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Abstract. Several model functions capable of representing the symmetrized transition amplitudes
within the parametrization formalism of Huetz et al for the photodouble ionization of helium are
proposed. The model is based on the well documented features of the gerade transition amplitude in
the cases of symmetric energy sharing and/or small excess energies. Those are extended towards the
higher excess energies and for an arbitrary energy sharing, where both the gerade and the ungerade
components of the transition matrix contribute, with a minimum of modifications. Excellent
agreement between a sample of experimental and theoretical triple differential cross sections
(TDCS) extending up to 40 eV on one side and the parametric form on the other is obtained
by using just three adjustable parameters which could be reliably extracted from most experiments.
This creates the possibility for a complete dynamical parametrization of the TDCS in the low to
intermediate excess energy range.

1. Introduction

One of the remaining challenges in atomic and molecular physics is a definite representation
of electron correlation in many-particle decay processes. This is arguably best studied by
considering the triple differential cross section (TDCS) for the photodouble ionization (PDI)
of helium, as all three receding particles are structure-free and the symmetry of the system is
fully determined by the angular momentum of the photon. The relative simplicity of this most
fundamental system provides the clearest opportunity to disentangle the effects of the quantum
and classical forces and gain insight into the dynamics of the three-body escape process.
Fast convergence between early experiments (Schwarzkopf et al 1993, 1994, Huetz et al
1994, Dawber et al 1995) and the results of the quantum mechanical and semiclassical
calculations (e.g. the 3C method of Maulbetsch and Briggs (1993a, b, 1994); the 2SC
method of Pont and Shakeshaft (1995); or the wavepacket propagation method of Kazansky
and Ostrovsky (1994, 1995a)) has established beyond any doubt that inclusion of electron
correlation is essential in achieving realistic angular distributions. However, within those
approaches this could be achieved only approximately, leading to quantitative disagreements
between the various calculations and some of the experiments (Pont ef al (1996) and references
therein). This situation has triggered renewed efforts on the theoretical front. On the one side,
computationally more intensive but physically less transparent approaches to the ionization
problem appeared, such as the converged close coupling (CCC) method (Kheifets and Bray
1998a), the time-dependent close coupling calculations (Pindzola and Robicheaux 2000) and a
radically new theoretical approach of Rescigno et al (1999), which avoids the use of asymptotic
wavefunctions but requires exceptionally large computing power. On the other side, further
attempts have been made to understand the helium PDI distributions by investigating particle
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dynamics (the R-matrix method in combination with the semiclassical calculation of Malegat
et al 1999) or the correlation-imposed symmetries (group-theoretical approach of Qiu and
Burgdorfer (1999)).

Subsequent experimental investigations (e.g. Cvejanovi¢ et al (2000) and references
therein) have been directed towards the identification of experimental conditions which would
provide sensitive tests for emerging theories. They require measuring TDCS over a range
of energies and for unequal distribution of the excess energy (E) between the two ionized
electrons, and a synchrotron light source of well defined polarization state with either a
dominant circular component or a strong linear polarization nearly collinear with the direction
of the ‘reference’ electron (6, ~ 0, m). (We prefer this term to the term ‘fixed’, frequently
used to denote one of the two coincident electrons whose detector is stationary during TDCS
measurement. The other electron’s angle (6,) in principle covers the whole range, although
experimental restrictions may apply.) It appears that the agreement of any theory with
experiment in the more demanding circumstances mentioned above is inconsistent, requiring
comprehensive tests with reliable and statistically accurate experiments before the relative
merits of a particular theory can be established.

The measured TDCS are usually presented for a varied choice of experimental variables
enumerated above, which make them difficult to relate to other published experimental and
theoretical results. This identifies the need, particularly in the experimental community,
for such a representation of the general helium TDCS, which would allow a small number
of adjustable parameters to be reliably extracted from the measured data. For a very
comprehensible recent review on that subject see Briggs and Schmidt (2000).

2. The Gaussian ansatz and its alternatives

A TDCS expression containing just two free parameters (one if relative measurements are
concerned) was proposed by Huetz et al (1991, 1994) for a rather limited subset of dynamical
conditions prevailing close to the PDI threshold (E ~ 0):

2 —41112(912 —7T)2
o(E,01,6,) =a(E)(cosb; +cosh) exp| ————— ) -

T2(E) ey
This assumes completely linearly polarized radiation, but the inclusion of unpolarized light
is straightforward (Schaphorst et al 1995). In (1) the effects of experimental geometry
(kinematics), defined in terms of the angles 6; between the electron detectors and the
polarization direction, are separated from those of the particle dynamics, which are represented
by a Gaussian function of the mutual angle 6;,. The distribution peaks for ), = 7 and
has an excess energy-dependent half-width ' ~ E!/# The use of the Gaussian form for
describing the final state distribution over 6, was first proposed by Rau (1976) in a quantum
mechanical calculation based on the classical Wannier theory (Wannier (1953): for a review,
see Read (1985)) and is directly associated with the electrostatic repulsion between the receding
electrons which persists to a very large distance. Subsequent experimental and independent
theoretical investigations failed to confirm the predicted scaling law, possibly indicating its
extremely small validity range. If that requirement is dropped and the width of the Gaussian
distribution treated as an energy-dependent empirical parameter, one arrives at the so-called
‘Gaussian ansatz’. With that restriction the parametrization (1) is consistent with the shapes
of measured PDI TDCS for energies of a few eV or less (Lablanquie et al 1995, Dawber et al
1995, Huetz and Mazeau 2000), which were found to be largely insensitive to the electron
energy sharing. Unfortunately these difficult experiments (see also Dérner ef al 1998) contain
rather large experimental errors which prevent a more critical evaluation of the precise shape
of the dynamical factor. This remains an interesting problem as other theoretical work (see
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Kazansky and Ostrovsky (1993) and references therein) showed that the Gaussian ansatz is
not a general solution. Ironically, perhaps the most stringent tests of the Gaussian ansatz came
from fitting the equal energy-sharing TDCS at a much higher energy of ~20 eV, well outside
the threshold region, where much higher measuring accuracy was achieved (Schwarzkopf and
Schmidt 1995, Malegat et al 1997b, Wightman ez al 1998). One is tempted to conclude that the
equal sharing case is linked with the threshold case not only formally (see the next section) but
also more intimately by sharing the same part of the configuration space in the inner regions of
the Coulomb zone. The other remarkable feature of the equal energy sharing TDCS over the
excess energy range investigated up to now is an unexpectedly small dependence on energy.
These and other related aspects of this correlation-dominated process have been investigated
with considerable success by the extended Wannier ridge model (EWRM) of Kazansky and
Ostrovsky (1993, 1995b).

A significant breakthrough on the parametrization front was made by Malegat et al
(1997a, b), who laid down a framework for an exact parametrization of an arbitrary cross
section via an expansion of the gerade and ungerade amplitudes (defined in section 3) over
the standard functions of 6;,. Malegat et al (1997b) tested it on the measured equal energy-
sharing distributions in He (for £ = 4 and 18.6 eV) and Ne (E = 12.6, 24 and 43 eV) and
demonstrated its flexibility to incorporate the specifics of those two systems (arising from the
initial-state differences) while restricting the expansion to the individual electron’s angular
momentum quantum numbers /; < 4 (I = 3 in He at higher energy). The resulting gerade-
amplitude shapes in He were, however, indistinguishable from a Gaussian. In the only attempt
at parametrizing the unequal energy-sharing TDCS so far, Soejima et al (1999) analysed their
E;/E, =8 TDCS at E = 9 eV, measured with a photon source of high circular polarization.
Their amplitude model was a hybrid one; the gerade amplitude was fitted with a Gaussian sitting
on a small constant ‘platform’, but the much smaller ungerade amplitude was treated with a full
expansion of Malegat ef al (1997a) and found to be nearly flat. Although this result indicated
that the strictly Gaussian parametrization may be inappropriate for the cases of large energy
asymmetry, in line with the 3C results of Maulbetsch and Briggs (1994) for the similar energy-
sharing ratio but much larger excess energy of 53 eV, one should regard their conclusions with
caution. A closer examination of the fitting procedure of Soejima et al (1999) shows that their
result suffers from the non-uniqueness of the fit due to the large number of fitting parameters
(eight in this case) and a relatively simple cross section shape. This especially concerns the
apparent near-constant (and small) ungerade amplitude, as its effects would be most noticeable
at small mutual angles where the experimental data are understandably scarce. The general
problem of uniqueness of the fit using the partial wave expansion method has already been
discussed by the authors (Malegat et al 1997b). Further discussion of the parametrization of
Soejima et al (1999) will be given in section 6.

In this paper a more practical yet sufficiently accurate parametrization of the relative
TDCS is developed for arbitrary energy sharing and covering a wide range of excess energies
E stretching from threshold to well beyond the energy of the peak of the total PDI maximum.
It is based on: (i) the proven success of the Gaussian amplitude function to represent the
mutual-angle dependences at small excess energies; and (ii) the assumption that the angular
correlations within the participating amplitudes at higher excess energies are only weakly
affected by the wavefunction symmetry or the increased electron energy asymmetry.

3. The parametrization formula

We will expand here on the outline already presented in Cvejanovic et al (2000) (hereafter
referred to as I). For the overall ' P° state symmetry (which applies to He) and disregarding the



4694 S Cvejanovi¢ and T J Reddish

spins of the detected electrons, the basic expression for the TDCS for light which is linearly
polarized along the x-axis was given by Maulbetsch and Briggs (1994) in the form

ox = |§(Ey, Ea, 612) cos 6y + g(Ea, Ey, 612) cos 6] ©)
and by Huetz et al (1994) as

0y = |ag(cos 6y +cos 6) + ay(cos O — cos 6,) |2 3)
resulting in the following relations between the amplitudes:

2ay = g(1) + g(2); 2a, = g(1) — g(2). “

The symmetrized form (3) has the simple kinematic factors from (2) replaced by the
combinations which are either symmetric (gerade) or antisymmetric (ungerade) upon the
exchange of the two electrons. Due to the indistinguishability of the two electrons, the dynamic
amplitudes must share the symmetry with the associated kinematic factors, i.e.

ag(1/R) = ag(R); ay(1/R) = —au(R) &)

where we define the energy-sharing parameter R by R = E,/E|.

A special dynamic case is the equal energy-sharing TDCS, for when E; = E, we see
from (4) and (5) that the ungerade amplitude (a,) must be zero. Then |ag|2(= |g(E /2)|2)
factorizes out of (3). Essentially the same situation arises in the threshold region (1) as, when
E — 0, so does the ratio a,/a; (Green and Rau 1983). In the general case of unequal energies
the contributions of the ungerade term cannot be separated from the gerade and a factorization
of the TDCS via the kinematic and dynamic factors is no longer possible.

The decomposition of the general TDCS via the sum over the polarization components of
the photon flux (see Schaphorst et al 1995, Soejima et al 1999) leads to

o =PI+ S,LD — S;CD (6)

where S; and S3 are the Stokes parameters which fully determine the polarization state in the
tilted coordinate frame in which the electron angles are measured with respect to the direction
of the major axis of the polarization ellipse (x-axis). With this choice of frame the Stokes S,
parameter is zero. We restrict electron trajectories to the plane perpendicular to the photon
beam, travelling along the z-axis towards the observer. To specify the circular polarization
component, we use the ‘optical’ definition of S5 (Schmidt 1997) for which the right- (negative
helicity) and left- (positive helicity) state of the circular polarization correspond to a positive
and negative sign of S3, respectively. The PI, LD and CD in (6) have the following meaning:

e PI—the polarization insensitive part, defined as the sum of the TDCS for two orthogonal
orientations of the polarization vector in the linear polarization case, or of two opposite
helicities in the circular polarization case.

e LD—the linear dichroism part, defined as the difference between the TDCS patterns for
the linear polarization vector lying along x and orthogonal to it.

o CD—the circular dichroism part, defined as the difference between the TDCS patterns
when the helicity of the photons is changed from positive (left) to negative (right). Observe
that the same symbol is sometimes used for the CD/PI ratio (Berakdar 1999).

The following explicit expressions for the constituents of (6) have been derived from the
pure polarization state cross sections of Malegat et al (1997a) after substituting a,, a, for
their M, —M,, denoting the phase difference between a complex a, and a real ag by ¢, and
assuming a coplanar geometry with the measuring plane normal to the photon beam, in which
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912 = 92 — 4912

PI = (1 +¢0s612)(ag)* + (1 — cos 12)|au|?, (7

LD = (ag)*(cos® 0; — sin® 6 + cos( +65)) + |au|*(cos? 6; — sin® B — cos(8; + 65))
+2ag|ay|(sin® , — sin® ;) cos ¢ 8)

CD = —2a,|ay|sin 0y, sin . O]

Thus the problem of parametrization of an arbitrary TDCS reduces to finding suitable
expressions for the symmetrized amplitudes a, and a,. The more general three-dimensional
forms can be developed along the same lines (see, in particular, Briggs and Schmidt
(2000)).

4. The amplitudes

What do we know about the amplitudes in the case of unequal energy sharing? Setting aside
for the moment the actual mechanism for electron correlations, we can think of the two-
electron operators g(i) in (2) as describing the distribution of the photon energy and angular
momentum between the two ejected electrons whose detection angles are 6;. This interpretation
is consistent with the analytic form of the TDCS derived by Maulbetsch and Briggs (1993a)
for the uncorrelated case, in which |g (i) | are directly related to E (i), and with the observed
concentration of the excess energy and angular momentum of the absorbed photon into just
one of the two ejected electrons in the case of high excess energy (see Briggs and Schmidt
2000). To uncover the most basic relations between the ratios and the phase angles of the
amplitudes in the two representations, let us assume that, to a first approximation, the mutual-
angle dependence within each member of the amplitude pairs is the same. This allows the
angular correlation part of the total transition amplitude to be factorized out, enabling a purely
geometrical representation of the relations between the magnitudes and the phase relations as
in figure 1. It is important to remember that, when we discuss the amplitudes with reference
to figure 1, this does not mean that the electron correlations have been ignored. In the present
model the mutual relation between the vectors representing the amplitudes is basically the same
for all mutual angles, i.e. the angular correlations are only weakly affected by the differences
due to amplitude symmetry. This simplifying assumption is a crucial premise in our approach,
as the separation of the mutual angle distribution from the remaining attributes of the correlation
amplitudes does not only result in a remarkably compact description of the cross section but
also makes its features more transparent to the effects of the electron dynamics.

The schematic diagrams in figure 1 show some significant differences between the
amplitudes g(1), g(2), a, and ay (their intensities and the phase angles) close to the dynamic
limits. These limits are taken to be the equal (@) and extremely unequal (b) energy sharing.
The relative magnitudes of the g (i) amplitudes in figure 1 bear a resemblance to the energy
asymmetry, while their relative orientation has been chosen arbitrarily to make the phase
difference ¢ between a, and a, positive. The initial ambiguity in the sign of ¢ has no
consequence on the cross section, as long as the source is not circularly polarized. From
the above interpretation of the g (i) amplitudes and their relations (4) to the ungerade—gerade
amplitudes, we conclude that the ratio between the ungerade and gerade amplitudes n = |ay|/a,
spans the range from O to 1. The lower value corresponds to @, = 0 and applies to the equal
energy-sharing case, while the upper limit is realized in the case of maximum unequal energy
sharing. Further discussion of the ‘geometrical’ aspect of the transition amplitudes will be
given later.
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Figure 1. A geometrical (schematic) representation of the transition amplitudes from (2) and (3) for
radically different electron dynamics close to the symmetric (a) and asymmetric (b) energy-sharing
limits.

The above sketchy information about the amplitudes obtained from the wavefunction
symmetry will now be complemented and expanded by a semiclassical analysis of electron
trajectories during their passage through what is commonly referred to as the Coulomb zone
(for the definition of its boundaries see Read (1985)). This in particular provides a model for
the angular correlations close to threshold and their evolution with excess energy or energy
sharing. Our discussion will be highly selective and phenomenological, based on the Wannier
model and its implications which we deemed relevant. For more recent work on the expansions
of the Wannier model see Feagin (1995), and in particular Kazansky and Ostrovsky (1993,
1995b).

An important requirement of the Wannier threshold model is the correct treatment of
electron dynamics at all stages of their escape where the semiclassical method is appropriate.
Consequently, the relevant measure of the symmetry/asymmetry of the electron’s trajectories
is not just R, defined after all the interactions have ceased, but the relative asymmetry in the
trajectories of the escaping electrons throughout the Coulomb zone, where the unspent portion
of their initial kinetic energies is appreciable and much larger than their asymptotic energies.
One can make a rough estimate of the starting electron’s energy by adding the energy of the
absorbed photon (E; + E) to their orbital energy, which is approximately E (according to the
virial theorem), and then sharing those between the two electrons almost equally. This large
energy offset introduces the threshold energy (E; = 79 eV in He) as an appropriate yardstick
when comparing the ranges of validity of threshold phenomena (or any other dynamic variable)
between the otherwise similar systems. The other important point is that the kinetic energies
of the escaping electrons are well balanced when they are in the vicinity of the ion core. This
is a result of the destabilizing action of nuclear attraction on the radial correlation between the
escaping electrons, the so-called ‘dynamic screening’ effect (Rau 1971). By propagating the
ionization trajectories backwards in time one focuses onto the initially more symmetric radial
configurations. In the cases of near-threshold PDI or equal energy sharing, the prevailing
initial configuration is located on the Wannier ridge, r; = r,. As it happens that in both these
cases the ungerade amplitude vanishes, an intuitive connection between the amplitude ratio n
and the departure of the initial configuration space from the Wannier ridge is suggested. The
association of 7 with the particle dynamics at relatively small distances from the nucleus, where
the symmetric configuration prevails, favours the gerade over the ungerade amplitude at all
finite excess energies. This analysis is in qualitative agreement with the more general threshold
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scaling laws mentioned earlier (Green and Rau (1983); for a recent in-depth discussion see
the review of Briggs and Schmidt (2000)) but cannot be replaced by them, as their derivation
lacks the detailed account of the asymmetry in the energy sharing.

The insight into the dynamics of the two-electron break-up process discussed above allows
many of the seemingly intriguing features of near-threshold PDI to be readily appreciated.
For example, the ‘freezing-out’ of the measured and calculated angular patterns for the
complementary energy-sharing choices (R = 3, 1/3) at E = 0.6 eV, discussed in Briggs and
Schmidt (2000), is hardly surprising. According to our assessment of the energy asymmetries
this case corresponds to the upper limit of the asymmetry in the radial distances of the two
electrons in the early stages of their departure (where the Coulomb interaction is strongest) of
~0.2%, but the real value must be much smaller when the dynamic screening effect is taken
into account. This places the whole family of E = 0.6 eV trajectories, comprised of the
electron pairs with arbitrary energy sharing, firmly onto the Wannier ridge for most of their
interactions, leading to the same correlation pattern. Within the TDCS parametrization (3) this
requires formally that a,/a; — 0 and that gy is not a function of R.

The Coulomb repulsion drives the mutual angle between ejected electrons towards
01> = m; hence its action is stabilizing the angular correlations. The energy dependence
of the correlation width I" for the equal energy sharing is rather obvious—faster electrons
need a longer interaction time for the same relative change of their direction, while the actual
time spent travelling through the Coulomb zone gets shorter. Consequently I'g_; increases
(angular correlation weakens) when the excess energy E increases. For the electron energies
associated with the Wannier ridge the angular correlation is largely de-coupled from the radial
correlation, but as the electron energy asymmetry grows an interesting question arises: should
the angular correlation depend on R—and in what way? Perhaps the most convincing line of
argument is again the one in terms of the interaction time. In the later stages of electron escape,
near the border region between the Coulomb zone and the free zone, the final electron energies
are already largely established while their directions are still affected by their repulsion. If
one deals with the two equal energy electrons travelling in roughly opposite directions, each
departs from the other with the relative velocity of +/2E/m. If, however, one electron is
much slower than the other, their relative velocity approaches only +/E/m, and the remaining
time for which the electrostatic field influences their direction is proportionally longer. The
cumulative effects over the whole trajectory are, of course, much smaller, but this numerical
example indicates that the correlation width I" decreases (angular correlation increases) for
those electron pairs whose energy is shared more unequally.

Let us now look into the role of the phase angle ¢. By examining the TDCS
components (7)—(9) we see that, if all the other parameters are set constant, sin ¢ controls
the amplitude and sign of the CD term, while cos ¢ has the same effect on the last term in
the LD expression. These two terms contain the product of the two amplitudes and can be
interpreted as showing their interference. Consider the symmetry feature (5). The required
change of sign of a, upon the exchange of electron energies (R <> 1/R), which could be
parametrized by ¢ (R) = ¢(1/R) + &, results in changing the character of the interference
(constructive <> destructive). From (8) we see that cos ¢ controls the mutual difference between
the angular patterns for the slow and the fast electron, providing a measure of the asymmetry in
the distribution of the photon’s angular momentum between the two ejected electrons. There
is, however, an intrinsic link between ¢ and 7 in the interference term, which could lead
to further simplifications in a complete parametrization model. Let us discuss the situation
in the dynamic limits with reference to figure 1. For the highly asymmetric energy sharing
the a, and a, vectors must become nearly collinear, leading to ¢ — 0 in the case R — 0,
figure 1(b), or ¢ — m for the complementary case R — oo. As a direct consequence
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the circular dichroism (9) should vanish. In the intermediate cases of electron dynamics the
phase difference might grow, but the actual value of the angle ¢ cannot be determined without
knowing the exact link between the intensity and angle asymmetries of the g(i) amplitudes.
The situation depicted in figure 1(a) assumes that, when n — 0, the convergence between the
g (i) intensities is faster than between their angles, leading to ¢ — 7 /2. If the opposite was
true, ¢ would converge to zero. This ambiguity is removed with reference to the analysis of
the experimental data in section 5. It is interesting to note that, irrespective of the value of ¢,
the CD again vanishes, though for a different reason—due to |a,| — O.

4.1. The amplitude models

Our aim is to represent the general dynamical amplitudes a,  (E, E2, 612) by functions of
01, with the smallest possible number of energy-dependent parameters. A hierarchy of forms
with increasing number of parameters is introduced below to cope with the expected gradual
departure between the amplitude forms at higher energies E from that at threshold. An
obvious starting point is to adopt the Gaussian form for the mutual angle dependence in
the threshold archetype. We further assume that the angular correlation function is insensitive
to the symmetry (gerade <> ungerade) or the electron energy asymmetry, restricting those to
appear only in ¢ and 5. This basic parametrization model (3P) has just three parameters—the
correlation width I'(E), the ratio between the peaks of the symmetrized amplitudes, n(E, R),
and the phase angle between them, ¢ (E, R):

PE R, 015) = ag(E, 1, 01) —220n —m)* (10)
= = €X
ag £ £ 12 ag £ ’ 12 p FZ(E) E)
. —21n2(0, — 7)?
3p _ i¢(E,R) e T
ay (E,R,01p) =n(E, R)e exp ( I2(E) . (1D

The assumption about the insensitivity of the correlation width I to R is likely to hold better
for smaller excess energies, in line with our discussion of the threshold model. In that case
only two new parameters mark the transition from equal to unequal energy sharing at the same
total energy: 1 and ¢. For relatively high FE it is possible to envisage that I" reduces slightly
when R increases, as argued above, prompting the replacement of I'(E) with a more general
form I'(E, R) in (10) and (11).

A slightly more complicated form (4P) allows for the differences in the correlation widths
between the gerade and ungerade amplitudes, replacing I' with I'y and I'y in (10) and (11),
respectively. Within the semiclassical model, the conjecture about the association of the
ungerade amplitude with the trajectory differences at the very early stages in the escape
(boundary condition) offers the formal justification for this step, but a prediction of how
the two amplitudes would be affected cannot be made.

As alast step in the increasingly complex amplitude descriptions (although still compatible
with our basic ‘Gaussian’ model) we will allow the amplitudes to contain additive constants.
The suggested normalization of the angular distribution functions preserves the amplitude
ratios between the 3P, the 4P and the 6P models in the vicinity of 8y, = 7:

21n2(01p—m)?
exp (R0 ) + Ce(E, B)

6P
E,R,0p) = 12
a, ( 12) 1+ Co(E, R) (12)
—21n2(01—17)>
exp (—2 ) +Cu(E, R) )
a®(E. R, 0)y) = il n(E, R)e®ER. (13)

1+Cy(E, R)
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By adding a constant term to the Gaussian in the amplitude function, the 6P model becomes
capable of closely fitting the shapes calculated by Maulbetsch and Briggs (1994) using the
3C theory for E = 53 eV and R = 9. Observe the ‘C’ function in their figure 9(c), which
shows a finite yield for #;, = 0 (‘forward yield’). This is actually |g(1)|?> and corresponds to
lay + ag|? in our notation. The forward yield is allowed in the semiclassical description as the
two asymmetric energy electrons are separated in time.

All amplitude models introduced above fully comply with the exact parametrization of
Malegat et al (1997a), in the sense that the assumed amplitude shapes and the phase difference
angle can be accurately reproduced by a suitable choice of the expansion coefficients in their
theory. The general partial wave decomposition of Malegat et al (1997a) is, of course, less
restrictive than our model functions, on account of having a larger number of parameters (10
for the realistic choice of /;,,x = 3, compared with 3, 4 or 6 for the forms 3P, 4P or 6P,
respectively).

5. The fitting of the 40 eV TDCS

The measurements in I are particularly suitable for testing the theory because of their relatively
high energy (E = 40 eV) and the extensive coverage of the variable’s phase space (61, 65, R).
The relative TDCS were measured for linearly polarized photons (S; = 0.8, S, = S3 = 0)
and compared with the 3C and CCC calculations. Excellent agreement in the R = 1 case
was found throughout, including the fit of the measurements with (1) shown in figure 2. The
fitting function agrees exactly with the CCC calculation. The extracted correlation width in
that case is I'(E = 40, R = 1) = 103 £ 2°. For unequal energy sharing the agreement was
good when the angle between the reference electron (8;) and the polarization axis was 90°, but
when 0; approached the polarization direction all spectra started to diverge. We have applied
the present parametrization (up to the 4P level) to the same spectra and some of the results are
shown in figures 2—4.

Figure 3 shows a sample of the He 40 eV, R = 3 cross sections reported in I, consisting
of the §; = 90° and 180° spectra. The fitted curve which closely agrees with both spectra
leads to the following parameter values: I'y = I'y = 101(2)°, n = 0.16(1), ¢ = £260(5)°.
The values within the parentheses indicate the estimated errors and the alternative signs of ¢
serve as a reminder that for a linearly polarized source the sign of ¢ remains undetermined
(see equation (8)). Evidently the 3P parametrization is adequate in this case. Note, though,
that the extracted value for the correlation width at R = 3 is marginally smaller than the value
for R = 1, but the difference is relatively insignificant, even for this relatively large difference
in energies of the detected electrons. The phase relation between the ungerade and the gerade
amplitudes is very interesting—the two vectors are nearly orthogonal, as in the dynamic limit
assumed in a model represented graphically in figure 1(a). Apparently that is in agreement
with the above conclusion that the present dynamic case belongs to the small-asymmetry class.
In addition, it confirms the assumption of a closer correlation between the intensities of the
transition moments g(i) than between their angles in the limit of symmetric dynamics.

Figure 4 shows the TDCS for a more asymmetric energy sharing, with E; = 5eV (R = 7).
For the sake of clarity the six measured spectra are compared only with the parametrized curve.
The level of agreement both in shape and intensity variation across the full range of 9, is
clearly excellent, much better than for the ab initio calculations which were compared with
the experiment in I. The best overall fit parameters again favour the 3P model: I'y = 98(3)°,
'y = 984)°, n = 0.25(1), ¢ = £246(4)°. The trend in the variation of the fit parameters
from R = 1 to 7 is as expected—for the more asymmetric energy sharing the ratio between
the ungerade and the gerade amplitude () increases, while the phase angle between them (¢)
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1

Figure 2. Equal electron energy-sharing TDCS at E = 40 eV and for linear polarization (S = 0.8).
The internally normalized data from Cvejanovi¢ et al (2000), (I), are fitted by the Gaussian ansatz
(1) with I" = 103°.

() 8, = 90° (b)

Figure 3. TDCS in helium at E = 40 eV and R = 3. The angle of the reference electron
(E1 = 10 eV) with respect to the polarization axis is indicated. The data and the ab initio
calculations (chain curve, CCC; short dashes, 3C length gauge; long dashes, 3C velocity gauge)
are from I. All TDCS are normalized at 8; = 90°. The full line is the 3P parametrization (see the
text).

progressively departs from /2. The half-widths of the amplitudes remain mutually identical
for all practical purposes, but the small decrease of the correlation width with increasing R
seems confirmed.

It was already noticed in I that theory and experiment converged extremely well if the
reference electron was detected at 90° with respect to the polarization direction, as in figure 3(a).
This is because for that 8 angle the strong symmetry rule (Maulbetsch and Briggs 1995) forbids
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Figure 4. TDCS in helium at E = 40 eV and E; = 5 eV (R = 7). The experimental data (from
I) are normalized to the 3P parametrization for the 6; = 180° TDCS.

the parallel/antiparallel emission for every R, thus suppressing the contribution of the ungerade
amplitude and the forward yield. However, we see from (2) and (3) that the 90° TDCS is yet
another case in which the kinematics is separable from the dynamics:

T
o, (91 - 5) = |g(2)[? cos? 0 = |ag — ay|* cos? 65 (14)

allowing direct access to the calculated dynamical factor. As a representative example we have
re-analysed the velocity-gauge 3C TDCS from I by first removing their S| dependence (using
a combination of the #; = 90° and 180° TDCS) and then dividing them by cos?#,. As the
calculated shapes of the dynamic factor from (14) are so close to a Gaussian that the differences
would be unresolvable, we plotted their square roots in figure 5 for each energy-sharing ratio
available. The R = 1 graph shows the calculated |ag| function for the E; = E, = 20 eV
case, which is very close to a Gaussian except for a somewhat faster reduction at small mutual
angles. In the two other cases, corresponding to a growing energy asymmetry between the
ejected electrons, the plotted factors show remarkable similarity with the equal-energy-sharing
case. This strongly endorses our main proposals (i) and (ii). However, small but systematic
changes with R do appear—a growing forward yield, most noticeable for R = 7, and a gradual
narrowing of the half-width. The best fitted Gaussian curves for the R = 1, 3 and 7 cases have
I' = 104, 102 and 100, respectively, in very good agreement with the empirical values for a,
and a, amplitudes reported above. The platform under the peak of the calculated |g(2)| in (c)
is much too small to be observable in the measured spectra, but this trend within the 3C theory
continues (see the C(=|g(1)|?) function of Maulbetsch and Briggs (1994) for the E; = 5 eV
and E, = 48 eV case).

The close agreement between the fitted angular distributions and those calculated by the
3C theory still does not prevent the observed disagreements in the TDCS at ; = 180°, shifting
the emphasis to the role of the relative flux factor (n) and the phase angle (¢). The effects
which those parameters have on the TDCS are elucidated in the examples in figure 6.
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Figure 5. The amplitude shapes extracted from the 90° 3C (velocity gauge) TDCS calculated
in I (see the text). The dots represent the modulo of the function g(2), equal to |ag — ay|. The
continuous curves in (a)—(c) are for reference only and represent a Gaussian whose square has a
half-width of 104°.
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Figure 6. The 3P parametrization for the reference electron collinear with the polarization direction
(S1 = 1). The correlation width I" = 103°. (a) ¢ = 225°; n = 0.15 (full curve), 0.2 (chain curve)
and 0.25 (broken curve). (b) n = 0.25; ¢ = 180° (full curve), 240°0 (chain curve), 270° (broken
curve). (c) n = 0.25 ¢ = 0 (full curve), 60° (chain curve), 90° (broken curve).

In figure 6, (a) and (b) represent the cases where the reference electron (8; = 180°) is
the slow one, i.e. R > 1 and hence 7 < ¢ < 37/2. Within a particular group the calculated
TDCS are normalized to each other, but the normalization between the groups is arbitrary.
In (a) the phase angle is fixed, and the ratio between the ungerade and the gerade amplitudes
increases from n = 0.15 to 0.25 in steps of 0.05. This has a dramatic effect on the central
lobe, where the ungerade amplitude has its maximum. In (b) the amplitude ratio is fixed at
n = 0.15 while the phase angle between the amplitudes (¢) is varied between its extreme
values of 7 (full curve) and 37 /2 (broken curve). This changes the amount of interference
between the amplitudes, resulting in two more nodes in the corresponding TDCS in the limit
¢ — m. The calculated distributions in (c¢) correspond to the same dynamic cases as in (b),
but the energies of the detected electrons are interchanged. The (c¢) patterns correspond to the
distributions of slower electrons, which show a profound change of the interference pattern.
The pairs of dynamically linked TDCS from (b) and (c) share the same trace types. Their
features are consistent with the conclusion made earlier that ¢ = 0 () is the asymptotic limit
in the highly asymmetric case of electron dynamics, as the location of the entire excess energy
of the photon onto a single electron must also be associated with the largest asymmetry in the
angular momentum transfer.
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Armed with this new vocabulary provided by the present parametrization and the insight it
gives into the particle dynamics, let us return to the comparison between the 40 eV data and the
ab initio calculations. In figure 3(b) (see also figures 5 and 7 in I) it can be seen that the theory
overestimates the ratio between the central and the side lobes, as well as the depths of the
minima separating them. These features have already been discussed in I. Having established
the link between the TDCS parameters and the classical motion of the charged particles in the
three-body potential, it is tempting to conclude that the 3C, and (to a lesser extent) the CCC,
calculations appear to place a stronger emphasis on the electron correlations in the external
region of the interaction space where the energies of the two electrons appear more dissimilar.
A similar conclusion has been reached by Lucey et al (1998), who argue that the theoretical
approaches based on the features of the asymptotic solution cannot describe the full dynamics
of the many-particle decay processes. While the CCC theory is not an asymptotic theory,
practical limitations in the number of included states and their partial wave content could
perhaps have a similar effect.

6. Discussion

As mentioned earlier, there is only one other complete parametrization of the unequal energy-
sharing TDCS, that by Soejima et al (1999) for E = 9eV and R = 8§, and for a highly circularly
polarized source (|S3] = 0.95, |S;| = 0.2). Their parametrization formula differs from ours
in two important aspects. Firstly, it is restricted to a particular geometry of their experiment
(6 = £ /4), which is, of course, included in our more general expression. Secondly, they use
the amplitudes M, , of Malegat et al (1997a), which imposes the following relation between
their phase angle parameter A and ours: ¢ = A &+ 7. In the process of testing our expression
with their amplitude functions, which our 6P form parametrizes very well, we have recreated
in figure 7(a) their TDCS fit (full curve) and its partial decomposition into the LD and CD
parts (their figures 2(a) and 3(b), respectively). We confirmed their phase angle of A = 199°,
corresponding to ¢ = £19° which is incompatible with the range (/2 < ¢ < 37/2) which
we have allocated to ¢ in the case of R > 1. Suspecting a non-uniqueness of the parameter
determination in this particular case we have searched for (and found) another solution shown
in figure 7(b), which requires ¢ = 144°(A = —36°). While the cross section (full curve)
in (@) and (b) seems almost unchanged, its decomposition according to (6) is very different, as
can be seen on the circular- and linear-dichroism terms. If our solution was used to subtract
the LD term from the measured spectra of Soejima et al (1999), the results in their figure 4
would change significantly.

The spectrum (c) is obtained using our 3P parametrization model withI' = 85°,n = 0.175
and ¢ = 138°. Despite the radically different shape of the Gaussian form used for a, in (c)
from the almost flat distribution used in Soejima et al (their figure 3(a)), the resulting TDCS in
figures 7(b) and (c) (full curve) appear rather similar. Furthermore, of the two common fitting
parameters (1, ¢) only ¢ has changed slightly. Note, though, that the common correlation
width parameter used for the spectrum of figure 7(c) is the same as for the R = 1 case, while
the I'; used in figures 7(a) and () has the smaller value of 76°. This example illustrates a small
sensitivity of the measured cross section to the amplitude features in the ‘forward’ direction.

In the work of Becker et al (1999) an approximate procedure leading to the extraction
of ungerade and gerade transition amplitudes from the unequal energy-sharing measurements
at E = 20 eV is reported. However, those amplitudes could not be directly compared with
this paper as they contain unresolved contributions from the kinematic factors (see (3)) which
dominate the angular distributions.
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Figure 7. Fitting curves and their components for the cross section measured by Soejima et al
(1999). TDCS—Hull curve; CD term—broken curve; LD term—dotted curve. (a) The amplitudes
of Soejima et al as parametrized by our 6P model (see the text). (b) Alternative solution for A = —36
(¢ = 144). (c) Our 3P parametrization with I' = 85°, ¢ = 138. The same ungerade/gerade
amplitude ratio n = 0.175 was used throughout.

On the theoretical front, the pioneering work of Maulbetsch and Briggs (1993a, b, 1994)
contains a systematic investigation of the electron dynamics in the helium TDCS. Despite
its shortcomings, perhaps best revealed by a large gauge sensitivity, it still provides a major
reference source, which has greatly inspired the present parametrization model. However,
publications containing the dynamic amplitudes are very scarce. In the previously mentioned
case of E = 53 eV and R ~ 9, Maulbetsch and Briggs (1994) have given full details of
the amplitudes g(1) and z = g(2)/g(1) in graphical form, from which all other amplitude
representations can be derived. Schmidt (1998) has extracted the resulting gerade amplitude
and found it to differ very little from the Gaussian form, mainly by showing a small additional
forward (61, ~ 0) yield. In more recent work using the CCC method, Kheifets and Bray
(2000) present the first study of the square of the equal-sharing amplitude over the large
energy range (3 < E < 80 eV). They reported that the fit with the Gaussian form ‘was found
to be appropriate over the entire range, somewhat unexpected for the higher energies’. Most
interestingly the calculated evolution of the correlation width parameter I" as a function of E
shows a remarkable change at ~20 eV, where the PDI cross section has its maximum.

These ab initio methods have been supplemented by further developments of the Wannier
theory, in particular the works of Kazansky and Ostrovsky. In Kazansky and Ostrovsky (1995b)
a semiclassical wavepacket propagation method is used without restricting the initial conditions
to the Wannier ridge. Their test function shows an evolution with E which is stronger than
the one observed, but a much weaker dependence on energy sharing, which is more in line
with the experiment. Note, though, that the calculated contribution coming from the ungerade
component of the wavefunction is greatly underestimated.

A refined version of the wavepacket propagation method has recently been developed by
Malegat et al (1999). In it the semiclassical analysis in the outer region of the interaction space
is combined with the R-matrix calculation in the inner. They have fitted the equal-energy-
sharing TDCS with the Gaussian ansatz to extract the correlation factor I" over the investigated
energy range (E < 20 eV), but the quality of the fit was found to deteriorate above £ = 1 eV.
Their scaling law for the correlation width has a reduced exponent with respect to Wannier’s
value, which gives improved (though still not completely satisfactory) agreement with the
experiments. The comparison of the calculated TDCS with selected experiments shows that
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the calculated correlation width is too large, except for the lowest energy of £E = 1 eV.
However, the integration of their TDCSs over 6, leads to an excellent energy dependence of
the angular asymmetry parameter .

Apart from the work of Maulbetsch and Briggs (1994), the only other direct calculation
of the correlation amplitude is published by Feagin (1995) within his extension of the Wannier
theory to fourth order in the expansion over the internal coordinates. He has calculated
amplitudes for equal energy sharing at 2 and 20 eV which resemble a Gaussian, but curiously
do not show any dependence on excess energy. One should note though that the related mutual
energy distributions calculated in this paper are unrealistically confined to a limited range of
R around the equal energy sharing, in stark contrast to the experiment and other calculations.

From the above examples one can conclude that the classical and semiclassical model
calculations, while allowing a physical insight into the mechanisms by which the dynamics of
the escaping electrons affects the TDCS, do not (as yet) provide their complete and quantitative
description.

Although most of the measured and calculated cross sections for the PDI of He conform
with the present parametrization model, there are a few exceptions which deserve our closer
attention. Several measurements have brought to light some peculiar (or even controversial)
features which have aroused a lot of attention, especially in the theoretical community. Let us
first mention the apparent inconsistency between the two sets of measurements at £ = 20 eV
using the COLTRIMS technique. In the measurement using circularly polarized light, the
angular distributions of the slow electron for various energy-sharing ratios in Mergel et al
(1998) are apparently inconsistent with the linear polarization data of Briuning et al (1998)
for R ~ 1/6 and 6, as well as with the CCC calculations (see Kheifets and Bray 1998b). This
has also been convincingly exposed by Berakdar (1999), who used the cross section symmetry
features on which our relation (6) is based. Soejima et al (1999) suggested the ignored linear
polarization component of the light source as a possible cause, but other instrumental effects
which could have affected one or both measurements cannot be excluded (the inconsistencies
between the TDCS for the complementary choices of detected electron energies are discussed
in Briggs and Schmidt (2000)). The present parametrization should provide a powerful tool
for testing the experimental data for internal inconsistencies, alerting the experimentalists
to unforeseen systematic errors which are more likely to occur with the increased use of
sophisticated experimental methods.

Another interesting feature at the excess energy of 14.5 eV and for a circularly polarized
source has been reported by Viethaus et al (1996). They have measured normalized circular
dichroism (=CD/PI) for a sample of TDCS at fixed mutual angles and for the whole range
of energy sharing, using the coincidence time-of-flight method. Irrespective of R the sign of
CD changed between the adjacent detector positions corresponding to 61, = 80 and 125°, in
agreement with their 3C-type calculation. The change of the CD sign as a function of 65, R
and E has already been observed in the 3C calculations by Berakdar er al (1993). Berakdar
(1998) argues that the change of the CD sign is a signature of the important role of electron
correlation, as the calculations which do not include the inter-electron interactions do not show
the effect. While the change of the CD sign at intermediate 0, angles seems to be confirmed
by the CCC calculations of Kheifets and Bray (1998b) at the slightly larger energy of 20 eV,
the corresponding 3C calculations of Mergel et al show it only in the length gauge, which is
normally considered less accurate at these energies (see Maulbetsch and Briggs 1994).

Let us see how these observations relate to the parametrization formula. We can see
from (9) that the change of the CD sign requires the excursion of the phase angle across the
¢ = 0 — 7 line. Although there is no formal reason why this cannot happen as a function of
012, it seems unlikely that such changes could be related to electron correlation forces, as the
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Figure 8. Circular dichroism term (full curve), normalized CD term (large dotted curve) and the
polarization-insensitive term (broken curve). (a) Corresponds to the case of figure 7(b). (b) From
the 3P model used in 7(c).
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Figure 9. (a) Separate 3P parametrizations closely approximating the results of Qiu and Burgdérfer
for E = 0.2 eV and R ~ 0 (dotted curve); R ~ oo (full curve). (b) The 3P TDCS for R ~ oo
complementary to the R ~ 0 result in (a). (c¢) The same as in () but for the following parameters:
I' =25° 1 =0.008 and ¢ = m. For the parameters used in (a), (b) see the text.

0 — = line is associated with one of the dynamic limits (see figure 1 and related discussion).
Our amplitude model, whose basic feature is the separation of the angular correlation between
the electrons (the 6, dependence) from the phases of the symmetrized amplitudes, has no
allowance for this effect. The same applies to the model of Soejima et al (1999). This is
illustrated in figure 8 where the curves corresponding to the models described in figures 7(b)
and (c) are compared. Observe, though, the astonishing difference between the normalized
CD terms in those two cases, while the related simulated TDCS in figure 7 appear rather
similar. This shows that the presentation of circular dichroism in terms of the normalized CD
is extremely sensitive to the small signal variations in the region of small mutual angles, where
unfortunately the accuracy of the extracted data is usually poor. Indeed the reported error bars
in Viefhaus et al (1996) for the 6;, = 80° measurement are high enough to leave room for a
different interpretation. Similar levels of uncertainties characterize the related measurements
of Soejima et al (1999) and Mergel et al (1998) at the 6, angles smaller than 90°. We must
consequently await further and more accurate experimental and theoretical work before this
extremely interesting observation of the CD sign change is confirmed.

Lastly, let us turn our attention to the near-threshold calculations of Qiu and Burgddrfer
(1999), who derive the helium angular distributions by exploiting the approximate dynamic
symmetry of the ionization process. This method is closely related to the work of Herrick
(1975) for the doubly excited resonant states. Their calculations for §; = 0 and full linear
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polarization at the excess energy of 4 eV and R = 1, ~5 and ~1/5 are in very good agreement
with the measurements of Lablanquie ez al (1995), by showing almost no dependence on R and
anode at 6, = m, which is consistent with a disappearance of the ungerade amplitude. The
lobe position angles for the equal energy-sharing case quoted in Qiu and Burgdorfer can easily
be associated with the correlation widths by using (1), leading to I' = 72°, which is in excellent
agreement with the independent measurements of Malegat et al (1997b). Qiu and Burgdorfer
also calculated the TDCS at 0.2 eV, but the equal sharing TDCS leads to I' = 31°, which
is much smaller than the recent measurement (I' = 60 + 4°) of Huetz and Mazeau (2000)
and the calculated value (~52°) of Malegat et al (1999). Even more interesting are their
pioneering results for the extremely asymmetric energy-sharing case at E = 0.2 eV, obtained
by choosing either E, or E; to be 107 eV, corresponding to R ~ 0 or oo, respectively. In
the R ~ O case there is clear evidence of the ungerade amplitude, as the node at 6, = &
disappears. Even more surprisingly the complementary TDCS for the fast electron (R ~ o0)
shows a single narrow peak at this angle. Those features of the unequal energy-sharing TDCS
at E = 0.2 eV are clearly in disagreement with the Wannier model predictions and the use
of Gaussian ansatz which derives from them. Furthermore they appear to be in contradiction
with the basic symmetry of the double ionization process, as we will demonstrate by using
the 3P parametrization. In figure 9(a) we have reproduced closely the TDCS of Qiu and
Burgdorfer with two separate model curves. The R ~ 0 TDCS (dotted curve) is represented
by I' = 24°, n = 0.0065 and ¢ = £70°. Observe the reduction of the correlation width
from the R = 1 case. For R ~ oo (full curve), ¢ changes to £250°. However, in order
to remove the side lobes we had to increase n by a factor of at least 4. This is clearly in
breach of relation (5) which requires 1 to be unchanged for the complementary choices of
detected electrons. In figure 9(b) we have shown how the distribution of the fast electron
should have looked if the complementary distribution for the slow one had been calculated
(and parametrized) accurately, by using the same n as for R ~ 0. The precise relation between
the central lobe and the side lobes is a sensitive function of fitting parameters, as shown by
the extreme example in figure 9(c), but in no circumstances can both shapes shown in (a)
be reproduced by a consistent choice of parameters. This indicates that either the method of
Qiu and Burgdorfer (1999) is unsuitable for very small energies or the present results for the
unequal energy sharing at E = 0.2 eV are in error.

7. Summary

In this paper a parametrization formula for the TDCS in He is developed which contains
analytic forms for the symmetrized transition amplitudes of Huetz ef al (1991, 1994) and
a small number of free parameters. The extensive tests on the results of measurements at
40 eV (reference I) and on other experimental and theoretical examples at smaller energies
have shown that the simplest form (3P) with just three free parameters for each E and R is
sufficient to summarize the data for an arbitrary choice of other experimental variables. The
increase of the number of fitting parameters to six can find its use when comparing different
calculations or in treating the data at higher excess energies or electron energy asymmetries,
providing the measuring accuracy at small mutual angles is adequate. For all other cases
the 3P parametrization should be tested first and the 4P, which allows for the differences in
the angular dependences between the amplitudes of different symmetry, applied next. This
approach minimizes the risk of non-uniqueness of the extracted parameter set.

Our interpretation in terms of a close connection between the amplitude parameters and the
classical interactions between the escaping particles implicitly contains the requirement that
the parameters interpolate smoothly between the dynamical limits discussed with reference
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to figure 1. Almost all analysed examples confirm this, the CD sign change (though only at
small 6, angles) being an exception. The identification of a small number of parameters,
some of which bear clear signature of the electron dynamics in the escape process, opens up
a possibility that the energies of the escaping electrons (just two numbers) can in turn be used
to express some or all of the remaining parameters now describing the transition amplitudes,
i.e. to identify their dynamic content. It is by no means certain that this can be done within the
framework of the model developed in this paper, but we would like the researchers in the field to
accept that challenge, as a potential reward is in our view not only pragmatic—the arrival at the
compact parametrization of the TDCS for any conditions of electron dynamics, kinematics and
the polarization state of the absorbed photons—but also a cognitive one. Testing dynamical
models in this fundamental process might extend further our physical understanding of the
subtle interplay between the quantum and classical calculation procedures, building on the
work of Wannier and its many followers in the field of threshold break-up processes. This
could be achieved if a large and versatile collection of experiments is analysed in a consistent
way, or some accurate model predictions made. At present, only the data on I'(E) approach
the fulfilment of that requirement.
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