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I ntroduction

Whether you heard it on the news or read it in spojular science magazine or
learned about it in school, most people know thatna exist. But how do we know that
they exist? We cannot see them or feel them. \&Wdence is there that atoms are real
and that all matter is composed of them? It wasungl 1905, 2300 years after the first
proposal to the existence of atoms, that Albersteiim ended the debate with his paper
entitled, “On the motion of small particles suspeshdn liquids at rest required by the
molecular-kinetic theory of heat”. In this papandtein was the first person to assume
that gases were composed of atoms. As a resuliaatitptive explanation for a
phenomenon known as Brownian motion was develop&townian motion is the
random walk of suspended bodies in a liquid, antddRoBrown first discovered this
motion in 1827, while observing pollen grains susjesl in water under a microscope
(see Figure 1(a)). The phenomenon of Brownian engticoupled with Einstein’s
explanation of this motion in terms of collision§ molecules in the liquid with the
suspended bodyave the first indisputable evidence for the existence of atoms (see
Figure 1(b))!

Brownian Motion

Figure 1: This depicts the motion of the suspended body &s g Robert Brown under
the microscope (a), as well as Einstein’s explanadf this random motion in terms of
collisions between the liquid molecules and thgoended body (b). [1, 2]



Osmoatic pressure of suspended bodies

Einstein began his paper by considering the amoliosmotic pressure exerted
by dissolved particles and suspended bod@snotic pressure is the pressure related to
the flow of a solvent, like water, through a menmaar a barrier (See Figure 2). It
should also be noted that the water will alwaysvfim such a way as to travel from

higher concentration of water molecules to the loegncentration.
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Figure 2: This demonstrates the type of system Einstein wasidering. In this case the
free water molecules are allowed to travel acrbesriembrane and will move from the
left side to the right side. The force that caubésis the osmotic pressure. [6]

Einstein started by assuming that a certain amofimholecules was dissolved
into a liquid (Figure 3(a)). The dissolved molexsibre referred to as the solute and the
dissolving substance is the solvent. Furthermthre,solution mixture containing the
solvent and the solute was separated from the Ipguiel by a barrier, which only the
solvent could pass through. Assuming that we haweilute solution, the osmotic
pressure of the solvent can be described by tta gies law. This law simply relates the
osmotic pressure to the volume, temperature and wiakhe solution. This relationship
incorporates the laws of Boyle, Gay-Lussac, Chaded Avogadro that were determined
experimentally over a period of two hundred years.

Einstein next determined the effect of “small srsged bodies” contained in part
of the volume of the liquid instead of dissolvedlernles (Figure 3(b)). Again these
suspended bodies could not pass through the baejarating the solution with the

suspended bodies from the pure liquid. Einstearméred the pressure created by these



suspended bodies using two different theories efnlodynamics in place at the time,
and obtained two contradicting results!

According to theclassical theory of thermodynamics, which deals with the
macroscopic properties of a system, Einstein dis) that the suspended particles

should not exert any pressure on the walls.

al b)
Figure 3: (a) depicts particles dissolved in a liquid, (bpwis bodies suspended in a
liquid. [3]

Einstein’s second approach to this problem wasuiin themolecular kinetic
theory of heat. This theory is based on the assumption that siexist and that there are
a large number of atoms in a macroscopic voluméemithis theory refers to a “large”
number of atoms or molecules it means on the ooflet(” atoms, or one hundred
million million billion! To get an appreciation diow large this number is consider
having this much money, you could spend over diomildollars a second for ten
thousand years! According to this theory the odifference between a dissolved
molecule in the solution and a suspended bodyenstiiution is the size. With this in
mind it is clear that suspended bodies should pteduce an osmotic pressure equal to
the pressure produced by the same amount of destatwlecules! Clearly the two
models yield two contradicting answers.

Einstein argued in favor of suspended bodiestiegean osmotic pressure and
found a formula for this pressure through a sesfdegical arguments following a single
assumption. Einstein assumed “that the suspenddikd perform an irregular, albeit
very slow, motion in the liquid due to the liquid'solecular motion.” (Einstein 1905)
This irregular motion of the suspended body issulteof the constant bombardment of
molecules in the liquid at random directions (Sggife 1). This motion is similar to you
and bunch of your friends surrounding a basket#oadl each of you throwing tennis balls

at it to get it to move. Obviously the motion betbasketball will be slow and random
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since not all your friends have the same strengtie only difference is that in the liquid
you have 1& friends throwing tennis balls at the basketbalistJike the collisions
between the liquid molecules and the suspended, ibdyliquid molecules would also
collide with the barrier creating a pressure. &y, the suspended particle may also
collide with the barrier exerting a further pressur

By considering a certain number of suspended Badiéhe solution and applying
the ideal gas law to the suspended particles, amedetermine the osmotic pressure
corresponding to the suspended bodies. After smgebraic manipulation this pressure

can be expressed as

_RTv
N

where p is the osmotic pressure, R is a univermastant, T is the temperature, N is the

actual number of molecules per gram-molecule, and the number of suspended
particles in the volume V of the solution.
In the next section of his paper Einstein shows kids equation can be derived

from the molecular kinetic theory of heat.

Osmoatic pressure from the standpoint of the molecular kinetic theory of heat

In this section a certain amount of mathematicahidism and physics jargon is
used to eloquently derive the above expressions the goal for this section to outline
the key concepts of this derivation while foregoihg use of complicated equations.

Einstein began his derivation by completely déseg the physical system of
interest. The best way to visualize the descniptba system in general, is to think of a
car driving along the road (See Figure 4). In otdecompletely describe the motion or
state of the car at any point in time, one needstav where the car is located and how
it is moving at that location. For example, if tbar was parked in the driveway, one
would simply need to tell someone the address @htbuse where the car is located and
that person would know exactly where the car is lao it is moving. Similarly, if the
car was driving down the street and had a globaltipn system installed, an outside
observer could describe the motion of the car 3t pmint in time. This could be
achieved by looking at the GPS coordinates forcdrés position and then be told at what
direction and at what speed the car was travelirigad moment. In general, to describe
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this motion mathematically one states the car’sitipos in terms of three spatial
coordinates (i.e. the x, y and z position). Iniadd, one also states the car’s velocity in
terms of X, y and z coordinates (i.e. the directiérihe car's motion and how fast it is

going in that direction).

velocity

—
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Figure 4: In this situation the car’s position in terms ofyxand z, the spatial
coordinates, and car’s is moving east at 50 krd/h. [

Einstein applied the exact same concepts as Oescabove; the only difference
was that instead of tracking a single car, he wesking the position and velocity of all
the atoms in the system! This means that each e¢quires six numbers to completely
determine its motion, so N atoms would require @hbers to describe their motion or
their physical state.

Once Einstein had assigned these values in tefrreriables to each of the atoms
in the system, he knew exactly how the system keghav every instant and from this he
computed the entropy of the statEntropy is a thermodynamic quantity and can most
easily be explained as disorder. Entropy is simplyneasure of the disorder or
randomness of a system. The important concepbti® about entropy is that it always
increases. The easiest way to visual this is bipng a “just cleaned” child’s room. As
everyone knows at no point in time is the room gdim get any cleaner, soon there will
be clothes on the floor, the bed will be unmadel paper’s will clutter the desk. The
randomness or entropy of the room has increasede r@ay also think of increasing
entropy from a probabilistic point of view. Figubegives an example of this type of

situation.



If you tossed bricks off & truck, which kind of pile of bricks
would you more likely produce?
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Figure 5: Demonstrates the probabilistic view of entropy. [5]

The entropy of Einstein’s system of atoms deperatedhe temperature of the
atoms, the total energy of the system, and theggnafreach atom as a function of that
atoms position and velocity coordinates. From #xpression of entropy coupled with
the Helmholtz function, which relates free enemyhe internal energy of the system, the
entropy and the temperature, Einstein derivedrie énergy of the systenkree energy
is simply the energy required to build a systemmfroothing after all the spontaneous
energy transfers have taken place, like entropy.

It turned out that the expression for free enemgg too complicated to calculate
by hand, and since Einstein did not have a complemwas forced to apply some
constraints to the system in order to make thisesgion more manageable.

Einstein began by considering the position ofdéeter of gravity for each of the
suspended bodies or solute molecules. The cehggawaity is simply the point inside the
atom where one could consider all the mass to Imaowed. Einstein assigned three
spatial coordinates to represent the position efcnter of mass for each particle in the
system. Einstein further assigned infinitesimaihgall regions of volume to each of the
particles and required that all of these very smalumes lie inside the total volume
which contains all the particles. Einstein theguieed that the center of gravity of each
of the particles must lie within the regions of wmle assigned to them.

Next Einstein supposed that a second system ofitegimally small volumes
existed, that differed from the original volumes &ach particle, only in position and not
size. Basically, Einstein was proposing that thveas more than one way to confine the
position of the center of gravity for each particlea small volume. Since the sizes of the
volumes were the same, by dividing the two expoessEinstein derived a ratio which

contained the complicated part in the expressiothi® free energy.



From previous work on the molecular kinetic theofyneat the value of a similar
ratio was known. The physical interpretation ofthatio from this theory is that it
represents the probability or likelihood that al agiven point in time, the center of
gravity of all the particles will be found in theissigned volumes. Provided that the
motion of one particle does not affect the motibthe other particles, meaning they are
independent, the probability of finding the secaydtem in their respective regions is
equal to the probability of finding the first systen its respective region. This allowed
Einstein to determine the free energy. With tiee fenergy known Einstein used a well
known relationship between pressure and the fresrggnto determine the osmotic

pressure. Thus from the molecular theory of Heabismotic pressure of the particles is
_RTv
P=™N

“This analysis shows that the existence of osmpt&ssure can be deduced from the
molecular kinetic theory of heat and that at hightan, according to this theory, equal
numbers of solute molecules and suspended partidbave identically as regards to

osmotic pressure” (Einstein, 1905).

Conclusions

The first two sections of Einstein’s paper dealiwih suspended particles
showed thasolute molecules and suspended bodies behave the same with regards to
osmotic pressure. This contradicts the classical theory of therym@inics which
predicts osmotic pressure to be produced by th&esoholecules but not the suspended
particles! As a result, Einstein showed that é¢tadgthermodynamics failed in regions
defined by a microscope, and in these regions tbkecular kinetic theory of heat was
required.

Furthermore, Einstein explained Brownian motiortarms of collisions between
the liquid molecules and the suspended bodies.sellwo sections lead into a rather
lengthy derivation, via statistics, of the displaeant of a suspended particle as a result of
the constant bombardment of molecules. The re$udta further sections provide a

direct method for measuring Avogadro’s number tgifoa Brownian motion experiment.
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