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ABSTRACT: An airline lands in a number of airports in a region. An
airport serves a number of airlines. Each airport charges a given amount
of emission fees to those airlines using the airport. The total emission fees
from all airports in the region must be shared among all airlines. We propose
an axiomatic approach to this airline emission fees problem. We suggest a
sharing rule called the Decomposition rule that is based on a few simple ax-
ioms. The Decomposition rule coincides with the Shapley value of the game
associated with the problem and is shown in the core. Thus, no alliance of
airlines can reduce their emission fees by forming an independent coalition.
On the other hand, we also show that the Decomposition rule is split-proof.
In other words, no airline has an incentive to split into two or more airlines.

JEL classification: C71, D61, D62.

Keywords : Airline emission fees; Shapley value; core; split-proofness.
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1 Introduction

This paper considers the airline emission fees problem involving a group of
airlines and a group of airports. We assume that each airline uses a number
of airports and each airport serves a number of airlines. Each airport sets a
given amount of emission fee and the total emission fees from all the airports
must be shared among the airlines.

We propose a sharing rule for the problem. The rule is essentially based
on the following Decomposition Principle (Young, 1994): If a cost (fee) func-
tion decomposes into distinct cost elements, divide the cost of each element
equally among those who use it. The charge to each user is his share of each
cost element, summed over all elements. For our emission fee problem, the
Decomposition Principle implies that (1) Airlines which do not use an air-
port should not be charged for the fee associated with the airport, (2) All
airlines which use a given airport should be charged equally, (3) The results
of these allocations should be added together. We call the corresponding rule
the Decomposition rule.

The Decomposition rule is characterized by the axioms of Additivity,
Anonymity, Zero Shares for Zero Fees, and Efficiency. Additivity is a clas-
sical axiom (Shapley, 1953) in the cooperative game theory and has been a
foundational axiom in the cost sharing literature (Moulin, 2002). Anonymity
axiom says that airlines’ names are irrelevant. Zero Shares for Zero Fees says
that if an airport’s fee is zero, it should be free to all airlines. Efficiency
is simply the budget balance condition, i.e., the sum of all airlines’ shares
equals the total fees of all airports.

The Decomposition rule is intimately related to the Shapley value (Shap-
ley, 1953) of a special game that is associated with the problem. We further
show that the allocation given by the Decomposition rule is in the core of
the game.

We emphasize the core property. It implies that there would be no coali-
tion of airlines (usually called alliance) that can do better than that pre-
scribed by the Decomposition rule and still cover the stand-alone fees (i.e.,
the total fees of the airports that the airlines in the coalition use). This
property is important. Since it is legitimate for airlines to form alliances to
provide better services, it would be equally legitimate for them to cooper-
ate in sharing the emission fees. The Decomposition rule is immune to this
coalitional manoeuvre.
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Equally important is that we do not want an airline to break-up into two
or more airlines either for the sake of emission fees sharing. We show that
the Decomposition rule satisfies a weak version of the so-called split-proof
property (Sprumont, 2005). That is, no airline has the incentive to break up
into two or more airlines.

Finally, we point out that this paper is related to a number of papers in
the cost sharing literature. Recently, there has been a renewed interest in
the cost sharing problem on a fixed network. The problem can be traced
back to the well-known airport landing fee problem (Littlechild and Owen,
1973). Wang (2013) recently extends the airport problem to a multi-airport
model. On the other hand, Koster et al. (2001) have considered the core
allocations for cost sharing problems on a tree network. Dong et al. (2012)
have considered a polluted river network. Moulin and Laigret (2011) and
Moulin and Hougaard (2012) have considered cost sharing problems on more
general networks.

2 The Model

We use essentially the same model as in Wang (2011, 2013). For com-
pleteness, we repeat below. Let M = {1, ...,m} be a set of airlines and
N = {1, ..., n} a set of airports, where m,n are two positive integers. Sup-
pose that each airline uses a number of airports in the set N and each airport
serves a number of airlines in the set M . Let C = (c1, ..., cn) be the fees vec-
tor for the airports, where cj ≥ 0, j ∈ N is the fee that airport j needs to
allocate to the airlines.

For each airline i ∈ M , let AP (i) be the set of airports that airline i
uses. Denote AP such a mapping from M to 2N . For each airport j ∈ N , let
AP−1(j) be the set of airlines that use airport j. Denote AP−1 the inverse
of AP . Assume that for each airport j ∈ N , AP−1(j) 6= ∅. Denote AP the
set of all possible mappings from M to 2N . An airline emission fee problem
is a list (M,N,AP,C) where AP ∈ AP and C ∈ Rn

+. A solution is a vector
x = (x1, ..., xm) ∈ Rm

+ such that∑
i∈M

xi =
∑
j∈N

cj.

A rule is a mapping that assigns to each problem (M,N,AP,C) a solution
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x(M,N,AP,C). Through out the paper, we fix the sets M and N (except in
Section 5). Thus, we simply call (AP,C) a problem and x(AP,C) a solution.

In this paper, we propose and study the following rule which we call the
Decomposition rule:

xi(AP,C) =
∑

j∈AP (i)

cj
|AP−1(j)|

, i = 1, ...,m, (1)

where |AP−1(j)| is the number of elements in the set AP−1(j).
Similar to Wang (2011, 2013), a characterization of the Decomposition

rule (1) by the following axioms can be provided. The proof of the charac-
terization (Theorem 1) can be found in the above mentioned paper.

Additivity: Fix an AP . For any C1 = (c11, . . . , c
1
n) ∈ Rn

+ and C2 =
(c21, . . . , c

2
n) ∈ Rn

+, we have xi(AP,C
1 + C2) = xi(AP,C

1) + xi(AP,C
2) for

all i ∈M .

Additivity is a classical axiom in the cooperative game theory (Shapley,
1953) and in the cost sharing literature (Moulin, 2002). In the context of
airline emission fees problem, we can provide the following interpretation. If
airports’ fees are split into two parts, for example, the initial emission quotas
and the future emission fees, and the allocation of each part of these fees
is computed, then the sum of these two allocations would be equal to the
allocation obtained by applying the rule to the unsplit total fees.

A permutation π of M = {1, ...,m} is a one-to-one mapping from M to
M , i.e., π : M →M and for all i, j ∈M , π(i) 6= π(j) if and only i 6= j.

Anonymity: For any permutation π of M and any C ∈ Rn
+,

π(x(AP,C)) = x(π(AP,C))

where π(AP,C) = (π(AP ), C), π(AP )(i) = AP (π(i)), and π(x)j = xπ(j) for
x ∈ Rn

+.

In words, Anonymity requires that the fees allocated to the airlines do
not depend on the airlines’ names.
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Zero Shares for Zero Fees: For any i ∈M , if for all j ∈ AP (i), cj = 0,
then xi(AP,C) = 0.

In words, for any airline, if the fees of those airports it uses are all zeros,
then the airline should pay zero fees as well. This rules out the equal division
of the total fees.

Efficiency:
∑
i∈M xi(AP,C) =

∑
j∈N cj.

Efficiency is simply the budget balance condition, which holds by defini-
tion.

Theorem 1 The Decomposition rule defined in (1) is the only rule that sat-
isfies the axioms of Additivity, Anonymity, Zero Shares for Zero Fees, and
Efficiency.

Moreover, the Decomposition rule (1) coincides with the Shapley value
(Shapley, 1953) of the following game C(·) that is associated with the problem
(AP,C):

C(S) =
∑

j∈AP (S)

cj, S ⊆M, (2)

where AP (S) = ∪i∈SAP (i), i.e., the set of airports that the airlines in S use.

The Shapley value of a game C(·) is defined by

φi(C) =
∑

S⊆M :i∈S

(|S| − 1)!(m− |S|)!
m!

[C(S)− C(S \ {i})], i = 1, ...,m. (3)

Proposition 1 The Shapley value of the game C(·) defined in (2) coincides
with the Decomposition rule (1).

The proof of the proposition can also be found in Wang (2011, 2013).

3 The Core Property and Split-Proofness

In this section, we first show that the game (2) generated by an emission fee
problem (AP,C) is convex and, thus, the Shapley value of the game is a core
allocation. Next, we show that the Decomposition rule is also split-proof (to
be defined below).
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Proposition 2 The game (2) is convex and thus, the Shapley value (3) is
in the core of the game.

Proof : We first show that the game (2) is convex. That is, for all i ∈M ,
all S, T ⊂M\{i} and S ⊂ T , we have

C(S ∪ {i})− C(S) ≥ C(T ∪ {i})− C(T ) (4)

Suppose that S ⊂ T ⊆ M and i /∈ T . Let HS = AP (S ∪ {i}) \ AP (S)
and HT = AP (T ∪ {i}) \ AP (T ). Now we show that HS ⊇ HT .

Since

HS = AP (S ∪ {i}) \ AP (S)

= AP (S) ∪ AP (i) \ AP (S)

= AP (i) \ AP (S),

HT = AP (T ∪ {i}) \ AP (T )

= AP (T ) ∪ AP (i) \ AP (T )

= AP (i) \ AP (T ),

and
AP (S) ⊆ AP (T ),

we have
HS ⊇ HT .

Therefore,

C(S ∪ {i})− C(S) =
∑

i∈AP (S∪{i})
ci −

∑
i∈AP (S)

ci

=
∑
i∈HS

ci

≥
∑
i∈HT

ci

=
∑

i∈AP (T∪{i})
ci −

∑
i∈AP (T )

ci

= C(T ∪ {i})− C(T ).
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This shows that the game C(·) is a convex game. It is well-known that
the Shapley value of a convex game is in the core of the game (Shapley, 1971).
This completes the proof. Q.E.D.

An airline is split into two airlines if the two use the same set of airports.
Formally, airline i is split into airlines i′ and i′′ if AP (i′) = AP (i′′) = AP (i)
and M ′ = {1, ..., i−1, i′, i′′, i+1, ...,m}. A rule is split-proof if it is not advan-
tageous for an airline to split into two. Specifically, for any (M,N,AP,C),
any i ∈M and M ′. Define AP ′ as follows:

AP ′(k) = AP (k),∀k ∈M \ {i}; AP ′(k) = AP (i), if k = i′ or i′′.

We say x is split-proof if

xi′(AP
′, C) + xi′′(AP

′, C) ≥ xi(AP,C). (5)

Now we have the following result.

Proposition 3 The Decomposition rule (1) is split-proof.

Proof :

xi′(AP
′, C) + xi′′(AP

′, C) =
∑

l∈AP ′(i′)

cl
|(AP ′)−1(l)|

+
∑

l∈AP ′(i′′)

cl
|(AP ′)−1(l)|

=
∑

l∈AP ′(i′)

cl
|AP−1(l)|+ 1

+
∑

l∈AP ′(i′′)

cl
|AP−1(l)|+ 1

≥
∑

l∈AP (i)

cl
|AP−1(l)|

= xi(AP,C).

This proves the proposition. Q.E.D.

4 Concluding Remarks

In this paper, we consider the airline emission fees problem. We model the
problem as a cost sharing problem with multiple public goods (airports) and
each agent (airline) demanding only a subset of the goods. We apply the
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results in the cost sharing literature and propose the Decomposition rule for
the emission fees sharing problem. We also show that the Decomposition rule
coincides with the Shapley value of the game associated with the problem
and it has the core and split-proofness properties. The latter says that there
is no advantage to split an airline into two or more airlines.

We point out that the emission fees problem can be combined with the
airport landing fees problem. In particular, assume that each airport’s cost
contains two components, one is the emission fee and the other the landing
fee. By Additivity, there is no difference either sharing these two fees sepa-
rately or together. In practice, however, it might be convenient to combine
the emission reduction fees with the landing fees.

The traditional economic approach to the air emission problem is often
based on the airlines’ marginal social costs. But this approach is often not
practical because it is difficult to estimate these marginal social costs. An
alternative approach is to create an emission trading market. This approach
also has its drawbacks. For instance, how to allocate the initial emission
quotas? The axiomatic approach proposed in this paper avoids some of
these issues. More importantly, the normative (axiomatic) approach might be
more appealing since the airline emission problem often involves international
cooperation rather than competition, where equity or fairness is perhaps more
important than economic efficiency.

References

[1] Dong, B., Ni, D., and Wang, Y., 2012. Sharing a Polluted River Network,
Environ Resource Econ. 53: 367-387. DOI 10.1007/s10640-012-9566-2.

[2] Littlechild, S. and Owen, G., 1973. A Simple Expression for the Shapley
Value in a Special Case, Management Science 20, 370-372.

[3] Moulin, H., Laigret, F., 2011. Equal-need sharing of a network under
connectivity constraints. Games Econ. Behav. 72, 314-320.

[4] Moulin, H., Hougaard J. L., 2012. Sharing the Cost of Redundant Items.
Working paper, Rice University.

9



[5] Moulin, H., 2002. Axiomatic cost and surplus sharing, in: Arrow, K.J.,
Sen, A.K., and Suzumura, K. (Eds.), Handbook of Social Choice and
Welfare, Volume 1, North-Holland, Amsterdam.

[6] Shapley, L. S., 1953. A Value for n-Person Games, in: H. W. Kuhn and
A. W. Tucker (Eds.), Contributions to the Theory of Games II, Annals
of Mathematics Studies 28, 307-17.

[7] Shapley, L. S., 1971. Cores of Convex Games, International Journal of
Game Theory 1, 11-26.

[8] Sprumont, Y., 2005. On the Discrete Version of the Aumann-Shapley
Cost-Sharing Method, Econometrica 73 (5): 1693-1712.

[9] Wang, Y., 2013. Multi-Airport Extension of The Aircraft Landing Fees
Problem, Unpublished Manuscript, University of Windsor.

[10] Wang, Y., 2011. A Museum Cost Sharing Problem, American Jour-
nal of Operations Research, Vol.1, No.2, 2011, pp. 51-56. doi:
10.4236/ajor.2011.12008.

[11] Young, H. P., 1994. Equity: in theory and practice, Princeton University
Press.

10


