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Abstract

The paper examines minimal cost arborescence problems, which gen-
eralize the well-known minimal cost spanning tree (mcst) problems. We
propose a new family of cost sharing methods that are easy to compute,
as they closely relate to the network-building algorithm. These meth-
ods, called minimal incoming cost rules for arborescences (MICRAS), in-
clude as a particular case the extension of the folk solution introduced
by Dutta and Mishra (2012). A simpler computational procedure thus
obtains for this method. We also provide new axiomatizations of (a) the
set of stable and symmetric MICRAs and (b) the folk solution. Finally,
we closely examine two remarkable MICRAs. The first one relates to the
cycle-complete rule for mest problems introduced in Trudeau (2012). The
second one contrasts with the folk rule by fully rewarding agents who help
others connect to the source.

Keywords: arborescence problems; stable allocations, minimal in-
coming cost rules, leftover cost matrix.

JEL Classifications: C71, D63

1 Introduction

The well-studied minimal cost spanning tree (mcst) problem models any situa-
tion where (i) a number of agents need to be connected to a source (in order to
obtain a good or service) and (ii) the cost of building or using any given edge
is independent of its number of users. The problem was first studied from a
game-theoretic point of view by Bird (1976).
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A natural extension of the mcst problem obtains when one relaxes the as-
sumption that the direction of the flow does not affect the cost: indeed, in a
network, connecting an agent ¢ to another agent j typically does not cost the
same as connecting j to ¢. This asymmetry occurs for instance if the cost on an
edge is affected by the difference in altitude between the two nodes, or if a node
is located upstream/downstream to the other on a river. In a communication
network, it may also make sense to assume that the respective costs incurred to
receive and send a message are different.

This natural extension is called the minimal cost arborescence (mca) prob-
lem. Finding the optimal network configuration in an mca problem can be done
in polynomial time by the algorithm of Chu and Liu (1965) and Edmonds (1967).
Dutta and Mishra (2012), who introduced mca problems to the economic liter-
ature, showed that the core of an mca problem is always nonempty; and they
proposed a solution that is always in the core. Their method, which we call
the Dutta-Mishra solution, is an extension of the folk solution (Feltkamp et al.,
1994; Bergantifios and Vidal-Puga, 2007) for mcst problems. The Dutta-Mishra
solution requires the computation, through the mca-building algorithm, of an
irreducible cost matrix, such that we cannot reduce the cost of any edge without
reducing the cost of the grand coalition. We then take the Shapley value of the
characteristic function obtained from this irreducible matrix.

In this paper we extend their work by proposing a decomposition of any mca
problem into a series of simple, partially symmetric games. This is achieved
through an algorithm that combines nodes into supernodes in order to generate
the optimal network configuration. At each stage of the algorithm, we extract
the cost of the cheapest incoming edge for every supernode, and we divide this
cost equally among the members of the supernode. We then obtain a “leftover”
cost matrix, which takes into account the individual bargaining powers within
the supernodes. We show that a sufficient condition for our allocation to be in
the core of the mca problem is that the cost of the leftover matrix be shared
in a stable way; and these cost shares should then be added to those obtained
in the previous steps of the decomposition. We call any such rule a Minimal
incoming cost rule for arborescences, or MICRA.

By construction the grand coalition always has a cost of zero to connect to
the source under our leftover matrix; and hence a trivial core allocation obtains
by assigning a cost share of zero to all agents, in effect ignoring the leftover
matrix. We show that doing this allows one to recover the method proposed by
Dutta and Mishra (2012). The advantage of our procedure lies in the fact that
it is computationally much simpler, in particular because it does not require
any use of the Shapley value. This new method also coincides with the folk
solution when applied to an mcst problem, yielding a new interpretation of
this well-known rule (albeit one that uses a decomposition of the mcst problem
in a series of mca problems). Our approach is similar in spirit to that of the
obligation rule (Feltkamp et al., 1994; Tijs et al., 2006; Bergantinos and Kar,
2010).

We also propose two rules that use the leftover matrix to adjust the shares
of the agents, while still preserving core selection. A first approach is to apply



to that leftover matrix the concept behind the cycle-complete solution for mcst
problems (Trudeau, 2012). Suppose that the cost of directly connecting i to j
is very high, and that there exist two distinct paths where the most expensive
edge is cheaper than the direct connection cost. We modify the cost matrix
by replacing the cost of the direct connection of ¢ to j with that of the most
expensive edge in this pair of paths. In mcst problems, this modification ensures
the concavity of the associated cooperative cost game, which guarantees that
the Shapley value (applied to this concave game) will always be in the core. We
show that the result extends to mca problems and call the resulting rule the
pair-of-paths (pop) rule.

The second method, called the supplier rule, is inspired by similar proposals
for shortest path problems (Bahel and Trudeau, 2014) and veto games (Bahel,
2016). This new method fully compensates members who provide the best
connection in each supernode; and, within the class of stable and symmetric
MICRAS, it can therefore be viewed as opposite to the folk rule (which gives
the best connection for free).

We also offer a characterization of the class of symmetric and stable rules,
the MICRASs, which includes the three distinguished methods mentioned above
(folk, pop and supplier rules). The characterization uses two well-known axioms,
Core Selection and Symmetry, and two new ones (which are decribed next). The
axiom Decomposition allows to allocate the cost of the Dutta-Mishra irreducible
matrix and the cost of the leftover matrix independently. The axiom Minimal
Group Connection states that if a group of agents are symmetric and can connect
to each other at no cost, then they are jointly responsible for their incoming
edges. In particular, the cost of their cheapest incoming edge can be shared
first; and then one can focus on the remainder matrix representing the extra
cost on other edges. The folk solution is uniquely characterized by requiring
(in addition to the previous axioms) the non-negativity of the shares, or by
discarding the leftover matrix. Our results generalize the work of Dutta and
Mishra (2012) in a number of ways. First, their characterization of the folk
solution applies to the restricted domain of simple cost matrices (those for which
the algorithm stops at the first step), whereas ours applies to the full domain
of cost matrices. Second, since Dutta and Mishra (2012) characterize a specific
rule (the folk solution), their axioms are geared towards it. Our axioms are
more general and lead to a large family of rules that includes the folk solution
as a particular case.

The paper unfolds as follows. Section 2 introduces the model and the al-
gorithm allowing to build the efficient network configuration. Section 3 defines
and axiomatizes the family of symmetric and stable MICRAs; Sections 4 and
5 focus on some remarkable MICRAs. In section 4 we study and characterize
the Dutta-Mishra solution, an extension of the folk solution for mcst problems.
In section 5, we introduce two new rules: the pop rule and the supplier rule
(described above). Section 6 provides our concluding comments. All elaborate
proofs are available in the appendix (the simpler ones immediately follow their
respective theorems).



2 The model

Let N = {1,...,n} be the set of agents who need to be connected to the source,
which is denoted by 0, and define Ny = N U {0}. We will assume throughout
that |[N| = n > 2. Denote by (i, 7) the directed edge from i € Ny to j € N, and
by ¢i; > 0 its cost. Let E = {(4,j) € No x N| i # j} be the set of edges. We
call cost matriz any matrix of the form ¢ = (c.)cer, that is to say, ¢ € RE. Let
I' be the set of cost matrices. A matrix ¢ € I' is undirected if ¢;; = c;j; for all
1,7 € N. We use the symbol I'* to denote the set of undirected cost matrices
(note that T C T).

A cycle py; is a set of K > 3 edges of the form (ix,ix11), where k € [0, K — 1],
and such that ig = ixg = [ and 4q,...,ix_1 are distinct and different from I. A
path p;,,, between [ and m is a set of K > 2 edges (ix, ix+1), with k € [0, K — 1],
such that ig = I, ix = m and i1, ...,ix_1 are distinct and different from [ and
m. Let Pp,,,(Np) be the set of all such paths between [ and m. For any set of
edges F, [E] is the set of nodes that are adjacent to any edge in E.

An arborescence is a directed graph (without cycles) that contains a path
from 0 to 4, for any i € N. As a graph,! an arborescence A is completely
characterized by the set of edges it contains; and its associated cost is ¢(A) =
>~ c.. Arborescences that achieve the minimal possible cost (to connect all
ecA
agents in V) are called minimal cost arborescences (mca). One can find an mca
in polynomial time using the algorithm of Chu and Liu (1965) and Edmonds
(1967); and it need not be unique. We use the notation C(N,c) to refer to the
cost of any mca. Moreover, we write A* to denote an arbitrary mca, and A*(c)
to describe the set containing all mca given the matrix c.

A minimal cost arborescence problem is a triple (0, N,¢), with ¢ € T. Fur-
thermore, we call minimal cost spanning tree problem any triple (0, N, ¢) such
that ¢ € I'*. Unless otherwise specified, we will identify every mca problem with
the corresponding cost matrix ¢ (since 0 and N are fixed).

Definition 1 A cost sharing rule for mca problems is a mappingy : T — RN
such that, for any ¢ € T, we have Y y;(c) = C(N,c).
iEN

Note from the above definition that we allow for negative cost shares. Indeed,
it makes sense to reward agents who allow a cheaper access to the source for
others.

For any coalition S C N, let C(S, ¢) denote the minimal cost incurred (under
the cost matrix ¢) to connect the members of S without using any outside agent
i ¢ S. We refer to C(.,c) as the stand-alone cost function associated with c.

Definition 2 We call core of the mca problem associated with ¢ € T' the set

Core(c) = {a: eRY| in =C(N,c) and th < C(S,¢), VS € 2V \ {@}}

i€N €S

LAn example of arborescence is the graph {(0,4),7 € N}, where all agents are directly
connected to the source.



In words, the core is the set of cost allocations satisfying the property that no
coalition S C N pays a joint share that is higher than its stand-alone cost.

2.1 Building the minimal cost arborescence

In mest problems, one can build the network using a greedy algorithm where

edges are added one by one. Unfortunately, this greedy algorithm typically

does not work for general mca problems. For each i € N, let p(i) € arg m}\rfl Cji-
J€No

We say that a cost matrix ¢ € T' is simple if there exists an mca of the form
{p(i),1) };c - In words, a cost matrix is simple if the greedy algorithm mentioned
above (which consists in finding the cheapest incoming edge for each node) yields
a well-defined arborescence —which is then an mca.

The network-building algorithm for mca problems, originally proposed by
Chu and Liu (1965) and Edmonds (1967) and described in the economics liter-
ature by Dutta and Mishra (2012), consists in transforming the problem into a
simpler one to which the greedy algorithm applies. For each agent we determine
the minimum incoming cost, which we then subtract from the cost of every in-
coming edge. After this transformation, we look for (maximal) costless cycles,
i.e., groups of agents who can connect with one another at zero cost; and these
agents are then merged into what we call a supernode. We repeat this procedure
as long as the transformed cost matrix is not simple.

Given a cost matrix ¢, we say that the set of agents I = {1,..., K} form a
c—cycle if ¢j;41 =0 foralli =1,..., K — 1 and cg1 = 0. We are now ready to
describe the mca-building algorithm (we provide a full description because our
cost sharing rules are defined using its outcome).

Algorithm 1 (Chu and Liu (1965), Edmonds (1967))

Stage 0: For each j € N, let 5? = min;en, ¢;j. If ¢ is a simple matriz, let T =0
and terminate. Let N® = {N?,..,N2, ,} ={0,1,2,...,n}.

Stage 1. Define ¢' such that cf; = cij — 83. Construct a partition {N{, ..., Nj }
of No such that each N} is either a c*—cycle of elements of Ny or a singleton,
with the constraint that no set of singletons form a c'-cycle. By definition, 0 is
always one of the singletons; and we write Ni = {0}. For k,l € {1, e Kl} and
L#1, let

cii.

~1
Crl = ©j

min
ieN}, jeN}
For each k =2,..., K1, let 511\,% =minje(r, Kk éjl\r.lN,g'
J

If & is a simple matriz, let T = 1 and terminate.
Stage t. Define ¢! such that C?v;‘le‘l = 5’;\]_;1,1]\[;,1 - 5;\[_;1,1 for all k1 €
{1,...,Kt’1}. Construct a partition {N¥,...,N%.} of N'*=1 such that each N}
is either a c'—cycle of elements of Nt or a singleton, with the constraint that
no set of singletons form a ct-cycle. For k,l € {1,..., Kt} and 1 # 1, let
¢

~t .
ckl = min Ci"
iEN], jJEN} J



For each k = 2,..., K, let 55\,]2 = minje(r, Ktk é?V?N,i' If & is a simple
J

matriz, let T =1 and terminate. Flse, proceed to step t + 1.

Observe that the procedure ends in at most n steps, since at each step we
either form a c’—cycle or terminate. At the end, one has to “roll back” the
algorithm to obtain the mca associated with the matrix ¢ (as illustrated in the
following example).

Example 1 Figure 1 below describes an mca problem with 3 agents, with the
nodes identified in the circles. The number beside each directed edge represents
1ts cost.

Figure 1: An example of mca problem

At stage 0, we have §? = 6, §9 = 18 and 63 = 12. Since the matriz is not
simple, we proceed to stage 1.

Stage 1: Notice that we have ¢33 = ciy = 0, and thus {2,3} forms a c'-cycle.
It follows that N1 = {{0},{1},{2,3}}; and one obtains &' as depicted in Figure
2, and 01 = 0, 5%2,3} = 12. The resulting matriz is still not simple; and we
proceed to stage 2.

Stage 2: Observe that we have 03{23} = 0%23}1 =0, and thus {1,{2,3}} form
a c2-cycle. One can then write N? = {{0},{1,2,3}}; and ¢ is as depicted in
Figure 2, with 5?172’3} = 12. Notice that c? is a simple matriz; and the procedure
thus ends at T = 2.

We now proceed backwards to derive the mca. Under the matriz 2, there is
a cost of 12 to connect {1,2,3} to the source, which is obtained by computing
the smallest value between ¢l — 61 = 12 and 6(1){2,3} — 5%273} = 18. Therefore,
the edge (0,1) belongs to the mca.
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1

Figure 2: ¢! and &2

At the beginning of stage 2, we merged {1} and {2,3} into a supernode.
Given that (0,1) belongs to the mca, the edge (1,{2,3}) must belong to the mca
of ¢'. Recall that the cost of the edge (1,{2,3}) was obtained as the minimum
between c12 — 89 = 18 and c13 — 89 = 12. Therefore, the edge (1,3) belongs to
the mca.

Finally, at the beginning of stage 1, we merged {2} and {3} into a supernode.
Given that (0,1) and (1,3) already belong to the mca of c, it follows that the last
edge of the mca of ¢ is (3,2).

The lowest possible cost to connect all three agents is thus co1 +c13+c32 = 60.

3 Cost sharing: minimal incoming cost rules

Using the algorithm defined in the previous section, we now define a new class
of cost sharing rules for mca problems. Let N* be the partition of Ny that we
obtain at Stage ¢. In other words, for all i € N and t = 1, ..., T, the set N(i)
contains all agents that are in the same supernode as i at stage t. At any stage
t=1,..,T, let the cost matrix ¢* € T' be defined as follows: V(i,j) € E,

» 0 if i € N'(5);
Cij = { 6§Vt(j) otherwise. (1)
The study of mca problems by Dutta and Mishra (2012) focuses on the search
for irreducible cost matrices. First defined for mcst problems by Bird (1976),
an irreducible cost matrix is one for which it is impossible to reduce the cost of
any edge without reducing the minimal cost of connecting the grand coalition.
For mca problems, we may have multiple irreducibles matrices associated
with a given matrix. Dutta and Mishra (2012) constructed one irreducible
matrix by using a procedure closely related to the algorithm described earlier.



The Dutta-Mishra irreducible matrix, which we call ¢”M | is formally defined
(using our notation) as follows: for all (i, j) € E, c)M = Z;f:o Ci;- This matrix
contains valuable information, which Dutta and Mishra (2012) use to propose
a cost allocation. Our approach consists in decomposing the Dutta-Mishra
irreducible matrix into a series of cost matrices &, which allows us to take
advantage of the very specific structure of these matrices: all members of a
supernode are symmetric and can connect to each other at no cost. Thus, a
natural way of sharing the cost generated by these matrices ¢ is to split equally
among members of each supernode the (common) cost to connect to outside
members.

We construct a large family of rules that make use not only of the Dutta-
Mishra irreducible matrix, but also of the additional information contained in
the original cost matrix. To do so, let us define what we call the leftover cost
matriz as follows: ¢ = c — c¢PM.

Remark 1 Observe from the algorithm that the constructed mca for the initial
matriz ¢ is also an mca for the leftover matriz ¢. Moreover, it is interesting to
note that the cost of this mca under ¢ is zero.

Therefore a cost allocation for the cost matrix ¢ is of the type: a(¢) € RY | with
> ai(¢) = 0. Letting Ay be the set containing all such zero-sum allocations?
iEN -

and nt(i) = |N(i)|, we define the following family of cost sharing rules for mca
problems.

Definition 3 We call minimal incoming cost rule for arborescences (MICRA)
any mapping y : I' = RY such that, for any c € T and i € N, we have:

~ o
vil0) = > ey @, (2)

t=0

for some a(é) € Ag.

Next, we introduce two natural axioms which are unanimously admitted
when it comes to cooperative games and cost sharing.

Core Selection: A rule y satisfies Core Selection if y(c) € Core(c), for any
cost matrix ce€ T'.
This classic requirement says that no coalition of players should jointly pay
a share higher than their stand-alone cost. It is particularly relevant in the
context of mca (or mest) problems, for which it has been established that stable
cost allocations always exist. A rule that satisfies Core Selection will be called
stable.

Given a cost matrix ¢ € I', we say that two agents i,j € N are c-symmetric
if, for any (k,1) € No x N, we have c; = cx; and ¢;; = ¢j;. The next axiom can
then be defined as follows.

2Note that Ag # () since we obviously have On € Ag.



Symmetry: A rule y satisfies Symmetry if y;(c) = y;(c), for any ¢ € I' and

any 7,7 € N that are c-symmetric.
The Symmetry property is a basic fairness requirement which guarantees “equal
treatment of equals”. Our characterization results would still hold if one re-
placed Symmetry with the (stronger) requirement Anonymity, i.e., the cost
shares are independent of the agents’ labels.

We are now ready to state our first result. It says that finding a MICRA
that is a core selection amounts to finding stable cost allocations for minimal
cost arborescences associated with a total cost of zero, which is a much simpler
task given that choosing for instance a(é¢) = Oy is always stable in such a case.
Furthermore, a MICRA satisfies Symmetry iff it always assigns equal shares to
agents that are symmetric under the leftover matrix ¢. For a formal statement
of the result, let T be the set of cost matrices ¢ such that C(N,c) = 0 (the
minimal cost to connect all players is null). By definition we always have that
eer’.

Theorem 1

(i) A MICRA y satisfies Core Selection if and only if we have: y(c) € Core(c)
for any matriz ¢ € TO.

(1) A MICRA y satisfies Symmetry if and only if we have: y;(c) = y;(c) for
any ¢ € T° and any i,j that are c-symmetric.

The proof is provided in the appendix.

We call S-MICRA any minimal incoming cost rule that is both stable and
symmetric. Obviously, a MICRA y is an S-MICRA if and only if it meets the
conditions (i) and (ii) given in Theorem 1.

Let us now use our running example to illustrate the computation of the
cost shares under a MICRA.

Example 2 We revisit Example 1, with Figure 3 giving the decomposition of ¢
into &, &, & and ¢é.

As pointed out earlier, we have 89 = 6, §9 = 18 and 89 = 12, 61 =0, 5%213} =12,
as well as 6%1)2’3} =12.

Therefore, for any MICRA vy, one gets: 5 =6+ 0+ % +a1(¢) =10 + a1(é),
g2 =18+ 2 + L2 4 ay(¢) = 284 a2(é) and 3 = 2+ 2 + 2 +a3(¢) = 22+a3(¢),
where a1 (¢)+az(¢)+az(é) = 0. In addition, if y is an S-MICRA, we must have:?
a(é) < (0,6,24), a1(é) + az(é) < 0, as(é) + az(é) < 6. It is straightforward
to see that the allocation a(é¢) = (0,0,0) and many others satisfy all of these
requirements.

Given the decomposition of ¢ that we implicitly use to define our cost sharing
methods, one essentially has two choices to make. The first one consists in
allocating the connection cost corresponding to ¢t. This choice is a relatively

3Note that we do not have a pair of agents that are é-symmetric; and therefore the property
Symmetry implies no restriction on a(é) here.



Figure 3: ¢° (top left), & (top right), ¢ (bottom left) and ¢ (bottom right)

easy one, given that the core constraints impose that Nt y;(et) = 61’%2. Then,
since all agents in N}, are ¢’-symmetric, any rule satisfying Symmetry must split
the total connection cost equally between them. The second choice is about
sharing the cost of the leftover matrix ¢. This question, to which there is an
infinity of possible answers, is investigated in the next sections.

Before focusing on the leftover matrix, we provide an axiomatization of the
family of S-MICRA. Let us first define the Reductionism axiom, which is well
known in the mcst literature. Introduced formally by Bogomolnaia and Moulin
(2010), this axiom says that cost shares should depend only on the values in the
irreducible cost matrix. It is used directly or indirectly, through properties that
imply it, in most of the axiomatizations of the (mcst version of) the folk solution
(Trudeau, 2013). In the context of mca problems, although there are infinitely
many irreducible matrices for any given ¢ € I', the Dutta-Mishra irreducible
matrix is particularly appealing, as it is closely related to the mca-building
algorithm.

Reductionism: For all c € T, y(N,¢) = y(N,cPM)

While acknowledging that the irreducible matrix contains some very impor-

10



tant information, one may not be ready to discard the additional information
contained in ¢ (which happens under Reductionism). The next axiom therefore
proposes to share the costs in two steps: the designer of the rule must first share
the cost of the irreducible matrix; and then focus on the leftover matrix, which
contains all the information thrown away while building the irreducible matrix.

Decomposition: For all ¢ € T, y(N, ¢) = y(N,cPM) + y(N,c — PM) .

For the third axiom, suppose that a group of agents have (i) no cost to
connect to each other and (ii) symmetric costs to connect and be connected
to agents outside the group. This implies that there exists an mca where they
will all be connected to each other. Also, to connect them to others (and the
source), they will have to pay at least the cheapest of their edges coming in
from a node outside their group. Since there is a clear responsibility of the
group for this incoming edge,* the next axiom states that in such a situation
we can decompose the problem (of the agents in that group) by (i) subtracting
the cost of the cheapest incoming edge from that of every incoming edge and
(ii) sharing the cost of the remainder matrix separately.

Minimal Group Connection: Suppose that S C N and ¢ € T" are such
that any 7,5 € S are c-symmetric. Let ¢’ be such that for all i € S and all
J € No\S, ¢j; = minjen,\sci and ¢, = c. else. Then, y;(N,c) = y;(N,c') +
yi(N,e—¢) foralli e S.

Using these axioms, one can characterize the family of S-MICRAs as follows.

Theorem 2 A cost sharing rule y satisfies Decomposition, Minimal Group
Connection, Core Selection and Symmetry if and only if it is an S-MICRA.

The proof is available in the appendix.

4 The folk solution: recovering the Dutta-Mishra
extension

Given that we always have C(N,¢) = 0, a trivial way to obtain a symmetric
and stable MICRA is to always pick y(¢) = On. We call this particular MICRA
the (mca-extended) folk solution, and we use the notation §7. The name comes
from the fact that, for mcst problems in which all players can be connected at
no cost, the folk solution always assigns a share of zero to every agent. Formally,
for all c e T" and all i € N, let us define

il(e) =Y . 3)

4In the case of of mcst problems, it is not clear whether an edge (i,5) is needed to connect
i to j or j to i. In mca problems, we have a clear distinction; and therefore it is very natural
to link the cost shares to the cost of incoming edges, as it is those that are used to connect
the agents.



Theorem 3 The mca-extendend folk solution is an S-MICRA.

Proof. By definition, the mca-extended folk solution is a MICRA. By Theorem
1, it is a S-MICRA if for any matrix ¢ € T'° we have i) y(c) € Core(c) and ii)
yi(c) = yj(c) for all 4,5 that are c-symmetric. For all ¢ € I'’, we have yzf (e)=0
for all i € N. Since C(S,c) >0 for all S C N and C(N,c) =0, y¥(c) € Core(c)
and thus i) is satisfied. Trivially, condition ii) is satisfied. m

In the mcst literature, the folk solution is obtained by taking the Shapley
value of the coalitional game associated with the (unique) irreducible matrix
(Feltkamp et al., 1994; Bergantinos and Vidal-Puga, 2007).

While there typically exist (for mca problems) multiple irreducible matrices
associated with a given ¢ € T, Dutta and Mishra (2012) propose an extension
of the folk solution by using the irreducible matrix ¢ defined in the previous
section. Precisely, their method is defined as y?% (c) = Sh(cPM).

We show that, although the respective computational procedures differ, our
(mca-extended) folk solution coincides with yP*.

Theorem 4 For any c € I', we have §7 (c) = yPM (c).

Proof. Given the definitions of §/(c) and yP*(c), it suffices to show that
t

Sh;(ct) = iiv,t(‘z)) . We use the well-known definition of the Shapley value (as the

average of all incremental rules) to prove this equality.

In the coalitional game C (-, "), considering a permutation of agents where i
is the first among all agents in N*(i), one can compute his marginal contribution
as Oy (;)- If agent 7 is not the first among N'(i) under the considered permutation
then his marginal contribution is zero. Notice that the positions of agents in
N\N'(i) do not affect the marginal contribution of 7. Since the probability that

t

i 5t
agent ¢ will be chosen first in N*(q) is 577, we obtain Shi(¢') = 7} =

It thus turns out that our approach provides (as a particular case) a much
easier computational procedure for the Dutta-Mishra solution. Indeed, under
our procedure, one does not need to make use of the Shapley value and, in
addition, the shares can easily be assigned during the building of the optimal
network.

Dutta and Mishra (2012) have shown that their method corresponds to the
folk solution when the mca problem has an undirected matrix (i.e. the mca
problem is also an mcst problem). The following corollary is straightforward to
prove.

Corollary 1 If c € T, then 9/ (c) = y/(c).

Hence, our mca-version of the folk solution does coincide with the mecst-
version when applied to undirected mca problems. Our procedure thus provides
a new way of defining the folk solution for mcst problems (interestingly, one
that does not require to use the Shapley value). However, under our approach,
the mcst problem may be transformed into a series of (directed) mca problems
that are easy to solve.
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A similar approach exists in the mcst literature, if one views the folk solution
as an obligation rule (Feltkamp et al., 1994; Tijs et al., 2006; Bergantifios and
Kar, 2010): using Prim’s algorithm to build the optimal network, the cost of
each edge added to the network is paid by the agents belonging to the two
connected components linked by that edge, with all agents in a given connected
component paying equal shares.

We provide two axiomatizations of the (mca-extended) folk solution. We
need the two following axioms.

Group Independence: For all ¢ € T, if there exists S C N such that
cij > coj and ¢;; > co; for all i € S and j € N\ S, then y;(N,c) = y; (S, c%) for
alli e S.

The Group Independence axiom is implied by Core Selection. It states, for
a coalition whose members do not offer a cheaper access to the source to any
outsider (and vice-versa), that the cost shares of its members can be computed
on the problem restricted to the group. It is worth noting that this is a weaker
property than Separability, used by Dutta and Mishra (2012) for mca prob-
lems and Bergantinos and Vidal-Puga (2007), among others, for mest problems.
While Group Independence requires that no subcoalitions of the group have any
gains to cooperate with non-members of the group, Separability only requires
for the group itself to have no such gains. See Trudeau (2013) for a discussion
of the links between Group Independence and other axioms in the context of
mcst problems.

Non-negativity: For all c€ T, and all i € N y;(N,¢) > 0.

Although fairness requires that agents with advantageous locations be re-
warded, it may be difficult in some contexts to enforce to idea that some de-
manders should receive money.

Since the folk solution is an S-MICRA, we build on Theorem 2. For this
characterization of the folk solution, it turns out that we need only Group
Independence instead of the stronger Core Selection.

Theorem 5 A solution y satisfies Decomposition, Minimal Group Connection,
Group Independence, Symmetry and Non-Negativity if and only if y = §7.

Proof. Suppose that y satisfy the five axioms. By Decomposition y(c) =
y(cPM) + y(c — cPM). By construction, for all ¢ € I, C(N,c — ¢PM) = 0.
Thus, by non-negativity, we must have that y(c — ¢?™) = 0x. To find y(cPM)
we proceed as in the proof of Theorem 2. Notice that whenever we used Core
Selection, Group Independence is sufficient. We thus recover ¢/, as given by
equation (3). m

An alternative axiomatization of the folk solution is obtained by replacing
Decomposition with the stronger Reductionism (which allows us to drop the
Non-Negativity requirement).

Theorem 6 A cost sharing rule y satisfies Reductionism, Minimal Group Con-
nection, Group Independence and Symmetry if and only if y = 7.
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Proof. By Reductionism, we have y(c) = y(cPM); and y(cPM) can be com-
puted exactly as in the proof of Theorem 2. m

Note that our axiomatization of the folk solution applies to the full domain
I' of cost matrices. Dutta and Mishra (2012) offer axiomatizations of the folk
solution on the restricted domain of simple cost matrices (those for which the
algorithm stops at step 7' = 0). The folk solution thus makes each agent pay
the cost of his cheapest incoming edge. They offer two characterizations on this
restricted domain.

The first one uses Non-Negativity together with the property Invariance,
which states that if the costs of all of an agent’s incoming edges increase by
a, then the share of that agent should increase by a. We can see a similar-
ity with Minimal Group Connection (which is also built around the notion of
responsibility for incoming edges).

Their second axiomatization uses two new properties. Independence of Other
Costs states that the share of an agent should only depend on the cost of her
incoming edges. Strong Symmetry states that two agents should have the same
allocation as soon as they have symmetric costs on incoming edges (regardless
of the costs on outgoing edges). Both properties are reminiscent of Reduction-
ism (some costs do not matter) and Minimal Group Connection (reliance on
incoming edges). As suggested by the names, our notion of Symmetry is weaker
than Strong Symmetry.

5 Using the information of the leftover matrix

The approach used to compute the (mca-extended) folk solution is not the only
one available. At each stage ¢, under the matrix &, it costs nothing to link any
two members of NN, }. In addition, every agent in N,ﬁ is implicitly given access
to the cheapest edges between any member of ]\_/',ﬁ and an outside member.
However, the individual bargaining powers within N} depend on the matrix c
and, more precisely, on the leftover matrix ¢. Allocating non-zero shares for the
leftover matrix ¢ can thus allow to take care of these differences in bargaining
power. Under this approach, it makes sense to reward agents who own these
cheapest connections (across supernodes) to the detriment of those who have
more expensive connections to other supernodes. Ignoring ¢ will sometimes give
cost shares that seem unreasonable, as illustrated by the following example.

Example 3 We consider a problem with two agents, with the cost matrix rep-
resented on the left in Figure 4.

We obtain 69 = 18, 63 = 0, 5(112) = 2 and the leftover matriz depicted on the
right in Figure 4.

Therefore, for any MICRA rule,

Q) = 1842 +a(@)
pae) = 042 +a(o)
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Figure 4: ¢ and ¢ in Example 3

In particular, we obtain ' = (19,1).

In the above example, agent 1, who has a stand-alone cost half of that of
agent 2, ends up paying 19 times her share. Under this rule, agent 1 is punished
for having a bad incoming edge from agent 2, while the latter is unharmed by
her bad connection to the source.

5.1 The pair-of-paths rule for mca problem

A natural remedy would be to take the Shapley value of the cost game generated
by ¢. Doing this in the example above drastically changes the shares: agent 1
now pays 0 and agent 2 pays 20. While the obtained cost allocation is stable
for this example, there is no guarantee in general that it will be in Core(é).
In the mcst literature, one alternative is to use the cycle-complete solution,
which obtains by computing the Shapley value after making some changes to
the matrix. These changes are less extreme than those required for the folk
solution. For each pair of nodes, we look at pairs of paths that go from one to
the other: we assign to the direct edge between these two nodes the cost of the
most expensive edge on that pair of paths.

In the mcst literature, this procedure is done directly on the original matrix.
This is unfeasible for mca problems, as it will often reduce the cost of connection
for the grand coalition. We chose instead to apply the cycle-complete procedure
on the leftover matrix. This proves enough to guarantee the concavity of the
resulting cost game.

The following definition applies to general mca problems. Consider any
distinct ¢ € Ny, j € N; and denote by P;; the set containing all pairs of paths
(pij»pi;) € P7 such that [ps;] N [pj;] = {4, 4, } . In addition, for any set of edges
E, denote by M(E) = Igleaé( c. the cost of its most expensive edge.

In mcst problems, since the edges are not directed, a pair of paths from 4
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to j is the same as a pair of paths from j to ¢, which is the same as a cycle
that includes both 7 and 7, hence the name cycle-complete given to the rule. In
meca problems, however, it is more appropriate to use the notion of pair of paths
(pop).

Then for a any ¢ € I', we define the cost matrix ¢P°P, as follows:

P = min_ M(pi; Upis), Vi € No,Vj € N.
(Pij P} )EPij

Definition 4 The pair-of-paths (pop) rule for mca problems is the MICRA de-
fined by

T N7 .
P =D gy Sh(CC @), ViE N VeeT.

Example 4 In our running example, ¢P°P is as follows: all edges have the same
cost as under ¢, except for the edge (0,3), which now has a cost of 6. To obtain
this, consider the paths pos = {(0,1), (1,3)} and pps = {(0,2), (2,3)}; and notice
that the cost of the most expensive edge for this pair of paths is 6.

The resulting stand-alone game is such that C({1}) = C(N) = 0 and
C(S) = 6 otherwise. We thus obtain yP°P(¢PP) = (—2,1,1), yielding §P°P(c) =
(8,29,23).

Moreover, in Example 3, the pop rule coincides with the Shapley value,
yielding much more compelling shares which reflect agent 2’s disadvantageous
position in the network: under both rules, agents 1 and 2 respectively pay 0 and
20. We now proceed to show that §P°P is a core selection (unlike the Shapley
value).

Theorem 7 The pair-of-paths (pop) rule is an S-MICRA.

See the appendix for the proof.

It is worth noting that although the pop rule is built on the same concept
as the cycle-complete solution for mcst problems, they do not always coincide
on the set of undirected matrices. This is because of the way the matrix is
decomposed into the sum of the Dutta-Mishra irreducible matrix and the leftover
matrix, which might not have a common ranking of edges according to their cost.
Therefore, the modifications made through the cycle-complete procedure may
differ depending on whether they are done on the original matrix or the leftover
matrix. We illustrate this possibility in the following example.

Example 5 Consider the three-player mca problem associated with the undi-
rected matriz ¢, which is illustrated by the leftmost network in Figure 5. One
can use the algorithm described earlier to compute the matrices c®M and ¢ given
i Figure 5.

For undirected matrices, the difference between the cycle-complete solution
(designed for mest problems) and the pop rule (designed for mca problems) is
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Figure 5: ¢ (left), cP™ (center), and ¢é (right)

that in the first case, we take the Shapley value of the game generated by cP°P,
while in the second case, it is the Shapley value of the game generated by cPP.
We thus examine how these two matrices are computed.

To obtain cP°P we only need to change edge (0,3), that sees its cost drop to
8, as we have disjoint paths (0,1),(1,3) and (0,2), (2,3), with the cost of their
most expensive edge being 8.

In order to derive éP°P we also only need to change edge (0,3), using the same
pair of paths. The most expensive edge on this pair of paths has a cost of 4, and
therefore we change the cost to 4. Thus, one obtains cfM +éhs? =9 # cbP = 8;
and hence the two matrices (cPM 4 éP°P and cP°P) differ.

5.2 The supplier rule for mca problems

In this part, we define a new rule for mca problems. As will be argued, this
method fully rewards the member of each supernode who provides access to
others. As such, it is diametrically opposed to the folk rule.

Remark 2 Notice that, at each stept =0,...,T of the algorithm of Subsection
2.1, every non-singleton N,i is a é-cycle, as well as a ct-cycle (by construction,).
Hence, N,ﬁ is also a supernode under ¢ (in the sense that all agents it contains
can be connected to each other at no cost, without using outsiders).

Recall that at the terminal stage T" we have a simple matrix: one for which the
mca is obtained by taking the minimal incoming cost of each supernode. As
stated in Remark 1, the total cost of this mca under the leftover ¢ € T'? is 0 (for
any matrix ¢ € I'). For all i € N, recall that: N*() is the supernode containing
i at stage t = 1,...,T; and n'(i) = |[N?(i)|. One can define o = énzvlfrz)éﬂ In

JEN(i
addition, let i* € N'(i) be s.t. af, = 0.5

SNote that i* € N*(i) s.t. af, = 0 always exists because & € I'° (any mca for ¢ is costless).
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At the end of the algorithm, one can partition N using the mca A* € A(c)
as follows.5 Define P = {k € N|(0,k) € A*} and, for all k € P, let N/ *' =
{k}U{j € N| Ipi; € Py;(No) s.t. pr; C A*} denote the set of (weak) successors
of k in the mca A*. It is easy to see that the collection {Ng+1}kep is a partition
of N. We extend the notation defined above to this partition: if 7 € N,?'H then
we will write i7*! = k and NT*+1(i) = N, for any i € N. Likewise, we
denote by a?“ the lowest cost to connect i to (the source or) some agent
outside NT+1(i). For convenience, we will also use a A b = min{a,b}. Remark
that N*(i) weakly increases with ¢.

Using this notation, one can construct a cost allocation a®(¢) in the following

way. Initialize ;742 =0, 3772 = min ¢o; and, proceeding backward for
PENTHI(3)\iT+1
ﬁ?+1/\ min 042
i€ Nt(i)\it

any t =T +1,...,1, define the following for any i € N:” Bl = R =T
if 771 ¢ Nt(i), with g7 = g+ if i'T! € N'(i) and 8! = 0 if N*(i) = {i}; and

Bt if it ¢ {i, ittt}
ag(¢) = —Bi(n'(i) = 1) ifi=qd"#i"h (4)
0 otherwise.

Taking the sum of these 7'+ 1 allocations, write:
af(é) =aj (&) +...+a] T1(e). (5)

We are now ready to introduce a new MICRA for mca problems, y*. For any
cel and any i € N,

~ I
(0= 3 el +ai(@) (6)

t=0

Remark that, for any ¢ € ') we have y*(c) = y*(¢) = a®(¢).

Example 6 In our running example, at stage T +1 = 3, we have N3(1) =
{1,2,3} and a®*(¢) = (—6,3,3) since agent 1 has the best connection to the
source and must be paid 1, the cost of the second-cheapest connection (equally
divided between the agents 2 and 3). At stage t = 2, we have a*(¢) = (0,0,0),
since N3(1) = N%(1) = N (same supernode for t = 2,3). Note that in this
ezample we have 3} = 6 and 53 = 32 = 3 for any agent i. At stage t =1, the
supernode {1} is trivial (ai(¢) = 0 since B¢ = 0 for any singleton supernode).
For the supernode {2,3}, taking i = 2 gives i' = 3: agent 3 has the lowest
incoming cost and thus receives from agent 2 the amount B3 = B3 A ad = 3;

SRecall that A* is obtained as the outcome of the algorithm. Although there may be
multiple mca in A(c), our allocation is the same regardless of the mca we pick.
"Remark from the definition of 8¢ that (n'(i) — 1)8! = IItl%n\ . at is the second lowest
iENt(i)\i

incoming cost of the supernode N (i), provided it is lower than ﬁ?l

at t =T + 1 since BiTJr2 =

—which is always satisfied
~min ¢o; > __ min o+t
i€ NT+HL()\iT+1 i€ NTHL()\iT+1
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and we have y'(¢) = (0,3, —3). Taking the sum for all three periods thus gives
y*(é) = (—6,6,0). Going back to the initial matriz c, one finally obtains y*(c) =
(10,28,22) + (—6,6,0) = (4,34, 22).

Note from its definition that y® is a MICRA. In order to study the other
properties of y°, we need to show the preliminary results below. Recall that
iT72 =0 and let 4! = (it # i'T1), that is, ¢ = 1 if i # i+ and ! = 0 else.

Lemma 1 ForanyceTl, i€ N andt=1,...,T + 1, we have:
(z‘)a()<6tliﬁ)1 fort=1,...,T+1 and n'(i) > 1;

(ui +Z > at@) <al, ifyl=1;

=1 jent (i)\{i,it}

>0
T+1
(i1i) yi (&) + > > at(é) <é

t=1 jeNt(i)\{i,iT+1}

Interestingly, we are able to prove that the rule y°® is stable and symmetric,
that is to say, it belongs to the family of S-MICRAs.

Theorem 8 The supplier rule y° is an S-MICRA.

The respective proofs of the theorem and preceding lemma are available in
the appendix.

As noted before, at each stage, the supplier rule assigns to the provider in
each supernode the maximal subsidy (that preserves stability), which is equal to
the second minimal incoming cost _ min al (if it is lower than gt+1). It

JENTHL()\iT+1
therefore fully rewards intermediaries among S-MICRAs, with priority given to
suppliers that are closer to the source in the mca. In this sense, the supplier rule
can be viewed as diametrically opposed to the folk rule, which gives a subsidy of
exactly zero to the best connection of each supernode (by discarding the leftover

matrix).

6 Concluding remarks

The paper has introduced and studied a large family of cost sharing rules for
mca problems, the MICRAs. These rules are obtained from the mca-building
algorithm by decomposing the cost matrix in a series of partially symmetric
matrices. The members of the family of MICRAs differ depending on their
treatment of the leftover matrices, which represent the information that is over-
looked during the constrution of the efficient network. A distinguished MICRA
is the extension of the folk solution of Dutta and Mishra (2012), which ignores
leftover matrices. In addition, we have introduced and examined two remark-
able MICRAs that make use of leftover matrices. The first one, the pair-of-paths
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(pop) rule, is inspired by the cycle-complete rule for mcst problems. The second
method, which we call supplier rule, fully rewards agents who allow others to
connect at a low cost.

Moreover, we have proposed an axiomatization of the family of stable and
symmetric MICRAs (S-MICRAs). The axioms used in our characterization are
independent. Indeed, fixing a permutation of the agents, considering the cost
function obtained from the pair-of-paths matrix and assigning to each agent his
incremental cost using that permutation satisfies all properties but Symmetry.
The equal division rule (sharing the total cost equally among all agents) satisfies
all properties but Core Selection. Applying the pop rule if ¢ is directed and the
cycle-complete solution (for mest problems) when ¢ is undirected yields a rule
that meets all properties except Minimal Group Connection. Finally, using the
pop rule if ¢ is in I'° and the folk rule otherwise yields a method that satisfies
all properties but Decomposition.

We have also proposed two characterizations for the (mca-extended) folk
solution. The independence of these axioms is easily verified as well. And to see
this, one can use cost sharing rules that are similar to those described above.

Some interesting questions for future research naturally arise from the present
work. First, it would be interesting to find some compelling axioms allowing to
characterize the pop and supplier rules. Note that an axiomatization of either
rule is more difficult to obtain than that of the folk solution, since one needs to
find natural properties allowing to treat all leftover matrices in a very specific
way (whereas axioms like Reductionism simply demand to ignore them).

Second, the supplier rule has no known counterpart in the particular case of
mcst problems. Therefore, finding and studying a variant that can be computed
by using only the mcst-building algorithm (and of which the present version is
an extension) would contribute to this literature.
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A Appendix - Proofs
A.1 Theorem 1

We first prove a preliminary result that will be helpful in showing Theorem 1.
Forallt =0,..,T and S C N, let R = {N} € N*|SN N[ #0}.

Lemma 2 For any S C N andt=0,...,T we have C(S,¢") = . dk.
ReRY

Proof. Let us consider S C N. For all i € S, since 0 ¢ N*(i) and there must
be a path from 0 to 7 in any arborescence A, we can claim that there exists
(I' k%) € Ast. k' € N'(i), I ¢ N'(i). Next, fix t € {0,...,T} and let r = |R%]|.
Then there exists i1,...,i, € S s.t. Ry = {N%(i1),...,N(i,)}. Hence, for any
arborescence A that connects S, we have {(1“7]{:“), ey (1P, k“)} C A.

And, recalling the definition of & from (1), one may thus write

~t ~t ~t t

C(A) = iy + oo+ i = E OR-
st v . ReRY
Nt(i) Nt(ir)

To conclude, we show that AL = |_|71 [{(0,im)} U {(im,3), 5 €S NN (i) \im }]

attains the lower bound 3 &% (and is hence an mca for S under ¢'). Indeed,®
ReRY

it is straightforward to see that A% is an arborescence that connects S. And it

comes from (1) that

c(Ay) = i i = Z S
m=1

~—~
. RERY,

Nt (im)
since ¢ ;=0 for all j € N*(iy)\ip,. ®

PROOF OF THEOREM 1
Let the cost sharing rule y be a MICRA and fix a cost matrix ¢ € I'. Recall
from Remark 1 and Definition 3 that all MICRAs satisfy the budget balance
condition, that is, Y y;(c) = C(N,c) = C(N,cPM).

iEN

i) We first show that the condition [y(¢') € Core(c’) for any matrix ¢’ € I'?]
is sufficient for the MICRA y to satisfy Core Selection.
Fix S C N and let Ag be an mca for S in ¢. We want to show coalitional

St s .
rationality for S under y, that is, ¢c(As) > > yi(c) = > ;:i((;)) + > vi(é). By
i€s i€s ics

8Note that the arborescence Ag is formed by (i) connecting i1, . .., i, directly to the source
and then (ii) attaching to each one of them all other members of their supernode (at stage t)
that belong to S.
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T R

definition of ¢, we have ¢ = ¢cPM + ¢ = " ¢ + ¢. Letting AL and Ag be mcas
t=0

connecting S under the respective cost matrices & and é, one may then write

>e'(Af)  >e(As)

T ; T
C(S,¢) = c(As) =Y @(As )+ (As) =D _C(S,¢)+C(S,¢).  (7)

t=0 t=0

. T
Thus, we need to show that Z ﬁ{)) + Z yi(é) < Z C(S,é") +C(S,¢). And
given that > y;(¢) < C(S, c) by the assumptlon tha ( ) € Core(¢) (since ¢ €
€S

%), it suffices to show that, for any t = 0,...,T, we have > ;;t(( )) <C(S,é).

€S
And this inequality is easily satisfied since

ok, .
Nt@) t SN R| < t _t
E nt(i)_ g 0n T g dr =C(5,2),
——

i€S RERY, RERY,

<1

with the last equality coming from Lemma 2.

On the other hand, the condition [y(c’) € Core(c’), V¢’ € T?] is obviously
necessary for y(-) to be stable, since the axiom Core Selection requires the
allocation y(c¢’) to be in Core(c’), for any cost matrix ¢ € I' (including those
associated with a total connection cost of 0).

ii) It is easy to see that if i, j are c-symmetric, then they are also ¢'-symmetric
for t =0,1,..,T and ésymmetric. Indeed, by the definition of a MICRA (see
Definition 3) and the fact that 4, j are ¢t-symmetric for t = 0,1, ..,7T, we have:

Given that ¢ = ¢ iff ¢ € T?, it follows that y satisfies Symmetry if and only if
yi(c) = y;j(c) whenever c € TV and 4,5 € N are c-symmetric. ®

A.2 Theorem 2

It is easy to verify that S-MICRAs satisfy the four properties. Conversely, we
show below that if y satisfies the properties then it has to be an S-MICRA.

Fix ¢ € ' and let y be a cost sharing rule satisfying the four properties. By
Decomposition, we have y(c) = y(cPM) +y(c—cPM). We first compute y(cPM).
To do so, one has to follow the mca-building algorithm; and the following nota-
tion is useful: ¢ = ¢PM — S Thes = 2T o8

Consider stage 1. For each 1 € N, define % as follows: for all j € No,

59 . - .
¢ = c’?M —6Y and cef = ¢PM otherwise. By Minimal Group Connection,

yi(N,cPMY = (N, %) + y;(cPM — ¢%). By Core Selection, y;(N,c%) =

23



yi({i}, (7)) = §9. Notice that by construction, ({i
and that by Core Selection, y;(N,&°) = y;({i}, (e°)
Yi(N, &) + yi(¢PM = &) = yi(N, &) + yi(c — &),

At stage t, by construction, ¢ is such that for all i,j € S € N, i,j are
¢'-symmetric. By multiple applications of Minimal Group Connection and Core
Selection as above, y;(N,c!™1) = yi(N, é) + yi(N, e 1) for all i € S and all
S € N*t. By Core Selection, yl(N ¢ = (S, (@71)%). By Symmetry and
Core Selection, y;(S, (¢871)%) = 25 for alli € S and S € N*.

Combining, we obtain that

{)} () () = ({a}, (@)1

)
}). Thus, y;(N,cPM) =

\S\

!

and y;(c) = y;(cPM) +y;(c— cPM) for all i € N. Therefore, y is a MICRA rule.

We conclude by finding the constraints on y(c — ¢?M). By definition, (c —
cPMYPM s the null matrix and, by Core Selection, this implies that we have
Y ((N, c— cDM)DM) = Oy (i.e., Decomposition imposes no further constraints).
Suppose that S satisfies the conditions of Minimal Group Connection. By con-
struction C(N, c—cPM) =0, min;e y,\ s ¢ii = 0 and Minimal Group Connection
imposes no further constraints. It is straightforward to see that, together, Core
Selection and Symmetry require that y(c—c”™) be symmetric and stable, which
allows us to conclude that y is an S-MICRA.

A.3 Theorem 7

By definition, the pair-of-paths rule is a MICRA. By Theorem 1, a MICRA
is a a S-MICRA if for any matrix ¢ € I'" we have i) y(c) € Core(c) and ii)
y;i(c) = y;(c) for all 4, j that are c-symmetric.

i) Our proof strategy consists in writing ¢ € T as a finite sum of cost
matrices whose associated coalitional games are all concave.

Fix ¢ € T'” and pick an ordering of all the edges in E (7, ...,71) such that
Cry < Cry < oo < ¢y Then let ¢™ € 0 be the cost matrix defined by ¢f! =1
if m <1 and 0 otherwise. One can check that we have:?

L
C(S,c) > Z(C”l — Cn,_,)C(S,c™) for all S C N.

9By convention, we have cr, = 0.
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It is easy to verify that for all ¢ € T'?, we have cP°P = Zle(c”l)p(’p. We show
that the cooperative game induced by (¢™)P°P is concave (for any I =1,...,L).

Suppose by contradiction that C(-,¢™) is not concave, then there exists
S CT C N and k € N\T such that C(SU{k}) — C(S) < C(TU{k}) — C(T).

(1) If C(SU{k}) — C(S) =1 then we must have C(T' U {k}) — C(T) < 1,
because all edges under ¢™ have a cost of either 0 or 1. This contradicts the
(non-concavity) assumption above.

(2) If C(SU{k}) — C(S) = 0 then there exists i € S such that ¢;; = 0.
It follows that C(T'U{k}) — C(T) < 0, as i € S C T, which contradicts the
(non-concavity) assumption above.

(3) Otherwise, we must have C(SU{k})—C(S) < 0. This implies that agent
k allows at least one pair of agents (or an agent and the source) to connect to
each other through a free path, something that they could not do without k.
Formally, this means that there exist i € Sy, 7 € S and pfju{k} such that: (a)
M(pfju{k}) =0 and [pisju{k}] C SU{i,j,k}; (b) there is no path pj; such that
M (pi) = 0 and [pjj] € S U {i, j}.

Since C(S U {k}) — C(S) < C(T U {k}) — C(T), there also must exist p};
such that M(pz;) =0 and [pg] C T U {i,j}. Next, consider the network Z =

pfju{k} U pg We will now show that there exist two nodes I, m € Ty for which

Z contains (pim, p),,) € Pim such that M (py, Up),,) =0 and ¢, = 1.

If {[pf;u{k}] N [pz;]} = {i,j}, then Z € P;;, with M(Z) =0 and ¢;; = 1 by
definition. Otherwise, since k € [pfju{k}] but k ¢ [pg}, we have that there exist

I,m € S (with [l =4 and m = j a possibility) such that we can write the path

SU{k SU{k .
pz—jU{ V= pit Upik Upin U pimj and pijU{ Y = Pt Upie U pim U piy, with t € T\S.

Thus, (pik Upkm, Pit UPtm) € Pim. By construction, M (pir Upgm Upis Upem) = 0.
It remains to show that ¢!, = 1. Suppose otherwise. Then p” = p;; U pim U P
is such that M(p”) = 0 and [p”] C S, a contradiction.

Since we have obtained a contradiction in all 3 possible cases, we can con-
clude that (¢™)P°P is concave (for any I = 1,...,L). Recalling that the sum
operator preserves the concavity of games, one can then see that the cooperative
game associated with c is also concave. It then follows that Sh(C (-, (c™)P?) €
Core((c™)PP) and, hence, §P°P(c) € Core(c).

ii) It is easy to verify that if 4, j are c-symmetric, then they are also ¢PoP-
symmetric. By the properties of the Shapley value, y;*”(c??P) =y (c???) and
thus y; " (c) = v (c).

K3

A4 Lemmal

Fix c € I" and i € N. Statement (i) trivially follows from (4) and the definition
of Bf. We prove the other statements below.

- . t
(ii) Let t € {1,...,T4+1} s.t. 7¢ = 1 and observe first that > a%(¢) >
t=1jeNt(i)\{i,if}
0. Indeed, noting from (4) that a}(¢) may be negative [and equal to —(n*(i) —
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1)B!] for at most one t < £, one may write:

=Bl >—(n'(i)-1)B!>-B! by (i)

t ——
> ai(e)= > ab(e)+ > ak(e) | >o.

t=1 jEN‘(i)\{i,if} jENf(i)\{i,if} t:l,i...,f—l -
st j € NP\ {4,144}

Next, define
O=Yad@+Y Y d@= Y d@+3 T @

t=1jeNt(i)\{i,if} JENT(i)\il t=1jeNt(i)\if

If i* ¢ N*(i) then we have from (4) that > ai(@)= ¥ aj(¢) =0, for
JEN (N JENT()
any t < t. Moreover, if we instead have i* € N*(i), it follows that ¢ = 0 and
hence 37 af(¢) = 0. Thus, in any case, one may simply write:
JENT(i)\i*

Sie =Y dio). (8)
JENT(i)\it
It is now easy to examine the following two cases (recall that %-Z =1).

Case 1: i =i'. ) ) i i
Then (8) gives Si(¢) = —(n'(i) — 1)+ > Bi=0=dal
N——

> JENt()\i
HO)
Case 2: i # it ~ i i ~
In this case, (8) becomes S!(¢) = a%(e) = (n*(i) — 1Bt < al.
JENTNIT N e
=i £ min aof
‘ je th'i)
i # it
(i4i) The last statement is a direct corollary of (i) when ¢ = T + 1. Note that
'yZTH =1 (since iTT2 = 0 #i7TH1) and ¢p; > ozT+1 = min ¢
JENTHL(D)

A.5 Theorem 8

It is not difficult to see from the construction of y*(é) = a*(¢) that we have
y;(¢) = y;(é) whenever two agents ¢ and j are é-symmetric. Using Theorem
1-(ii), we can hence claim that y*® satisfies Symmetry. Let us now show that y*
is stable as well. Using Theorem 1-(i), it suffices to show that y*(¢) € Core(¢),
for any c € T.

Fix ¢ € T and recall that ¢ € T°. It is straightforward to see from the

definition of y® that > yf(¢) = 0. Next, we sketch the proof of the following
iEN
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fact:10 VU € 2N\ {0, N}, 31}, C U (forany t =1,...,T+1)st. U C || N'(i)
el
and i/ ¢ NT+1(4) for any distinct i,7’ € I},

T+1

Suwe+> > > al(e) < C(U,é). 9)

ieU t=1 ie[{,jeﬁt(i)\(UUiT+1)

>0

Note that, by Lemma 1-(44), the condition (9) holds for any U = {i} C N (with
I, = {i}). Using induction, consider then V € 2V \ {§, N} s.t. |V| > 2; and
suppose that (9) is satisfied for any nonempty U C V.

Let AV be an mca for the problem (0,V, "), where ¢V is the restriction of
é to edges (i,j) € Vo x V. In other words, we have C(V,¢) = ¢(AY). Since V
is finite, we may pick [ € V that has no successor in AV, that is, there exists
nom € Vst. (I,m) € AV. Let k € V be I's predecessor in AV, that is to
say, (k,1) € AV. Then, considering U = V' \ [ and letting AV be an mca for the
problem (0, U, &Y), it is easy to see that ¢(AY) = é(AY) + ép.

Given that U C V, we know that (9) is satisfied for some sequence (I};) such
that I, CU,U C || NT*1(i) and i’ ¢ NT+L(4) for any distinct 7,7’ € I;;. Let

i€ly

us show in what follows that (9) also holds for V' and some sets (I},).

e First, suppose that £k = 0, i.e., j € P = {p € N|(0,p) € A*}. Then we
T+1
have:'! é = ég; = 0 and y7 (é) + i > a%(¢) < 0 by the induction
t=1 jeNt()\{1,1T+1}
hypothesis. It is then easy to check that summing up this inequality and (9) for
U =V \ gives the desired result for V, with If, = I}, | |l.
e Suppose now that 0 # k € U. We will assume, without loss of generality,'?
that k € I}, for any ¢. The following possibilities arise.
Case a: k¢ NT*1(l) or ¢y = 0.
T+1

Then we have o] *' = n%lfl éu < &5 and hence applying Lemma 1-(%ii),
kg NT+1(1)

T+1

THOESY > a(e) < én- (10)

t=1 GENT(D\{1,IT+1}
Taking the sum of (9) and (10), we get:

T+1 T+1
(ny(é) +yf(é)) Y>> e+ ; ST ab@ <eAY) + e

ey t=1 jert j e Nt@) jeNtQ) .
Yo gupTh j# 1T =C(.9)

100bserve that (9) is in fact stronger than coalitional rationality. We prove the impor-
tant steps and leave some of the details (which are nonetheless explicitly mentioned) to the
attention of the reader.

1 Recall that é. = 0 for any e € A*, since we have ¢ € T'C and therefore ¢(A*) = 0.

12This assumption simplifies the notation; and it is not restrictive because Lemma 1- (%)
(the starting point of our induction) holds for any ¢ € N.
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One can then check that (9) is satisfied for V = U| |l with I}, = (If; \ i*) |1 if
Jit € I, N N*(1) and I{, = I}; | |l otherwise.

Case b: k€ NT+1(]) and cgy; > 0.
Let us distinguish 2 final subcases (only the most complex one will be fully

discussed). ~ ~ ~
Subcase b.1: k ¢ N'(I). Given that k € NTT() and N(l) is weakly

increasing in ¢, 3t° € {2,...,T} st. k€ N'+(l) but k ¢ Nt(l) if t < ¢°.
Assuming (for now) that 3t = 1,...,t% s.t. ¢ = 1 and letting ¢ be the highest

such t, we have af = \zmit;zl) ¢y < ¢j;. Hence, observing that a?(é) = 0 for any
i¢ Nt
jeENt()andt =t+1,...,t° (if t° > #), one may use Lemma 1-(ii) to write

t0 i
oD d@=0+) Y d@<af<im (1)
t=1 jenNt t=1 je Nt
g #1Tr g#1TEt
In addition, since N*(k) = N*(I) iff ¢t > t° + 1, we have:
T+1 e T+l T4 o t° s
D, o 4@ = X 4@+ X o g+ X 4(o)
t=1  jenN'm t=t9+1 t=t+1 5 e N'() t=1  jenN'
iUkt je vt igvurTH
t° T+1
Plugging (11) and y;(¢) = > af(¢) + Y. al(é) in the above, we get:
t=1 t=t0+1

tO
Vi @+ % SO0

t=1 je ]\_It(l)

j# 1,0
T+1 T+1 0
t/a N tia t/a
@+ Y a@+y, > a@+

t=1 e Ntk t=t041 t=1 jenN'w)

jeulRTT! g AU

T+1 0
t/a t
X @@+ X @@
t=t0+1  je Nt() t=1 j e N'(k)
jg v+t jgviyreT+t

g1 Tr
T+1 t0
t/a t /A
> > (&) + ) > a;(é)
t=t0+1  j e Nt() t=1  je Nt
jg v+t jgviykT+!

It thus follows that
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=1 jenN'k =1 jenNtQ
ig Ukt g# LT
T+1 0
t/a t/a
DD DR COED DR DRI OR(E)
t=t041 je Nt t=1 j € Ntk
jg v+t jgviykeT+Ht

Finally, recalling that k € I{, (for all ¢) and substituting (12) in (9) applied to
U =V \ [, one can write (after reshuffling)

T+1
PNACEDDDS > a(8) < &(A”) + éu,
eV t=1 i€1€/ jeN"(i)\(VUﬂUd)

where If, = (If; | 1) \ k for t > %, I{, = (I}, \i") |1 if ¢t <0 and 3i* € I}; s.t
l € N'(i*), and If, = I}, | |1 otherwise.
Note that the (omitted) case where 7/ = 0 for any ¢ < t° is included below.

Subcase b.2: k € N1(I) or 4} =0 for any ¢ < t°. In this subcase, one
has to use the same method, with some simplifications. Namely, if & € N1(I),
then there is no need to use £; and also a’(¢) = 0 if v} =0 for any ¢t < t°. Either
way, one obtains a stronger result than under Subcase b.1:

T+1
dDu@+> > > af(e) < (AY) < é(AY) + & = 6(AY).
eV t=14el!, jeNt(i)\(V [ ]iT+1)

Our induction argument is now complete. To conclude the proof, it remains

T+1

to show that > > > a%(¢) > 0 for all U C N. This result is
t=1 eI}, jeNt(i)\(U | ]iT+1)

obtained by using the same procedure as in the proof of Lemma 1- (7).
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