez #ez stands for expected queue length in system

#Program II:Limiting probability of M/M"Y/1 system by
truncation (theoretical way)

library (' expm’)

1=0.5; m=.5 ;t=2; c=7;r=30;# 1 stands for passengers arrival
rate; m stands for bus arrival rate;

#c stands for maximum capacity of bus +1;

#b stands for the queue length at the beginning;r stands for
the upper bounded of state

pl=c(0:0,100)

g=c(0:0,100)

co=c(0:0,100)
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pl=c(0.1,0.4,0.3,0.05,0.05,0.05,0.05) # pl[i] stands for P (L
=i-1),IF CHANGE P1, NEED TO CHANGE c

pll(ct+l) :100]=c(0:0)

rho=m/1

ct=ec(0:0,r) #ct stands for b as in Ax=b
for (i in 1:r)

{if (i'=r)

{ ct[i]=0}else

{cti]=1}
}

ep=sum( (0: (c-1))*pl[l:c]) #ep stands for expected numbers of
passengers being served each time

for(i in 1: (c+l))

{qli]=sum(pl[1:1])}

ql(e+2):100]=1 #g[i] stands for pl+p2+p3+...p(i-1)
for(i in 1: (ct+2))

{if (1==1)
{co[i]=1l}else

{ co[i]=-rhox(1-gq[i-1])}

co[ (e+3):100]1=0

Pi=matrix(c(0:0),r,r);

for (i in 1:(r))

{for (j in 1:(r))

{

if (i==r)

{Pi[i, j]=1}else

if (j<1)

{Pi[i, j]=0}else if (j-i<(c+2))
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{Pi[i, jl=co[]j—-1t+1] }else
{Pj—[i/ j]:O}

pi=solve (Pi, ct)
pi #pi stands for the limiting probability of the system

eqg=0

for (i in 1:1r)

{eg=eqgt+ (i-1)*pi[i]}

eq #eqg stands for expected queue length in system

#Program III: Comparison of two strategies based on the same
parameters

library (' expm’)

library ('’ lattice’)

1=0.5; m=.5 ;t=3; ¢=7;r=30;# 1 stands for passengers arrival
rate; m stands for bus arrival rate; t stands for the
time a bus takes from A to B

#c stands for maximum capacity of bus +1;b stands for the
queue length at the beginning;r stands for the rank of
the matrix

pb=c(0:0,100)

gb=c(0:0,100)

co=c(0:0,100)

pb=c(0,0.4,0.4,0.05,0.05,0.05,0.05) # pl[i] stands for P(L=1
-1),IF CHANGE P1, NEED TO CHANGE c

pb[(ct+tl) :100]=c(0:0)

rho=m/1

ct=c(0:0,r) #ct stands for b as in Ax=b

for (i in 1:r)
{if (i'=r)

{ ct[1i]=0}else
{ct[i]=1}

}
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ep=sum( (0: (c-1))*pb[l:c]) #ep stands for expected numbers of
passengers being served each time at B

for(i in 1: (e+l))
{gb[i]=sum(pb[1l:1])}

gb[(e+2):100]1=1 #gl[i] stands for pl+p2+p3+...p (1
-1)

for(i in 1: (ec+2))

{if (i==1)
{co[1]=1}else

{ co[i]l=-rhox (1-gb[i-11)}

}

co[ (e+3):100]=0

Pi=matrix(c(0:0),r,r);

for (i in 1:(r))

{for (j in 1:(r))

{

if (i==r)

{Pi[i, jl=1}else

if (j<1)

{Pi[i, j]=0}else if (j-i<(e+2))
{Pi[i,J]l=co[j—-1i+1] }else

{Pi[i, §1=0}

}
}

pi=solve (Pi, ct)
pi #pi stands for limiting probability
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ep=sum( (0: (c-1))*pall:c]) #ep stands for expected numbers of
passengers being served each time at A

etm=matrix (0:0, r)
etb=0
et=0

for(k in 0: (r-1))
{b=k; x=c(b+1)
;et=0;

PS=matrix(c(0:0),b+2,b+2);

# P stands for the transition matrix
for (i in 1: (b+2))

{for (j in 1: (b+2))

{1f(3>1)

(PS[i, jl=0}else if (j<i&&i-j>ec-1)
{PS[i,jl=0}else
{PS[i,Jl=pb[i-J+1]}

for(i in 1: (e+l))
{gbli]=sum(pb[1l:1i])}
gb[ (e+2):100]=1

for (1 in 1:100)

{

aa=0
ab=0

ab=ab+ ((PS% % (i-1)) [(3J+1),1])*gb[b—j+1]
ac=ac+((PS%"%(i)) [ (j+1),11)
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aa=aa+ ((PS%"%(i-1)) [ (J+1),11)
}

et=et+i*x (aa—ab)

}
et=et*x1/m

etm[k]=et
etb=etbtet*pi[k+1]

etb #etbh stands for expected waiting time at station B
ETB=etb+2%t+1/m
ETB #ETB stands for time spend in Plan B

b=10; # 1 stands for passengers arrival rate; m stands for
bus arrival rate;

#c stands for maximum capacity of bus +1;b stands for the
queue length at the beginning

pa=c(0:0,100)

ga=c(0:0,100)

pa=c(0.1,0.4,0.3,0.05,0.05,0.05,0.05) # pl[i] stands for P (L
=i-1),IF CHANGE P1, NEED TO CHANGE c

pal(ctl) :100]=c(0:0)

n=x[1]
ep=sum( (0: (c-1))*pal[l:c]) #ep stands for expected numbers of
passengers being served each time

eta=matrix (0:0, 30)

for(k in 0:30)

{b=k;

P=matrix (c(0:0),b+2,b+2);
PS=matrix(c(0:0),b+2,b+2);

for (i in 1: (b+2))

{for (j in 1: (bt2))

{if (>1)

{P[i,]J]=0}else if (j<i&&i-j>ec-1)
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{P[i, j]1=0}else if (j==1&&i-j<c)
{P[i, jl=sum(pali:c]) }else
{P[i,jl=pali-J+1]}

}
}

# P stands for the transition matrix
for (i in 1: (b+2))
{for (j in 1: (bt2))

{if (3>1)
{PS[i, j]=0}else if (j<i&&i-j>c-1)
{PS[i, jl=0}else
{PS[i,Jl=pali-j+1]}

}

}

ea=0

for(i in 1: (c+l))
{gali]=sum(pa[l:1i])}
gal (e+t2) :100]=1

for (i in 1:100)

{

aa=0

PS%"%(i-1)) [ (J+1),1])*ga[b-J+1]
ac=ac+ ((PS%"%(i)) [(3+1),11)
PS% "% (i-1)) [ (3+1),1])

ea=eat+i* (aa—ab)
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ea=1/m*ea
etalk+l]=ea #ea stands for E(T_A)
}

ETA=ea

X=matrix (0:0,31)

for (i in 1:31)

{X[1]=1-1;}

Y=matrix (0:0, 31)

for (i in 1:31)

{Y[i]=etalil}

Z=matrix (0:0,31)

for (i in 1:31)

{Z[1]1=ETB}

plot (Y™X, xlab="Passengers_at_station_A_at _the_beginning",
ylab="Expected time_to_get _on_a bus",

type="0o", lty=2, pch=4, col=4)

lines (27X, type="0", 1ty=5, pch=0, col=06)

legend ("topleft", legend=expression ("Strategy A", "Strategy B"
) ,col=c(4,6),1lty=c(2,5),pch=c(4,0),cex=0.5)

#Program IV: 3D Graph of Expected time spend using Strategy
with both mu and lambda

library (' expm’)

library (' lattice’)

library (' plot3D’)

library ("emdbook™")

library (' shape’)

library (' rgl’)

library('plotly’)

lambda=0.5; mu=.5 ;t=3; e¢=7;r=31;# lambda stands for
passengers arrival rate; mu stands for bus arrival rate;
t stands for the time a bus takes from A to B

#c stands for maximum capacity of bus +1;b stands for the
queue length at the beginning;r stands for the rank of
the matrix

pb=c (0:0,100)

gb=c(0:0,100)

co=c(0:0,100)
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pb=c(0.1,0.4,0.3,0.05,0.05,0.05,0.05) # pl[i] stands for P (L
=i-1),IF CHANGE P1, NEED TO CHANGE c

pb[(ct+l) :100]1=c(0:0)

Ep=sum(c(0: (c¢-1))*pb[l:c])

Etbk=matrix (0:0,20,20)

etb=matrix (0:0,100)

for(k in 1:20)

{

mu=0.45+0.05%k;
for(l in 1:20)
{lambda=0.2+0.04*1

rho=mu/lambda

ct=e(0:0,r) #ct stands for b as in Ax=b
for (i in 1:r)

{if (i'=r)

{ ct[i]=0}else

{ct[i]=1}

}

for (i in 1: (e+l1))

{gb[i]=sum(pb[1l:1i])}

gb[(e+2):100]=1 #g[i] stands for pl+p2+p3+...p(1
-1)

for(i in 1: (ec+2))

{if (1i==1)
{co[i]=1}else

{ co[i]l=-rhox (1-gb[i-11)}

co[ (e+3) :100]1=0
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Pi=matrix(c(0:0),r,r);

for (i in 1:(r))

{for (j in 1:(r))

{

if(i==r)

{Pi[i, jl=1}else

if (j<1)

{Pi[i, j]=0}else if (j-i<(e+2))
{Pi[i, jl=co[]j-1t+1] }else

{Pi[i, §1=0}

}
}

pi=solve (Pi, ct)

etb=matrix ((1/mu): (1/mu), 31)

for (i in 0:30)

{1if (1==0)

{etb[i+1]=1/ (mu* (1-pb[1])) }else
{etb[i+1]=(1/mu+sum(pb[2: (i+1) ]*etb[i:1]))/ (1-pb[1])
}

}

Etbk[k,1l]=1/mu+2xt+sum(pi[1l:31]*etb[1:31])

}  #lambda

} #mu

i=1:20
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j=1:20

x<=0.454+1%0.05

y<—=0.2+3%0.04

z<—=Etbk[1, J] #z stands for E(T_B|mu, lambda)

f <— list(

family = "Courier New, monospace",
size = 14

)

g <— list((

family = "Courier, New, monospace",
size = 18

require (latex2exp)

p<-plot_ly(x = x, vy =vy, z = z, type = "surface")%>%

layout (

title = "Comparison_of Expected Time Of_Plan B With mu_And,
lambda",titlefont=qg,

scene = list (

xaxis = list (title = "Bus _Arrival Rate",titlefont=f),

yaxis = list (title = "Passengers Arrival Rate",titlefont=f),

zaxis = list (title = "Expected Time Spend",titlefont=f)

))

P

#Program V: Graph of Expected time spent using strategy A
with different groups of p_1

library (' expm’)

library ('’ lattice’)

library (' ggplot2’)

1=0.5; m=.5 ;t=3; ¢=7;r=30;# 1 stands for passengers arrival
rate; m stands for bus arrival rate; t stands for the
time a bus takes from A to B

#c stands for maximum capacity of bus +1;b stands for the
queue length at the beginning;r stands for the rank of
the matrix
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b=10; # 1 stands for passengers arrival rate; m stands for
bus arrvial rate;

#c stands for maximum capacity of bus +1;b stands for the
queue length at the begining

pa=c(0:0,100)
gal=c(0:0,100)
pal=e(0,0,0,0,0,0.8,0.2) # Group 1 p_1
pall[(e+tl):100]=c(0:0)

n=x/[1]
epl=sum( (0: (c-1))*palll:e]) #ep stands for expected numbers
of passengers being served each time

etal=matrix((1/m): (1/m),31)

for (i in 0:30)

{if (i==0)

{etal[i+1]1=1/(m* (1-pal[l])) }else
{etal[i+1]=(1/m+sum(pal[2: (i+1l)]*etal[i:1]))/ (1-palll])

pa=c(0:0,100)

ga2=c(0:0,100)
pa2=¢(0,0,0,0,0,0,1.0) # Group 2 p_1i
pa2[ (e+l) :100]=c(0:0)

n=x[1]
ep2=sum( (0: (c-1))*pa2[l:e]) #ep stands for expected numbers
of passengers being served each time

eta2=matrix((1/m):(1/m),31)
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for(i in 0:30)

{1f (1==0)

{eta2[i+1]1=1/ (m* (1-pa2[1l])) }else
{eta2[i+1]=(1/m+sum(pa2[2: (i+1l) ]*eta2([i:1]))/ (1-pa2[1])

}

}

#

pa=c(0:0,100)

ga3=e(0:0,100)
pa3=ec(0,0,0,0,1/3,1/3,1/3) # Group 3 p_1
pa3[(etl) :100]=c(0:0)

n=x[1]
ep3=sum( (0: (c—1))*pa3[l:c]) #ep stands for expected numbers
of passengers being served each time

eta3=matrix((1/m): (1/m),31)

for(i in 0:30)

{1f (1==0)

{eta3[i+1]1=1/ (m* (1-pa3[1])) }else
{eta3[i+1]=(1/m+sum(pa3[2: (i+1) ]*eta3[i:1]))/ (1-pa3[1])

}

}

X=matrix (0:0,31)
for (i in 1:31)
{X[1i]=1-1;}
Y=matrix (0:0,31)
for (i in 1:31)
{Y[i]=etal[i]}
Z=matrix (0:0,31)
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for (i in 1:31)
{Z[1i]=eta2[i]}
U=matrix (0:0,31)
for (i in 1:31)
{U[i]=eta3[1i]}

plot (Y™X, xlab="Passengers_in_station_A_at, the_beginning",
ylab="Expected time_to_get on_a bus_using_strategy A",
type="0o", lwd=1, 1ty=2, col=2, pch=2)

lines (27X, lwd=1, type="0", 1lty=1, col=3, pch=1)

lines (U"X, lwd=1, type="0", 1ty=3, col=4, pch=0)

legend ("bottomright", legend = c (expression ("Groupl"),

expression (paste ("Group2")),

expression (paste ("Group3"))),col=c(2,3,4),1lty=c(2,1,3),pch=c
(2,1,0),1lwd=1, cex=0.06)

#Program VI: Graph of Limiting probability with different
lambda values

library (' expm’)

library ('’ lattice’)

1=0.8; m=.5 ;t=3; c=7;r=30;# 1 stands for passengers arrival
rate; m stands for bus arrival rate; t stands for the
time a bus takes from A to B

#c stands for maximum capacity of bus +1;b stands for the
queue length at the beginning;r stands for the rank of
the matrix

pb=c(0:0,100)

gb=c(0:0,100)

co=c(0:0,100)

pb=¢(0.1,0.3,0.4,0.05,0.05,0.05,0.05) # pl[i] stands for P(L
=i-1),IF CHANGE P1, NEED TO CHANGE c

pb[(ct+tl) :100]1=c(0:0)

rho=m/1

ct=ec(0:0,r) #ct stands for b as in Ax=b

for (i in 1:r)
{if (i'=r)

{ ct[i]=0}else
{ct[i]=1}

}
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ep=sum( (0: (c-1))*pb[l:c]) #ep stands for expected numbers of
passengers being served each time at B

for(i in 1: (e+l))
{gb[i]=sum(pb[1l:1])}

gb[(e+2):100]1=1 #gl[i] stands for pl+p2+p3+...p (1
-1)

for(i in 1: (ec+2))

{if (i==1)
{co[1]=1}else

{ co[i]l=-rhox (1-gb[i-11)}

co[ (e+3):100]=0

Pi=matrix(c(0:0),r,r);

for (i in 1:(r))

{for (j in 1:(r))

{

if (i==r)

{Pi[i, jl=1}else

if (j<1)

{Pi[i, j]=0}else if (j-i<(e+2))
{Pi[i,J]l=co[j—-1i+1] }else

{Pi[i, §1=0}

}
}

pi=solve (Pi, ct)
pi #pi stands for limiting probability

#Second curve
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1=0.6

pb=c(0:0,100)
gb=c(0:0,100)
co=c(0:0,100)

pb=c(0.1,0.3,0.4,0.05,0.05,0.05,0.05) # pl[i] stands for P (L
=i-1),IF CHANGE P1, NEED TO CHANGE c

pb[(ct+tl) :100]=c(0:0)

rho=m/1

ct=c(0:0,r) #ct stands for b as in Ax=b

for (i in 1:r)

{if (i'=r)

{ ct[i]=0}else

{ct[i]=1}

}

ep=sum( (0: (c-1))*pb[l:c]) #ep stands for expected numbers of

passengers being served each time at B
for(i in 1: (ec+1))
{agb[i]=sum(pb[1:1])}

gb[(e+2):100]=1 #g[i] stands for pl+p2+p3+...p(1
-1)

for(i in 1: (ec+2))

{if (1==1)
{co[i]=1l}else

{ co[i]l=-rhox (1-gb[i-11)}

co[(e+3):100]1=0

Pj=matrix(c(0:0),r,r);

for (i in 1l:(r))
{for (§ in 1:(r))
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{

if (i==r)

{Pi[i, jl=1l}else

if (j<1)

{Pjl[i,jl=0}else if (j-i<(ec+2))
{Pj[i,Jjl=co[]j—1+1] }else
{PJl1,31=0}

pj=solve (Pj,ct)
P

##Third Curve

1=0.4

pb=c (0:0,100)

gqb=c (0:0,100)

co=c(0:0,100)

pb=c¢(0.1,0.3,0.4,0.05,0.05,0.05,0.05) # pl[i] stands for P (L
=i-1),IF CHANGE P1, NEED TO CHANGE c

pbl(ct+l) :100]=c(0:0)

rho=m/1

ct=c(0:0,r) #ct stands for b as 1in Ax=b
for (i in 1:r)

{if (i'=r)

{ ct[i]=0}else

{ct[i]=1}

}

ep=sum( (0: (c-1))*pb[l:c]) #ep stands for expected numbers of
passengers being served each time at B

for (i in 1: (e+1))
{gb[i]=sum(pb[1:1])}
gb[(e+2):100]=1 #g[i] stands for pl+p2+p3+...p(1

-1)
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for(i in 1:(et2))

{if (i==1)
{co[i]=1}else

{ co[i]l=-rhox (1-gb[i-11)}

co[ (e+3):100]=0

pk=matrix (0:0, 31)
Pk=matrix(0:0,r,r);

for (i in 1:(r))

{for (j in 1:(xr))

{

if (i==r)

{Pk[i, j]l=1}else

if (j<1)

{Pk[i, j]=0}else if (j-i<(ec+2))
{Pk[i, j]l=co[]j-1+1] }else

{Pk[i, J]1=0}

pk=solve (Pk, ct)
pk

X=matrix (0:0,21)
for (i in 1:21)
{X[1i]=1-1;}

plot (pk[1:21]7X,xlab="states",ylab="1limiting, probability",
type="0o", 1lty=2,col=2,pch=2, lwd=1.5)

lines(pj[1:21]7X,1lty=1,type="0",col=3,pch=1, 1lwd=1.5)

lines(pi[1:21]7X,1lty=4,type="0",col=4,pch=0,1lwd=1.5)
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title (expression (paste ("Limiting_probability, of M/M"Y/1
system_base ,on _different ", lambda)),cex.main=1.0)

legend ("topright", legend = c (expression (paste(lambda, " _=_",
0.4)),

expression (paste (lambda, "_=.", 0.6)),

expression (paste(lampbda, "_=_", 0.8))),c0ol=c(2,3,4),1lty=c

(2,1,4),pch=c(2,1,0),1wd=1.5,cex=0.8)
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