Problem Solving October 21, 2008

1 Difference of Squares

Result: a? —b? = (a — b)(a +b)

Example 1.1 96 x 104 =7
Solution; 96 x 104 = (100 — 4)(100 + 4) = 100% — 42 = 10000 — 16 = 9984.
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Example 1.2 FEzpress S =
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as a power series.

Solution:
Recall a+ar +ar? 4+ -+ = %for |r| < 1.
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Example 1.3 Show the product of 4 consecutive integers cannot be a perfect
square.

Solution:

S=nn+1n+2)(n+3)=nn+3)(n+1)(n+2)=(n?+3)(n*+3n+2)

= +3n+1-1)0n*+3n+1+1)=0*+3n+1)? - 1.

So S cannot be a perfect square.



Example 1.4 :

Observe that 3% + 4% = 52 s0 52 — 42 =32 50 (5 — 4)(5 +4) = 3% 50 1(9) = 32.
Observe that 5% + 122 = 132 so 132 — 122 = 52 s0 (13 — 12)(13 + 12) = 52 s0
1(25) = 52.

(3,4,5) and (5,12,13) are Pythagorean triples.

Find another set of triples using the technique suggested here.

SOLUTION:

Working backward from the next odd number 7, we have

72 = 1(49) = (25 — 24)(25 + 24) = 25% — 242
50 242 + 7% = 252,
Exercise 1.1 Solve for M and N (positive integers).
M? - N?=12
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Exercise 1.2 Solve for x if (1 — 32 52

Exercise 1.3 Factor z* + 22 + 1.

Exercise 1.4 Define the Fermat numbers as F, = 2" +1 forn =0,1,2,,....

Show that Fy, is relatively prime to F,, for m # n.

Reference: http://tiger.uofs.edu/staff/ LEONGT2/mathblog/article06.html



