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Stratification Approach for 3-D Euclidean
Reconstruction of Nonrigid Objects From
Uncalibrated Image Sequences
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Abstract—This paper addresses the problem of 3-D reconstruc-
tion of nonrigid objects from uncalibrated image sequences. Under
the assumption of affine camera and that the nonrigid object is
composed of a rigid part and a deformation part, we propose
a stratification approach to recover the structure of nonrigid
objects by first reconstructing the structure in affine space and
then upgrading it to the Euclidean space. The novelty and main
features of the method lies in several aspects. First, we propose
a deformation weight constraint to the problem and prove the
invariability between the recovered structure and shape bases
under this constraint. The constraint was not observed by previous
studies. Second, we propose a constrained power factorization
algorithm to recover the deformation structure in affine space.
The algorithm overcomes some limitations of a previous singular-
value-decomposition-based method. It can even work with missing
data in the tracking matrix. Third, we propose to separate the
rigid features from the deformation ones in 3-D affine space, which
makes the detection more accurate and robust. The stratification
matrix is estimated from the rigid features, which may relax the
influence of large tracking errors in the deformation part. Exten-
sive experiments on synthetic data and real sequences validate the
proposed method and show improvements over existing solutions.

Index Terms—Constrained power factorization (CPF), defor-
mation weight constraint, motion analysis, nonrigid factorization,
stratified 3-D reconstruction, structure from motion.

I. INTRODUCTION

HREE-DIMENSIONAL reconstruction from image se-

quences is an important and essential task of computer
vision. During the last two decades, many approaches have
been proposed for different applications [16]. Among them,
factorization-based methods are widely studied since these
approaches uniformly deal with data sets in all images and
achieve good robustness and accuracy [20]-[22], [25].
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The factorization method was first proposed by Tomasi and
Kanade [22] in the early 1990s. The main idea of this algorithm
is to simultaneously factorize the tracking matrix into motion
and structure matrices by singular value decomposition (SVD)
with a rank constraint. The algorithm assumes an orthographic
projection model. It was later extended to weak perspective
and paraperspective projection by Poelman and Kanade [20].
Christy and Horaud [5] extended it to the perspective camera
model by iteratively performing the factorization under affine
assumption. A similar method was also studied by Fujiki and
Kurata [11]. In the case of uncalibrated cameras, Quan [21]
proposed a self-calibration algorithm for affine cameras.
Triggs [25] proposed a rank-4 factorization scheme to achieve
the projective reconstruction, where the projective depths of the
features were computed via epipolar geometry. The method was
further studied by many researchers in [14], [17], and [18].

Most previous algorithms are based on finding a low-rank
approximation of the tracking matrix via SVD factorization.
Recently, Hartley and Schaffalitzky [15] proposed an alternate
algorithm, named power factorization (PF), to solve the prob-
lem. The method is derived from the power method in matrix
computation [12] and the sequential factorization method pro-
posed by Morita and Kanade [19]. Vidal and Hartley [26] also
proposed to combine the PF algorithm for motion segmentation.
One noteworthy advantage of the PF algorithm is that it can
handle the missing data problem in the tracking matrix.

All the above methods work only for rigid objects and
static scenes. Whereas in the real world, many scenarios are
nonrigid or dynamic. Examples include human faces that carry
different expressions, lip movements, a walking person, moving
vehicles, etc. Many extensions that stem from the factoriza-
tion algorithm were proposed to relax the rigidity constraint.
Costeira and Kanade [6] first discussed how to recover the
motion and shape of several independent moving objects via
factorization under orthographic projection. The problem was
further discussed by Han and Kanade [13]. Bascle and Blake
[1] proposed a method for factorizing facial expressions and
poses based on a set of preselected basis images.

In the pioneer work on nonrigid factorization by Bregler et al.
[4], it is demonstrated that the 3-D shape of many nonrigid ob-
jects can be expressed as a weighted linear combination of a set
of shape bases. Then, the shape bases, weighting coefficients,
and camera motions were simultaneously factorized under the
rank constraint of the tracking matrix. Following this idea, the
problem came to the attention of many researchers, such as
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Brand [2], [3], Del Bue et al. [7]-[9], Torresani et al. [23], [24],
and Xiao et al. [28]-[30], and has been widely studied.

Torresani et al. [24] introduced an iterative algorithm to
optimize the recovered shape and motion. Brand [2] generalized
the method via nonlinear optimization and proposed subspace
flow to search for correspondences. These methods use an
orthonormal (rotation) constraint for Euclidean reconstruction.
It may cause ambiguity in the combination of shape bases.
Xiao et al. [28] proposed the basis constraint to solve this
ambiguity and provided a closed-form solution to the problem.
However, it is difficult to automatically select the shape bases
for contaminated data [3], [8].

Most nonrigid factorization methods are based on weak
perspective assumption, which is an approximation to the real
imaging conditions. It was extended to perspective projection
with calibrated cameras by Wang et al. [27]. Xiao and Kanade
[30] proposed a two-step method for perspective reconstruction
of deformable objects from uncalibrated images. There are also
some other extensions and methods for nonrigid reconstruc-
tion. Torresani et al. [23] proposed an algorithm for learning
the time-varying shape using expectation maximization, where
they modeled the shape motion as a rigid component combined
with a nonrigid deformation. Del Bue et al. proposed to seg-
ment the rigid parts of the object directly from the tracking ma-
trix either from a rank-3 constraint [7] or an epipolar constraint
[8]. They, then, recover the nonrigid shape by a constrained
nonlinear optimization process. However, the segmentation
may be difficult in case different groups of features satisfy
the rank constraint [7] or when the interframe movements are
small [8]. Additionally, the final results of the nonlinear process
greatly rely on the initial estimations.

In this paper, we try to solve the problem from a new view-
point based on an uncalibrated affine camera model. We assume
that some part of the nonrigid object does not deform with time
and, thus, can be taken as rigid. Our main idea is to first recover
the affine structure of the object and separate the rigid features
from the deformation ones. Then, we estimate the transforma-
tion from affine to metric space by virtue of rigid features and
stratify the affine structure to the Euclidean space. For this pur-
pose, we propose a deformation weight constraint for nonrigid
factorization and prove that the recovered structure and shape
bases are transformation invariant under this constraint. We also
propose a constrained PF (CPF) algorithm to factorize the track-
ing matrix in affine space. The proposed method overcomes
some limitations and difficulties of previous methods.

The remaining parts of this paper are organized as follows.
Some backgrounds on nonrigid factorization are reviewed in
Section II. The deformation weight constraint is proposed and
proved in Section III. In Section IV, we present the CPF algo-
rithm. The strategies for deformation detection and Euclidean
stratification are given in Section V. Some test results are
presented in Section VI, followed by the conclusion of this
paper in Section VII.

II. BACKGROUND ON NONRIGID FACTORIZATION

Under the assumption of affine camera, the projection of a
3-D point X; = [X;,Y;, Z;]7 to an image point x; = [u;, v;]T

can be modeled as x; = AX,; + t, where A is a2 x 3 rank-2
matrix, and t is a translation vector. Under the affine projection,
it is easy to verify that the centroid of a set of space points
is projected to the centroid of their images. Therefore, if we
register the coordinates of all the image points in each image
to the centroid, the translation term can be eliminated, and the
projection is simplified to

Given a sequence of m video frames of a nonrigid object.
Let {xz(-j ) e R2}f:11;” be n tracked feature points across
the sequence. We want to recover the shape SU) = {ng ) li =
1,...,n} € R3*7 je., the corresponding 3-D coordinates of
the features that are associated with each frame. Following the
study of Bregler et al. [4], the nonrigid shape in the Euclidean
space is approximated by a linear combination of k shape
bases as

k
S0 =35"ws, )
=1

where S; € R3*™ [ =1, ..., k are the shape bases that embody

the principal modes of the deformation, and wl(J ) € R is the
deformation weight (a perfect rigid object would correspond
to the case of £ = 1 and wl(J)
assumption (1), we have

= 1). Under the weak perspective

k
W@ — AG) (Z wl(J)Sl>
1=1
= {wy)A(j), .. ,w,(cj)A(j)} Biixn 3
2x3k
where W) = [xgj), ... ,x;j)] € R2*™ is the tracking matrix

of the jth frame, and

S,
B=|--.
Sk
is the shape matrix that is composed of the k shape bases.
Suppose all the n features are tracked across the m frames.

Then, we can obtain the factorization equation of the tracking
matrix by stacking all equations in (3) frame by frame. Hence

Wamxn = MamxskBskxn 4)
where
Xgl) X’Ezl)
W=1: :
xgm) x\m)

is the tracking matrix of the sequence, and

wgl)A(l) w,(cl)A(l)
M = : :
wgm)A(7rz) w](cm)A(m)
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is called the motion matrix. It is easy to see from (4) that
the rank of W is, at most, 3k (usually 2m and n are both
larger than 3k). By performing SVD on the tracking matrix
and imposing the rank constraint, W may be factored as
Mgmxnggan. However, the decomposition is not unique
since it is only defined up to a nonsingular linear transformation
matrix G € R33F ag W = MB (MG)(G™'B). If the
transformation is known, then A U ) can be directly
recovered.

The computation of the transformation matrix G is an
extremely important and difficult step. Suppose the camera
is calibrated and we are working with normalized images.
Many researchers [2], [4], [24] utilize the rotation constraint
of the motion matrix. Let Q = GGT, which is a symmetric
positive definite matrix with (9%% + 3k)/2 unknowns. Then,
from MM7T = MGGTMT, we have the following linear
constraints on Q:

Sl, and w,

. . . - A\ 2
M21’—1QM§'71 = M2iQM%; = Zf:l (wl( )) (5)
Ma; 1QMJ, = My, QME | =0

where M, stands for the ith row of M. It appears that if
we have enough features and frames, the matrix Q can be
linearly solved by stacking all the equations in (5). Then, the
transformation G may be factorized via eigendecomposition
[2] or Choleskey decomposition [16]. However, as proved in
[28], only the rotation constraints may be insufficient when
the object deforms at varying speed; thus, a basis constraint is
combined to solve the ambiguity. The main idea is to select
k frames that include independent shapes and take them as a set
of shape bases.

Nevertheless, the nonrigid factorization algorithm does not
work as perfect as the rigid case due to the following reasons.
First, it is difficult to automatically select the set of bases with
noisy data. Second, the recovered motion matrix M = MG
usually does not conform to the replicated block structure, as
indicated in (4); therefore, a Procrustes analysis is needed [2],
[4], [24], which may introduce additional errors to the final
results. Third, the recovered matrix Q is not positive definite in
many cases due to image noise; thus, the correction matrix G
can be approximated by some methods [2], [21]. Moreover, the
camera intrinsic parameters are difficult to estimate for nonrigid
sequences.

III. DEFORMATION WEIGHT CONSTRAINT

Previous methods utilize the orthonormal and basis con-
straints for nonrigid factorization, they do not have any con-
straint on the deformation weight. In this section, we will
propose a new constraint to the deformation weight and prove
that the relationship between the recovered shape bases and
the structure remains invariant to the Euclidean and affine
transformations if the constraint is satisfied.

Deformation Weight Constraint: In nonrigid factorization,
the recovered deformation weights that correspond to each

frame should have equal and unit summation, i.e.,

j=1...,m. (6)

k .
>l -1
=1

Theorem 1: When the structure SU) of each frame and
the shape bases S; are transformed by an arbitrary Euclidean
transformation, the relationship in (2) remains invariant if and
only if the deformation weight constraint is satisfied.

Proof: The transformations in the Euclidean space can be
either a Euclidean transformation, i.e.,

R t
i

or a similarity transformation, i.e.,

sR t
=[]

where R is a 3 x 3 orthonormal rotation matrix, t is a 3-D
translation vector, 0 is a null 3-vector, and s is a similarity
scalar. Without loss of generality, let us take H as an example.

Suppose one set of the Euclidean shape bases and deforma-
tion weights are S; and wl(J ), respectively, the corresponding
structure of the jth frame SU) is given by (2). Under the
similarity transformation Hj, the shape bases and the structure
are transformed to S and S’ () as

S; =sRS;+ T )
SV —=sRSW 4+ T )
where T = [t,t,...,t] is a 3 x n matrix. After a simple com-

putation from (7) and (8), we have

k
S'U) = sR <Z w§])51> +T

=1
k
Z (9) SRS[
k k '
Z (J)S/ ( _ Zwl(J)> T. 9)
=1 1=1
It is clear that the transformed shape bases and shapes also
satisfy the relation in (2) as S'(7) Zl 1 w(J )S; if and only if
Zl:l ""l( D=1 u
This theorem tells us that if the recovered deformation weight
satisfies the constraint, the relationship between the structure
and the shape bases of the object is invariant under any trans-

formation in the Euclidean space.
Theorem 2: Let

- S oy S
=[] 0=
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be the homogeneous forms of S; and S, where 1 stands
for an n-vector with unit entities. Then, (2) can be written in
homogeneous form as SU) = Zle wl(j 'S, if and only if the
deformation weight constraint is satisfied.

Proof: The result is obvious. Since from

k k ko ()
g — N0 [St| _ | Zimw S
W8 = 3 [T}_[ 111 (10)
; 5221 1 Zz:ﬂdz(j)lT
we can immediately have

k .

N~ ©) oy
S w8, = [81 } _ g0
=1

if and only if the deformation weight constraint is satisfied. W
Theorem 3: When the structure and the shape bases are
transformed by an arbitrary affine transformation, the relation-
ship in (2) remains invariant if and only if the deformation
weight constraint is satisfied.
Proof: The transformation from Euclidean to affine space
can be modeled by an affine transformation, i.e.,

(1)

P ot
- | ]

where P is an invertible 3 x 3 matrix, and t is a 3-D translation
vector. We will use the result of Theorem 2 to prove the theo-
rem. Let S and S () be the transformed shape bases and shapes
of S; and SU). Their relation can be written in homogeneous
form as

S| =H,S,
§6) — 1,80,

12)
13)

Then, from Theorem 2, we have
~ k o\ o~ k . ~ k N\ o~
SO =H,Y w8 =Y wH,S =Y 8. 4
=1 =1 =1
It is clear that (14) can be written in inhomogeneous form as

k
S/(j) _ Z w[(j)s;

=1

15)

if and only if the deformation weight constraint is satisfied. W

A. Geometrical Explanation of the Constraint

During nonrigid factorization, we register the image mea-
surements to the centroid. Thus, the recovered shape bases,
as well as the structure of each frame are also registered to
their corresponding centroids. When the shape bases and the
structure are subjected to a Euclidean/affine transformation,
their centroids are deviated by a translation vector. With the
deformation constraint, it is guaranteed that the translation
terms that resulted from the combination of the shape bases are
consistent with those of the transformed structures, such that

they are invariant to the transformation. The following example
illustrates the effect of the deformation weight constraint.

Given a tracking matrix W, suppose there are three frames
and two shape bases. In the first case, we obtain the following
factorization:

0.2A0 0.8A1 S
W =MB= | 04A® 0.6A® [ “} (16)
0.6A®) 04A® 12

where the deformation weights satisfy the constraint in (6).
Since the decomposition is not unique, as explained in
Section II, they are defined up to a transformation matrix G.
Suppose

[0
G_[o 0.513}

where I3 is a 3 x 3 identity matrix. Then, we will have the
second case of the factorization as follows:

0.2A0  04AM g
W = (MG)(G'B) = | 04A® 0.3A® [ 21] (17)
0.6A®) 02A3) 22

where the new shape bases So; = S11, Soo = 2S15. The defor-
mation weight constraint is no longer satisfied in this case. It is
easy to verify that the corresponding structure of each frame is
the same in both cases. We have

S = 0.2S11 + 0.8S12 = 0.2S57 + 0.4S4,
S® = 0.4S1; + 0.6S15 = 0.4S9; + 0.3S5
SG) = 0.6S11 4+ 0.4S15 = 0.6S9; + 0.2S9.

(18)

However, if we impose the Euclidean transformation

R ¢
Sl

to the shape bases and structures, we have
S/ll :Rsll + ']:‘7 S/12 = R812 + T
Sl21 =RSy; + T S/QQ =RSo +T
SO =RSV +T, =123

19)
(20)

where T = [t,t, ..., t]. From (18)-(20), we can verify that

S = 0.287, +0.85), # 0.2S), +0.4S},
S'(?) = 0.48); + 0.6}, # 0.4Sh; + 0.3Sh,
S'®) = 0.68}; +0.4S], # 0.6Sh; + 0.2Sh,.

2n

By comparing (18) and (21), we conclude that the relation-
ship between the transformed structure and the transformed
shape bases remains invariant if the deformation weight con-
straint is satisfied.

Corollary 4: In affine space, the nonrigid structure can also
be written as a linear combination of a set of affine shape bases
just as that in the Euclidean case. It is obvious that the affine
solution can be upgraded to the Euclidean space and retain their
combination relationship invariant if the deformation weight
constraint is satisfied.
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Corollary 4 suggests the feasibility of solving the nonrigid
factorization by a stratification approach. In many cases, we
have no knowledge about the camera parameters of an uncal-
ibrated image sequence; thus, it is difficult to directly adopt the
orthonormal constraint to compute the transformation matrix
G and recover the Euclidean structure. However, as shown in
the subsequent sections, we may first decompose the tracking
matrix in affine space and then stratify the solution to the
Euclidean space.

IV. CPF-BASED AFFINE RECONSTRUCTION

The general PF method was proposed to find a low-rank
approximation of a tracking matrix of static and rigid scenes
[15]. In the case of nonrigid factorization, our objective is to
recover the motion matrix M € R?™*3* and the shape matrix
B € R3**"_ However, the motion matrix recovered by general
PF does not observe the replicated block structure of the motion
matrix in (4); thus, it is defined up to a correction matrix G,
which is difficult to compute, as explained in Section II. We
will now introduce a CPF algorithm to solve this problem.
Let us decompose the motion matrix of (4) into two parts as
follows:

M=0Q®&
Ww\VE wVE AD AD
= : : ® : :
W™E OB Am) Alm)
(22)

where 2 denotes the weighting matrix, ® denotes the affine
motion matrix, EE is a 2 x 3 matrix with unit entries, and
'®’ stands for the element-by-element multiplication. The al-
gorithm is summarized as follows.

Algorithm 5 (CPF): Given the tracking matrix W € R2™x",
initial values ® € R?"*3% and B, € R3**"_ Repeat the fol-
lowing three steps until the convergence of product (©2; ®
(I)t)Bt.

1) Given ®;_; and B;_ 1, find Q; to minimize |[W —
(Q @ ®;_1)B;_1]|%, subject to the condition that 2; satisfies
the deformation weight constraint.

2) Given ®;_; and €24, find B; to minimize |[W — (Q; ®
D, 1)By[|7.

3) Given ©; and By, find ®; to minimize |W — (Q; ®
®,)B;||%, subject to the constraint that ®; is a block replicated
matrix.

The main difference in Algorithm 5 with the general PF is
that we divide the computation of M into the computation of €2
and ®. This makes it possible to directly combine the weight
constraint and the replicated block structure of the motion
matrix into the factorization.

It is quite easy to combine the weight constraint into the
minimization scheme in step 1), since we can always set w,(j ) =

R e

=1 w;”’. To observe the block replicated structure of

® in step 3), denote W) € R?*™ as the jth two-row of W,
which is the tracking matrix of the jth frame. Then, we have

k
WO = ADSD 80 =30, (23)
=1

where wl(j ) can be obtained from €2, in step 1), and S; can be
obtained from By in step 2). Therefore, AY) may be computed
by the least squares as

A — W) (Sm)T (Sm (Su))T) -

Then, the block-replicated matrix ®; can be evaluated from
A as indicated in (22).

Determination of the Convergence: A theoretical proof of
the convergence of this algorithm is currently unavailable, even
for the general PF in [15]. Nevertheless, extensive simulation
tests show that the algorithm usually converges quickly when
the rank of W is close to 3k and when good initial values are
present. Specifically, suppose s; is the ith largest singular value
of W. Then, the convergence is proportional to (s3x41/53%)2".

There are several possible ways to determine the convergence
of the algorithm. The most feasible way is to check the varia-
tion of the reprojected tracking matrix. Suppose W; = (£2; ®
®,)B, is the reprojected tracking matrix at the tth iteration,
then the variation can be defined as

(24)

§=[|Wy - W, 13 (25)

Initialization: The solution of the algorithm is not unique
and is defined up to an affine transformation. In the worst case,
the recovered affine structure may be stretched or squeezed
greatly along a certain direction due to bad initialization, which
makes it difficult to detect the deformation features in the
subsequent section. Usually, reasonable initial values of By and
®( can simultaneously avoid the worst situation and improve
convergence speed.

In our applications, we first utilize the rank-3 factorization
method [15], [20], [21] to obtain a rigid approximation of the
object as W = MB, where M € R2™*3 is the rigid motion
matrix, B € R3*" is the rigid shape of the object. Under this
estimation, we compute the mean reprojection error of each
point across the sequence and denote it as e,.. Then, the initial
values may be constructed as

QO = [Mv e 7M]2m><3k
Si+el @ N,

By = (26)

Sl + e?: ® Nk 3kxn

where eI’ ® N; is a reprojection-error-weighted shape balance
matrix, and N; € R3*” is a small random matrix. This term
is used to ensure that initial shape bases are independent of
each other. Usually, the motions recovered by rigid factorization
are close to the real solutions; therefore, we directly use M
to construct ®, and update the rotation matrix at the last
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step in the algorithm, though the order of these steps can be
interchanged. Experiments demonstrate that this initialization
can usually give good results.

Working With Missing Data: It should be noted that each
minimization step in the algorithm is equivalent to solving a set
of equations by least squares, this can allow us to deal with the
tracking matrix with missing data (i.e., some features are not
tracked in some frames thus the corresponding entries in the
tracking matrix are unavailable). In this case, the cost function
in the algorithm can be modified as

2
min Y ‘Wij ~ (2@ ®)B), 27)
(i,5)€A

where W;; denotes the (i, j)th element of the tracking matrix,
and A stands for the set of available entries in the tracking
matrix. Thus, we can update €2, B, and ® using only available
features in W according to (27). This is a good attribute of
the CPF algorithm, since it is hard to have all the features
tracked across the whole sequence due to self-occlusion in real
applications, although it is difficult to deal with missing data for
SVD factorization.

V. DEFORMATION DETECTION AND STRATIFICATION
A. Deformation Detection Strategy

From the CPF algorithm, we can obtain the 3-D affine struc-
ture SU) that is associated with each frame. For most nonrigid
objects, some part of its structure is usually nondeformable and
can be taken as rigid or near-rigid, whereas the remaining part
is deformable. Our objective is to separate the rigid features
S ¢ R3*71 from the deformation ones S$) € R3*72 where
nl + n2 =n. Since the structure of the rigid parts do not
change with time, the rigid parts will be aligned well with
each other if we register all the 3-D structures to a reference
view by virtue of the rigid features, whereas the deformation
part deforms with time and can be easily detected from the
registration errors.

The registration in 3-D affine space is defined by an affine
transformation. Let us take the first frame as a reference. Then,
the transformation from the jth frame to the first frame, i.e.,

, G146
(41 — p
Ha |: OT 1 :|

can be computed from

S{V = HFVSY) (28)

where the shapes are written in homogeneous forms. It is
clear that the transformation Ht(lj Y can be linearly computed
from four pairs of point correspondences in a general position
between the two structures. However, since we do not know
whether the selected features are rigid or nonrigid, we adopt an
iterative RANdom SAmple Consensus (RANSAC) paradigm
[10] to compute the transformation. During each iteration, we
randomly draw four pairs of corresponding 3-D features across

the whole sequence and use these data sets to hypothesize the

transformation matrix H{ 1)( j=2,...,m). We then register
all structures to the reference frame. Suppose SU1 is the
transformed structure of S() to the reference frame. Then, the
registration error is defined as the Euclidean distance between
each pair of features. We have

el0) = ding ((Sm) _ S(l))T (s - S(l))) (29)

1 m )
E=——> el (30)
m—1 =

where e(?) € R™ stands for the error of each feature in frame
Jj, diag(X) stands for the main diagonal of matrix X, and E €
R™ stands for the mean registration error of each feature in all
frames. The transformation with the most supporting features
(i.e., small registration error) must be the correct one.

The RANSAC algorithm selects samples with uniform prob-
ability, which is computationally expensive, particularly for
large data. Suppose the fraction of the rigid features is . Then,
the trial number N can be determined from

_ log(1-P)
 log(1—9%)

where P is the probability that all the randomly selected four
sets of samples are rigid features. For example, if we set P =
0.99 and v = 0.4, then the trials should be N = 178. However,
as we have obtained the mean reprojection error e, in the
initialization step of Section IV, one may speed up the effi-
ciency of the algorithm by incorporating this prior information
into the drawing process. It is clear that the points with small
reprojection errors are more likely to belong to the rigid parts;
thus, they are given a higher drawing probability. Whereas the
features with large errors are given lower probability. Suppose
the fraction of rigid features was increased to ' = 0.7 by taking
out of the features with large reprojection errors. Then, the
trials will be reduced to N’ = 17 under the same probability
P =0.99. Thus, more than 90% of the computation cost may
be saved in this way.

€29

After the correct transformation matrix ng D is recovered,
we can register all structures to the reference frame and com-
pare their registration error. Since the structure of deformation
parts varies from frame to frame, the mean registration error
of these features is much larger than that of the rigid ones.
Thus, the deformation is easily distinguished, as shown in the
tests. Previous methods tried to detect the deformation from
2-D measurements [7], [8]. This is a difficult problem since
the constraint for segmentation in 2-D are prone to be violated
by noise. Whereas, in 3-D space, we have more geometrically
meaningful information, and the errors of the deformation parts
are accumulated frame by frame. Thus, more accurate and
robust results are expected.

B. Stratification to the Euclidean Space

We have now separated the rigid features ng ) from the
deformation ones ng ). For uncalibrated rigid objects, there
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are many good methods to recover the Euclidean shape and
motions [14], [20], [21]. Thus, we can obtain the Euclidean
structure S, of the rigid parts via one of these methods. From
Corollary 4, we know that the affine solution can be stratified to
the Euclidean space via the affine transformation Hfﬁ ), which
can be computed as follows:
S., = H{)SY). (32)
In (32), the stratification matrix is estimated only from the
rigid parts. Thus, the influence caused by larger tracking errors
of the nonrigid features may be relaxed, since feature tracking
is a difficult problem, particularly for deformable features due
to the absence of a disambiguating geometric constraint. After
H((f ) is recovered, the deformation parts, as well as the whole
structure, can be stratified to the Euclidean space from
SU) = HWSW) S = HWSWL) (33)
where ngn) and SS ) stand for the Euclidean shape of the
deformation parts and the whole structure, respectively. The
solution of (33) is suboptimal since the stratification matrix
is computed only from the rigid features. Thus, a global
optimization scheme is followed after stratification. Suppose
the motion matrix and structure after stratification are Agj )
and ng ), respectively, these parameters may be optimized by
minimizing the image reprojection residuals
7 (AP, 80)) = min |W - W3 (34)
where W denotes the reprojected tracking matrix. The min-
imization process is also termed as bundle adjustment in a
computer vision society that can be solved via the Newton or
the Levenberg—Marquardt iteration method, as given in [16].
Implementation Outline: The implementation details of the
proposed method are summarized as follows.

1) For the given tracking matrix, perform rigid factorization
and construct the initial values according to (26).

2) Compute the affine shape bases and structure according
to the CPF Algorithm 5.

3) Separate the rigid features from the deformation ones
from the 3-D affine structure via the RANSAC algorithm.

4) Compute the stratification matrix from (32), and stratify
the structure from affine to the Euclidean space.

5) Perform the optimization scheme to the global structure
and motion according to (34).

VI. EXPERIMENTAL EVALUATIONS
A. Tests With Synthetic Data

We generated a synthetic cube with three visible surfaces in
the space, whose dimensions was 10 x 10 x 10, with nine
evenly distributed points on each edge. There were three sets of
moving points (17 x 3 points) on the adjacent surfaces of the
cube that move on the surfaces at a constant speed, as shown
in Fig. 1. The object was composed of 90 rigid points and
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Fig. 1. Synthetic data and reconstruction results. (a) and (b) Synthetic cubes
that correspond to the first and last frames, where the rigid and moving points
are denoted by circles and dots, respectively. (c) Registered 3-D structures of
the 20 frames obtained by the proposed method. (d) Registered 3-D structures
by the method of SVD + RB.

51 deformation points. We generated 20 frames with different
camera parameters by perspective projection. The image size
is 500 x 500, whereas the distance of the camera to the object
was set at about 12 times the object size such that the imaging
condition was close to affine.

Reconstruction Results and Evaluations: During the test,
one-pixel Gaussian noise was added to the images. We re-
covered the 3-D Euclidean structures of the 20 frames by the
proposed stratification algorithm and automatically registered
all structures to the first frame via RANSAC. The result is
shown in Fig. 1(c). We also performed a comparison with
the SVD-based method with rotation and basis constraints
(SVD + RB) [28], as shown in Fig. 1(d). One may see from
the results that the deformation structure is correctly recovered
by both methods.

It should be noted that the recovered structures in Fig. 1(c)
and (d) are defined up to a 3-D similarity transformation with
the ground truth. For evaluation, we computed the similarity
matrix by virtue of the point correspondences between the
recovered structure and the ground truth; then, the structure was
registered with the ground truth. We calculated the distances
between all the corresponding point pairs. Fig. 2 shows the
mean and standard deviation of the distances that are associated
with each frame at two different noise levels. As a comparison,
we also give the results obtained by the SVD-based method
with the rotation constraint only (SVD + R) [4] and the method
with both the rotation and basis constraints (SVD + RB)
[28]. As shown in Fig. 2, it is clear that the proposed method
outperforms the two SVD-based methods.

Convergence Property of the CPF Algorithm: We tested the
convergence rate in three cases: First, we used all data without
added noise. Secondly, we randomly deleted 20% points from
the tracking matrix. Thirdly, we added two-pixel Gaussian
noise to the imaged features. At each iteration ¢, we recorded
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Fig. 2. Performance evaluation with the ground truth. We registered the
reconstructed structure to the ground truth and compared the mean and standard
deviation of the distances between the recovered structure and its ground
truth associated with each frame. (a) and (b) Mean and standard deviation of
the errors with one-pixel Gaussian noise. (¢) and (d) Results with two-pixel
Gaussian noise.
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Fig. 3. Convergence property of the CPF algorithm in three conditions.

(a) Variation of the reprojected tracking matrix at each iteration. (b) Relative
reprojection error at each iteration.

the variation (25) of the reprojected tracking matrix and the
relative reprojection error defined by

Eep = [|[W — (2 ® 2Bl /|WI[F x 100 (%).  (35)

The results are shown in Fig. 3. It can be seen from these
tests that the CPF algorithm quickly converges, even with some
missing data and measurement errors. However, the algorithm
may fail when the proportion of missing entries exceeds a cer-
tain level. One may also find that a small relative reprojection
error still exists after convergence, even for noise-free data. This
is because the images are formulated by perspective projection
rather than affine projection. The residual error will vanish if the
images are generated by affine projection. For the computation
time of one iteration, the CPF algorithm takes 0.062 s on an
Intel Pentium IV personal computer with a 3.6-GHz central
processing unit, programmed with Matlab 6.5. Whereas the
SVD-based method [28] only takes 0.017 s. It is clear that
the CPF algorithm takes much more computation time than the
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Fig. 4. (a) Registration error e(7) of the features in each frame. (b) Mean
registration error E of every feature across the sequence.

TABLE 1
MISCLASSIFICATION ERROR WITH RESPECT TO DIFFERENT
NOISE LEVELS AND DEFORMATION/RIGID FEATURE
RATIOS OUT OF 100 TRIALS

Noise level 0 0.5 1 1.5 2
51/90 0.00 0.00 0.05 0.37 0.59

Ratio 51/60 0.00 0.06 0.15 0.42 0.83
51/30 0.09 0.21 0.54 1.05 1.77

SVD-based method. However, the algorithm is still very fast for
most offline applications.

Deformation Detection: From the CPF algorithm, we can
recover the affine structure and shape bases. All the structures
are automatically registered to the first view via the RANSAC
algorithm, and the registration error (29) of the features in
each frame and the mean error (30) of every feature across the
sequence are shown in Fig. 4, where the first 90 features belong
to the rigid part. We can see that the deformation part is easy to
detect from the mean registration error in 3-D space.

The detection strategy may be affected by the ratio of
nonrigid features over rigid ones, noise level, threshold value,
deformation amplitude, etc. We studied the misclassification
error (the number of misclassified features) with respect to the
noise level and the ratio of nonrigid features. The results are
shown in Table I, where we vary the number of rigid features
from 90 to 30, whereas the number of nonrigid features is
fixed to 51; the noise level is varied from O to 2 pixels. The
values in Table I are evaluated from 100 independent tests. In
real applications, the threshold is experimentally determined
based on the distribution of the mean registration error (30). We
usually avoid the misclassification of deformation features into
rigid ones by reducing the threshold such that the stratification
matrices may be more accurately recovered.

B. Tests With Real Sequences

We tested the proposed methods on several real image se-
quences, and the results obtained from four such sequences are
reported in this paper. All sequences in the test were captured
by a Canon Powershot G3 camera, except the Franck sequence
that was downloaded over the Internet.

Test on Grid Sequence: The sequence is composed of
12 images with a resolution of 1024 x 768. The first and
the last frames are shown in Fig. 5. The background of the
sequence is made up of two orthogonal sheets with square
grids, which are used as the ground truth for evaluation. On
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Fig. 5.

Reconstruction results of the grid sequence. (a) and (b) First and last frames from the sequence overlaid with 206 tracked features and the relative

disparities shown in white lines. (c) and (d) Two frames overlaid with the automatically detected rigid features. (e)—(h) Reconstructed VRML models of the
two frames shown in different viewpoints with texture mapping. (i)—(1) Corresponding wireframes of the VRML models.

the two orthogonal surfaces, there are three moving objects that
linearly move in three directions. As shown in Fig. 5(a) and
(b), 206 tracked features are interactively established across the
sequence, where 140 features belong to the static background,
and 66 features belong to the three moving objects. All the static
features are automatically detected by the RANSAC scheme, as
shown in Fig. 5(c) and (d). We recovered the metric structure
of the scenario by the proposed method. Fig. 5(e)—(1) shows
the reconstructed virtual reality modeling language (VRML)
models and the corresponding triangulated wireframes of the
two frames at different viewpoints. We can see from the results
that the dynamic structure is correctly recovered. The static and
moving features are automatically separated by the proposed
method.

For more performance evaluation and comparison, we first
computed the relative reprojection errors (E,.,) by the pro-
posed method and the two SVD-based methods. Then, we
computed the angle between the two orthogonal sheets of the
background, the length ratio of the two diagonals of each
square and the angle formed by the two diagonals. The mean
errors of these three values are denoted by E,pgh, Eratio, and
E.nga, respectively. The comparative results obtained by the
proposed and the two SVD-based methods are listed in Table II,
which shows that the proposed method performs better than the
SVD-based methods, as expected.

Test on the Scarf Sequence: There were 15 images in the
sequence, and the scarf was pressed so that its structure deforms
to a certain extent during shooting. The image resolution was
1024 x 768. We established the initial correspondences by
the method in [31] and interactively deleted some outliers.
As shown in Fig. 6, 2986 features were tracked across the
sequence. Fig. 6 shows the reconstructed VRML models and

TABLE 1I
PERFORMANCE COMPARISON AND EVALUATION OF THE PROPOSED
METHOD WITH RESPECT TO THE SVD-BASED METHODS

Sequence Method Erep Eongb Eratio Eongd
Proposed 4293 0.025 0.108 0.012
Grid SVD+RB 5662  0.041 0.147 0.016
SVD+R 5817  0.049 0.153 0.024
Proposed 3275  0.033 0.093 0.007
. SVD+RB 4946  0.060 0.126 0.011
Scarf SVD+R 5173 0.066 0.149 0.026
Rigid 8.268  0.141 0.286 0.055

the wireframes of the two frames from different viewpoints.
The recovered structures were visually plausible and realistic.

The background of the sequence is two orthogonal grid
sheets just as those in the grid sequence. We also perform
a comparative evaluation on the reprojection error, angle be-
tween the two sheets, the length ratio, and the angle of the
two diagonals of each grid. The results are also listed in
Table II, from which we can see that the reconstruction error
obtained by the proposed method is smaller than that of the two
SVD-based methods.

For the scarf sequence, the deformation is small across the
sequence. We assume that the scarf is rigid, and we utilize the
rigid SVD factorization algorithm [20] to recover its structure.
Then, we compute the errors of Eicp, Eangt, Eratio, and Eqngd.
As shown in Table II, these errors greatly increase if we assume
that the sequence is rigid.

Test on the Franck Sequence: The sequence was down-
loaded from the European Working Group on Face and Ges-
ture Recognition (www-prima.inrialpes.fr/FGnet/). We selected
60 frames with various facial expressions for the experiment.
The resolution was 720 x 576, and there were 68 tracked
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Fig. 6. Reconstruction results of the scarf sequence. (a) and (b) Two frames from the sequence. (c) and (d) The 2986 tracked features of the two frames
with relative disparities shown in white lines. (e)—(h) Reconstructed VRML models of the two frames shown in different viewpoints with texture mapping.
(1)—(1) Corresponding wireframes of the VRML models.

TN/
v

Fig. 7. Reconstruction results of the Franck sequence. (a)-(d) Four frames from the sequence overlaid with 68 tracking features. (e)—(h) Four frames
overlaid with the automatically detected rigid features. (i)—(1) Front and side views of the corresponding reconstructed VRML models with texture mapping.
(m)—(p) Corresponding triangulated wireframe models.
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Fig. 8.

Reconstruction results of the toy sequence with 12% missing data. (a) and (b) Two frames from the sequence. (c) and (d) There are 427 and 439 detected

features in the two frames, respectively, where 352 points are correctly tracked, as shown with relative disparities in white lines; the other points are not matched
between the two views, as shown in black dots with white circles. (e) and (g) Reconstructed VRML models of the two frames shown in different viewpoints with

texture mapping. (f) and (h) Corresponding wireframes of the VRML models.

features across the sequence. Fig. 7 shows the automatically
detected rigid features, the reconstructed VRML models, and
triangulated wireframes of four frames by the proposed method.
We can see from the results that different facial expressions are
correctly recovered. The results could be used for visualization
and recognition. However, the structure of some feature points
was not very accurate due to tracking errors. In comparison, the
relative reprojection errors by the proposed method and the two
SVD-based methods are 5.758, 6.425, and 6.653, respectively.

Test on Toy Sequence: There are 25 frames in the sequence,
and the image resolution is 1024 x 768. The scene is composed
of three rigid objects, where the clock tower is fixed and the
two clay babies move slowly during shooting. The matching
is also done by the method in [31]. The feature tracking is
very difficult for this sequence due to the smooth texture of
the clay babies. Fig. 8(a)—(d) shows the detected and matched
features of the two frames. In this test, instead of using the
features being tracked across the whole sequence, we use all
those being tracked across more than 20 frames. Thus, there are
about 12% missing data in the tracking matrix. We performed
the CPF algorithm on the tracking matrix and recovered the
affine structure of the scene; then, we automatically detected
the static features and upgraded the solution to the Euclidean
space. Fig. 4(a) and (b) shows the reconstructed 3-D structures
and wireframes of the two frames from different viewpoints.
One may notice from the results that some 3-D points are not
accurate due to the tracking errors. However, the structures of
the scene are largely reasonable. The relative reprojection error
by the proposed method is 7.164. We do not have the results of
the SVD-based algorithm for this sequence due to the missing
data problem in the tracking matrix.

VII. CONCLUSION

In this paper, we first proposed the deformation weight
constraint to ensure the invariant relationship between the re-
covered shape bases and structures. Then, we presented the
CPF algorithm to recover the deformation structure in affine

space. The algorithm overcomes some limitations of previous
SVD-based methods: it is easy to implement and can work with
missing data. Based on the 3-D affine structures, we proposed
a RANSAC-based strategy to detect and separate the rigid
features from the deformation ones and stratified the solution
from affine to the Euclidean space by virtue of the rigid features.
Experiments with synthetic data and real sequences validate
the proposed method and show the improvements over the
SVD-based methods. The registration and detection strategy
may fail when the rigid features only amount for a small
portion of the whole features. We are currently working on this
problem.
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